Gauss-Seidel Algorithm Example
Endogenous Variables: y;, i=1,...,5

Exogenous Variables: Z;, i=1,2,3

Recursive Endogenous Variables: y;;, i =

Simultaneous Endogenous Variables: y;,
i =3,4,5

Recursive Block
vir = f1(Za, Z3:)
Yt =f2()/1t,th)

Simultaneous Block

V3 = 3016, Y40,V 5-1,Z21)
Var = fa(V3eYVar1, 211, Z36-1)
Vs:¢ =f5(y3t9y4t)

1,2



Period T+ 1 Forecast

vire1 = f1(Zars1,Z3741)

Vore1 = LoV 1m1.,21741)

~(1

y§T)+1 — f3 ()’1T+lay4T+19y5Ta Z2T+1 )
~(1 1

y4(172+1 _f4 (yg}+19y4Tale+IQZ3T)

~(1 1 ~(1
ygl)“ﬂ = /s (ygT)+lay4(1T)+1

(typically, 72,1 = yar)

Subsequent iterations apply only to the
simultaneous block:

~(2 ~ ~(1
y§7)"+1 "f3 (y1T+laySJ)“+lay5TaZZT+l)

~(2
yz(ll)"+1 = f4 (J/3T+1»)/4T, 21141, Z3T)

~(2 2 ~(2
g'T)“+1 = fs (ygT)"+lay£1T)+1 )
etc.




If convergence is reached on the jt/ iteration,
the forecast for period 7+ 1 is given by

Yo = (D171, Y2741, V3741, VaTe1, Y5741 ) Where
vira = fi(Zare1, Z3741)

Vore1 = 2011, 21741)

= — g ~(f—1) Z

V311 = 3\ V1741, VA7:1 V5T Z2T+1

Vars1 = fa(3m1,v41, 21741, Z3T)

Vsre1 = fs(V3re1,V4141)

~ ~ (i ~ (-1 .
()’iT+1 =y1(',7)’+1 Eyz(]TH)s I = 39495)

Period 7 + 2 Forecast

vire2 = f[1(Zars2,Z3142)

Vars2 = 2012, Z1142)

~(1 ~ ~0) ~
y§T)+2 = f3 ()’1T+29y4(1T)+2aJ’5T+1522T+2)

-~ 1 ~ 1 ~
yf;T)+2 = f4 (ygT)+29y4T+1,ZIT+29 VAV )
Pt = 15 (F5ha-Tata

(typically, 73, = Jara)



Subsequent iterations apply only to the
simultaneous block:

~(2 " ~(1) o~
ygT)+2 = /3 ()’ 1T+29y4(17)"+29y5T+1 : Z2T+2)

~ (2 ~ (2 ~
Pt = fa ()’g}+2,y4T+1 y 1742, £3T+1 )

~(2 ~(2 ~(2
ygT)+2 =fs (ygl)"+23y51]2+2

etc.

If convergence is reached on the jt4 iteration,
the forecast for period T+ 2 is given by

Vi = (112, Y22, P3ma, Yarsa, Psri2) Where
Viree = f1ilZars2,Z3142)

yaree = 202 Zims2)

yire2 = f3 ()~/1T+2,)~/4(f}i;)g,5'/5T+1,22T+2)

Vars2 = fa(03m2, V4741, 21142, Z3741)

Vsre2 = f5(V3r2,Yars2)

(ir2 = 3% =353, 1=3,4,5)



In general a forecast for period 7'+ ( is given
by

Vi = (P17 Parsts P3740s Jaret, Psr+1) Where
yiru = fi(Zarse, Z3r41)

Varw = (1 Zirn)

Yare = f3 (y1T+0,,J/4T41.g, V5TH-1, sz)

Varet = faQr31:0. YV 7001, 21700, Z3744-1)

Vsre = fs(V3ree, Yara)

(JN’iT+0 JN)?])’H JN/S]T+0)9 I = 33435)



Gauss- Seidel Example

() Y, =a, +a,Y,
(2) Y, = b, + b, Y1
Solution:

a. +ab
P Y ="1T—1"

l1-ab ~
b, + b, a
(4) Y;‘zw fora b, #1.

Gauss- Seidel solution method

For the jth iteration the model is specified as
5) Y =a, +a YJD

© Y9 =b, +b YD,

Upon substitution of (5) into (6) we have

0 = G-1)
(7 |YY =b, +ba, +a,b, Y§

which is a first-order linear difference equation.

Accordingly, the solution to (7) is

. b, +ba b, +b,a
® Y9 =[Y§°> ](a D e B
171




- 3.
b, + b, a

lim YY) = —‘f_—al'q‘L (for |a b, | <I)
%
=Y,.

Alternatively, the solution algorithm can be expressed as
9 Y® =b, +b, YD
(10) Y =a; +a, YY)

Upon substitution of (9) into (10) we have

(an |YY =a, +ab, +a,b, YID

which is a first-order linear difference equation.

Accordingly, the general solution to (11) is

. a, +ab, a +ab,
) = |y© -
(12) |Y? = [Yl ](a albl
where
) , a, +ab
limYP = —‘i—_a—‘b—‘L (for [a, b, | <1)
=v*

Suppose |a1b1 | >1. In this case (8) and (12) will not converge.

re-normalization of (1) and (2) will solve the problem:
'Yz =b, + b)Y,

! 1
Y1 = 85 + ale

where by = -a,/a, ,b, =1/a, ,a;=-b,/b ,and a, = 1/b,

A simple



- B -

It is easily seen that [ab| = [1/a,b,| <I.

Numerical example
Leta, =25,a, =1.5,b, =-22,b, =0.8 (note that |a b, | =1.2 >1).
The solution values are Y’; = 40, Y: = 10.
The Gauss-Seidel solution method can be implemented by substituting the
appropriate parameter :_\_/alues into (5) and (6) to obtain
YO = 25 +1.5Y9") and
YP =-22 +0.8YY ;
or by making the appropriate parameter substitutions in (7) to obtain
(13) YP =-2 +1.2Y0D .
Let Y;o) = (0 as an initial condition, then appropriate substitution into (8)

yields

(14) |YY =(-10)(1.2)' + 10

The first-order linear difference equation corresponding to Y?) is obtained
by making the appropriate parameter substitutions in (11):

(15) YP =-8 + 120D .

Given the initial condition Yéo) = 0, implies the initial condition on) =
27.5. Accordingly, appropriate substitution into (12) yields the general

solution to (15):



(16)

YO =(-12.5)(1.2)' +40

0 [275 | 0

1 |25 2

2 |22 4.4
3 |18.4 | -7.28
4




