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I. BACKGROUND

The models to be presented here are ones in which the range of the dependent
variable is limited in some way. The variable’s range may be confined to discrete
values or to a mixture of discrete and continuous values. These models are very
common in applied work and often involve special estimation methods. The training
course will cover the essentials of estimating empirical models in which the dependent
variable is either discrete or bounded.

We will begin with the simplest models in which the dependent variable is binary,
e.g. 0 or 1. These models include the Linear Probability Model, the Probit model,
and the Logit model. Such models will then be extended to include more than two
outcomes or choices. The multinomial logit model is commonly used to estimate the
effects of variables on the probabilities of each of the mutually exclusive outcomes. If
the outcomes are ordered in some way, then ordered probit/logit is more appropriate

for estimating the probabilities.



Another class of models is appropriate when the range of the dependent variable
is limited in some fashion. This class of limited dependent variable models includes
truncated regressions, censored regressions (Tobit), and selectivity correction (Heckit)
models. These models often assume that the underlying error distribution is a normal.

All standard statistical /econometrics programs have commands to estimate the
models covered here and include estimation of the marginal effects, standard errors,

t values, and other summary statistics.



II. DISCRETE CHOICE/QUALITATIVE LIMITED DEPENDENT
VARIABLES

Background Reading;:

Greene W.H., Econometric Analysis, 6th ed., Chapter 23 (pp. 770-793, 813-817,
831-835, 841-847).

Wooldridge, J.M., Introductory Econometrics: A Modern Approach, 4th ed., Chap-
ter 7 (pp. 246-251), Chapter 17 (pp. 574-587)
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A. Linear Probability Model

Consider a binary choice or outcome that is measured by a variable Y; from a

random sample where

Y., = 1 if some event occurs or choice is made

= (0 otherwise.

The probability that the choice or event will occur for any observation from a random

sample can in general be expressed as P; = prob (Y; = 1|I;), where
prob (Y; =11I;) = F(I;), i =1,...n.

The function F'(1;) is a cumulative distribution function (cdf), I; is an index function

such that

K
= 60+ZBkXik

k=1



where X/ is a 1xk observation vector, f is a kx1 conforming parameter vector, and
X is the kth explanatory variable for observation i. An example might be Y; = 1 if
individual 7 is in the labor force and = 0 otherwise (not in the labor force). In this
example the X, variables might include marital status, age, education, etc. Note

that the probability that the individual is not in the labor force is
prob(Y; =0|;) = 1-P,
= 1—prob(Y; =1|I)
= 1-F(I).
The simplest discrete choice or binary outcome model is the Linear Probability
Model (LPM). The LPM is specified by
Yi = Li+e

K
= Bot+ Zﬁszk + &

k=1

where ¢; is a random error term. Note

g = 1-Lify,=1

= —L;ifY,=0.

The distribution of ¢; is discrete and may be expressed as

€; f(gi)
1-1 P
—I|1- P

A standard assumption is that the population mean of the error term is 0, i.e.

E (¢;) = 0 Vi. We can use this assumption to identify P;:

K
E(e)=(1—L)(P)+ (L) (1-P)=0= PB=L=X3=5+) HiXa.
k=1
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The marginal effects of the X's are given by [, where 3, = X, it X}, is a continuous
variable and 3, = AY = Y(x, 1) — Y(x,=0) if X}, is a binary (1,0) variable.

There are some well known problems with estimation of the LPM by ordinary
least squares (OLS). First of all consider the variance of the error term ¢;. We can

determine the variance of ¢; from the discrete distribution table given above.

Var(e)) = (1—-L)*(P)+ (=) (1—P)
(1= L)* (L) + (—1)* (1 - L)
= (1-1L)(L)
(

1-P)(P).

The problem here is one of heteroscedasticity in that the variance of the error term
is not constant as it depends on I; which in turn depends on the X/ s. Since the
variance is different for each observation, the observations are not equally reliable.
Strictly speaking, the /s do not constitute a random sample because each error
term comes from a different distribution (same mean but different variances). The
estimated standard errors and t values on the 3's are not valid for statistical inference.
One could use techniques to try to correct for the heteroscedasticity, e.g. the White
correction procedure.

A second problem with OLS estimation of the LPM has to do with the fact that
although 0 < P, < 1, there is no guarantee that 0 < P, < 1 where
b =1 = X/B. One might seek to use advanced estimation methods to overcome
both the heteroscedasticity problem and the problem with bounding the probability
estimate ﬁz between 0 and 1.

Even if OLS is not an appropriate estimator of the LPM, the LPM itself can be

appropriate in cases in which the probability of an outcome or choice can literally be



0 or 1. So the model might be specified as

= 0(z=0)if; <0

= Li+gif0<; <1
K
For example, imagine a job promotion process in which I; = 3, + Z B, Xk 1s an
index of job performance. The X variables are various job perform];:nlce measures,
e.g. absentee rate, seniority, education, and the 3's are the weights placed on the
performance measures. Suppose a person will definitely be promoted if I; > 1 and

will definitely not be promoted if I; < 0. For all others, the probability of promotion
K

k=1

B. Probit Model

The probit model might be used in a situation in which the probability of a choice
or outcome can never literally be 0 or 1. Think of the following linear, latent variable
model:

Y =1, +¢;
where ¢; is independently and identically distributed (IID) N(0,0?). However, Y;* is
not observed but its relationship to the X’s in the model can be inferred from the

following information on a binary variable Y; which is observed:

Y, = 1ifY >0
= 0if Y, <0.

Variables such as Y;* are known as latent variables. An example might be the

utility of a choice. So Y;* might be the utility of choosing to participate in the labor

(2

force. Let Y; = 1 if the ¢th individual is in the labor force, and = 0 otherwise. For

6



people who are observed to be in the labor force, Y; = 1, and the presumption is that
Y.* > 0. Likewise, for someone observed to be out of the labor force, Y; = 0, and the
presumption is that ¥;* <0.

We can set up the probit model in the following way:

Y, = 1if]i+€i>0(0r6i>—[i)

= Olflz—i-é‘zSO(OI'ng—Iz)

2

Z usually cannot be identified in the probit model, it is normalized to 1

Because o
so that one assumes &; ~ N(0,1). In effect the original 3's in the model are being
divided by the unobserved standard deviation o.. The choice or outcome probabilities

are defined according to

prob(Y; =1I;) = prob(e; > —1I;)
= prob(g; < I;) (symmetry)
= O (L)

where ® (I;) = F(I;) is the cdf for the standard normal distribution. It follows that
prob (Y, = 0|) = 1 — & (L),
Estimation of the 's are obtained by maximizing the likelihood function for the

sample:

L=]l@ @ 1—eE) ™

1=1

where y; = 0, 1 is the actual binary outcome for the random variable Y;. It is generally

easier to work in terms of the log likelihood function:
In(L) =Y {yln[® (1)) + (1 = y;) In[(1 = @ (L)} -
i=1

Note that in the probit model, the 3’s are not the marginal effects of the X variables
on the probability P; = prob (Y; = 1|1;). The reason is that when there is a change in
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one of the X variables, this affects the index function /;, which affects the cdf @ (I;),
which in turn affects prob (Y; = 1|I;) . In the case of the probit model, the marginal

effects are given by

0% (1;)
ol;
function. The marginal effect of a binary variable X} on the probability P; is simply

APp =@ (Ii(Xikzl)) -0 (Ii(Xikzo)) :

How does one estimate the sample-wide marginal effects? One possibility is to

for a continuous variable X;, where ¢ (I;) = is the standard normal density

obtain the estimate

9P . -
— = I
=
K
for X, a continuous variable, where I = 3, + Z 3, X and the X}, variables are the
k=1

sample means. In the case of a binary X} variable, we have

AP, =@ (Tx,—1) — @ (T(x,—0)) -

This method evaluates everything at the sample mean. An equally valid alternative

is to calculate the sample average of all individual’s marginal effects:

9P Yoy Bro <jz>

00X}, n
K
for X; a continuous variable and [AZ = 30 + Z B Xik- In the case of a binary Xj
variable, we have =
N> .V
n

where @ =& (fi(szl)) — @ <fi(Xk:0)> . Typically, any software program that
estimates probit models will also report the estimated marginal effects according to

either method.



It is perhaps interesting and useful to know that in the probit model, the average
of the predicted probabilities for the sample will not generally equal the sample mean
proportion of 1’s, i.e. P = # £Y = y, where P, = ® (I})

Standard econometrics software report estimated standard errors and t values for
both the 3,3 and the marginal effects. In terms of deciding whether or not a particular
X}, variable belongs in the model, it is the estimated standard error or t value asso-
ciated with Bk that matters, not the estimated standard error or t value associated
with the marginal effect of X.

Goodness of fit measures for the probit model are not quite as straightforward as
the R? for the linear regression model. One common measure for the probit model
is the McFadden’s pseudo R? =1 — n(Luep )

n (LQ)
log of the likelihood function evaluated at the maximum likelihood estimates of the

, where In(Lypg ) is the value of the

f's, and In(Lo) is the value of the log of the likelihood function when the slope
coefficients are set equal to 0, i.e. Bk =0 for £k =1, ..., K. This statistic is sometimes
referred to as the Likelihood Ratio Index (LRI). It turns out that 0 < LRI < 1.
A value of 0 for the pseudo R? indicates that none of the X variables have any
explanatory value. In some sense the higher the value of the pseudo R?, the better
the fit. Unfortunately, there is no convenient interpretation of the pseudo R? as there
is with the conventional R? from a standard regression model.

Another measure of fit is the predictive accuracy rate. The model can be used to

predict the choice or outcome according to

v, — 1ifq>(1}> > 0.5
— mf@(fi) <0.5.



Consider the following definitions:

N;. = the actual number of 1’s
Ny. = the actual number of 0’s
N.;. = the predicted number of 1’s
N,y = the predicted number of 0’s.

We construct a prediction table according to
Predicted

Y=0 Y=1
Y =0 Noo No

Actual

Y =1 Nio N

where Nyy = the number of 0’s that were correctly predicted to be 0, Ny; = the
number of 0’s that were incorrectly predicted to be 1, Njy = the number of 1’s that
were incorrectly predicted to be 0, and N;; = the number of 1’s that were correctly
predicted to be 1. It should be clear that Ngg+ No3 = Np. (the actual number of 0’s),
Nip+ Ni1 = Ni. (the actual number of 1’s), Ngo+ Nig = N, (the predicted number
of 0’s), and Ny1+ Ni3 = N (the predicted number of 1’s). A common measure of

Noo + N1

goodness of fit is the success rate , where n = Nyg + No1 + N1p + N1p (total

sample size). One problem with the success rate measure is that if the sample is

Ny.
lopsided, e.g., L =09 (the event or choice occurred for 90% of the sample), one
n

could achieve an accuracy rate of 90% by simply predicting the event or choice will

occur for every observation without ever estimating the model! In fact if ® (]1) > 0.5

for every observation, Y; =1 for every observation. In this case the accuracy rate
Ny

= — > 0.5.
n
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C. Logit Model

The logit model is virtually identical to the probit model except for the assumed
distribution of the error term ;. In the case of the logit model, the error term follows
2.2
s
a logistic distribution with mean 0 and variance = where s is a scale parameter.

Similar to the probit model, we have

Y, = 1ifl;+¢;,>0 (oreg; >—1;)

= 0if I;+¢, <0 (org; < —1;).

Because the scale parameter s is generally not identified in the logit model, it is
2

. . ) 7r
normalized to 1. Consequently o2 is normalized to 3 80 that one assumes ¢; ~
2
™
logistic with mean 0 and variance 3 The choice or outcome probabilities are defined

according to

prob(Y; = 1|1;) = prob(e; > —1;)
= prob(e; < I;) (symmetry)
= A(L)

where A (1;) is the cdf for the logistic distribution. The logistic cdf is defined by

It follows that

prob(Y; =0|I;) = 1—A(L)

11



Other useful relationships for the logistic distribution include the density function
oA (I;)
M) =
(5) = =57

, where

el

= [1-AW)][AL)].

ML) =

Later on with Tobit and Heckit models, the Inverse Mills Ratio (IMR) and hazard
rate will be of particular interest. The IMR is the ratio of the density function to the
cdf. In the case of the logit model

IMR =

= 1-A(I).

The hazard rate is the ratio of the density to 1 - cdf. In the logit case we have
A1)

1—A(LL)

A(L).

hazard rate =

K
Estimates of the 8's in I; = 3, + Z 3; X, are obtained by maximizing the likeli-

k
hood function or the log likelihood function for the sample:

L= H [(A (L) [ = A

n

in(L) =Y {wiln [A (L) + (1 —g) In[(1 = A (L))},

i=1

where y; = 0, 1 is the actual binary outcome for the random variable Y;.
Note that as in the probit model, the 3's are not the marginal effects of the X
variables on the probability P; = prob(Y; = 1|I;). In the case of the logit model, the

marginal effects are given by
o,
OXi,

= B (L)
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A (L)
0X
The marginal effect of a binary variable X on the probability P; is simply AP, =
A (Tixy=n) = A (Tixy=0)) -

How does one estimate the sample-wide marginal effects? One possibility is to

for a continuous variable X}, , where A (I;) = is the logistic density function.

obtain the estimate

P . -
- T
A K A
for X; a continuous variable, where T = /3, + Z B, X} and the X, variables are the
k=1

sample means. In the case of a binary X} variable, we have
APy = A (Ix,=1) = A (Iix,=0) -

This method evaluates everything at the sample mean. An equally valid alternative

is to calculate the sample average of all individuals’ marginal effects:

P _ > it Bk)‘ (jz)

00Xy, n
K
for X a continuous variable and I, = 5’0 + Z BkXik. In the case of a binary X,
variable, we have =
o LA
n

where A/P7€ =A (I;(sz = 1)> — A (IAz(sz = 0)> Typically, any software program
that estimates logit models will also report the estimated marginal effects according
to either method.

It is interesting and useful to know that in the logit model (unlike the probit model),

the average of the predicted probabilities for the sample will exactly equal the sample

A

n
) _ =)
mean proportion of 1’s as long as there is a constant term f,, i.e. P = L =

n
n

_ Y. N -
Y = L, where P, = A (Il)
n

13



Standard econometrics software report estimated standard errors and t values for
both the B/s and the marginal effects. Also, the pseudo R? and predictive success
rates can be used to evaluate the goodness of fit of the logit model. The logit model

can be used to predict the choice or outcome according to

A~

v, — 1ifA<fi) > 0.5
- OifA(L) <05.
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ITI. MULTINOMIAL AND CONDITIONAL LOGIT MODELS

Background Reading;:
Greene W.H., Econometric Analysis, 6th ed., Chapter 23 (pp. 831-835, 843-850).
McFadden, D., “Conditional Logit Analysis of Qualitative Choice Behavior,” in P.

Zarembka, ed. Frontiers in Fconometrics. New York, Academic Press, 1974.

Kk kKooK ok sk ok ok sk kokoskokoko ok sk k >k

A. Multinomial Logit

Suppose there are more than 2 possible choices or outcomes that are mutually
exclusive, i.e. only one choice or outcome can occur. To make things concrete,
assume that there are J 4 1 possible outcomes or choices. Furthermore, suppose that
the probabilities of these choices depend on the characteristics of the agent making
the choice. An example might be to choose among 5 mutually exclusive occupations:
professional, clerical, sales, skilled trade, unskilled. The outcomes of these choices

might depend on an individual’s education, age, etc.

o Let P; = prob(Y;; = 1|I;;) represent the probability that agent or individual
selects choice j, where j = 0,1,...J, [;; is the index function corresponding to

the jth outcome and is defined by
lij = Xz{ﬁj
K
= fo; + ZBijik-
k=1

All of the probabilities have to add to 1, i.e. ijo P;; = 1, and each probability
has to be bounded between 0 and 1, i.e. 0 < Pj; < 1.

While there is a multinomial version of the LPM, this is rarely used. There is

also a multinomial probit model that can deal with choice or outcomes among several
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alternatives. However, the most commonly used model is the multinomial logit model:
elis

Z}‘Jzo el

The ratios of the probabilities or odds are given by

Py =

Po o
= eUii—lio) ,7=1,...,J

K

where I;; — Iy = (8o; — Boo) + Z (Brj — ﬁko) Xir. Note that only the parameter
k=1

differences can be identified, so the parameters of the selected base choice/outcome

are set to 0, i.e. [,y = 0 for £ = 0,1,..., K. This means that I, = 0 and that
P.
P—” = efii, ' With this normalization, the individual probabilities may be written as

i

1

J I;
1+Z]‘:1€ !
I

Po =

e
By D —
! 1+ Z‘jjzl elis

In terms of log odds, the relative probabilities may be expressed as

P..

K
= 50]‘ + Zﬁk]‘Xz‘k,
k=1

which is a linear function of the X}, s.
Estimation of the 3's are obtained by maximizing the likelihood function or log
likelihood function for the sample:

n
— Yio DYil YiJ
L= H PiO Pil T PiJ

1=1

(L) =Y yiin(Py),

i=1 j=0

16



where y;; = 0,1 is the actual binary outcome for the random variable Y;;.
As with the probit and logit models, the 3, ; parameters are not the marginal effects
of X variables on the probabilities. It turns out that the marginal effect of continuous

variable X on each probability is given by
0P, J
0X;, = By (51@' - WLZ:lﬁkaim) ,forj=1,...,J

0Py ( : ) |
= —Py Zﬁkam , for 7 =0.
00Xk —

s Of,
1200 X 1
ability must have an exactly offsetting effect on the other probabilities because the

It should be clear that ) = 0 since the effect of a variable on any prob-

probabilities have to add to 1. The marginal effect of a binary variable X} on the
probability Py; is simply APyjr = Py (Iijixi=1)) — Pij (1ij(xi=0)) -

The estimated probabilities for each observation are obtained from the M LE' esti-
mated parameters:

1
1 J I
+ i€
~ efi'

P' y — —A’
Y 1+ ijl elii

~
Il

0

K
where fij = B()j + Z B k;Xik- As long as there is a constant term in the multinomial

k=1
logit model, the sample average of the predicted probabilities will exactly equal the

sample proportions for the outcomes:

L
_ S B,
_ i=1"1%
P =
_
n
= Y

where n; is the number of observations for which outcome j occurred.
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How does one estimate the sample-wide marginal effects? One possibility is to

obtain the estimated probabilities at the sample mean of the X's:

1

PR = ——
0 1 + Zj:1 e[j
~ ej]'
P14 Z}]:1 eli’
K
where [; = Bo; + Z 6] kj)_( x- The marginal effects would be calculated according to
k=1

P, o K -
8X]k; =b; (51@‘ - Zﬁkmpm)
m=1

for X} a continuous variable. In the case of a binary X} variable, we have

A

APy = Piix, —1) — Pix, o).

An equally valid alternative is to calculate the sample average of all individual’s

marginal effects:
—_— Zi:l 8 J
8P] B sz:
8Xk N n

Py o (o .
for X}, a continuous variable, 3X-Jk =P, (ﬁkj — Z;Zl 6kam> , and

8X0 = —Py (Z;{l:l g kaim>. In the case of a binary X}, variable, we have
ik

n —_—
Zi:l APijk
n b

APj, =
where AP, = Pij(Xikzl) - 'ﬁij(xik:())'

The pseudo R? and predictive success rates can be used to evaluate the goodness

of fit of the multinomial logit model. The multinomial logit model can be used to
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predict the choice or outcome according to

~

Y = 1if13’ij=max{15io,15u,---,l5u}
= (0 otherwise.

J
Zj:o ij
n

The success rate = , where IV;; = the number of actual j choices that were

correctly predicted to be j choices.
B. Conditional Logit Model

The conditional logit model is sometimes referred to as McFadden’s conditional
logit model. As in the case of the multinomial logit model, there can be more than
2 choices or outcomes. The difference is that it is the attributes of the choice that
determine the probabilities of each choice rather than the characteristics of the chooser
or individual agent. So for example, consider the decision of whether to travel by air,
rail, bus, or car. The attributes of the choice might consist of the travel time and
cost for each travel mode for each individual traveler.

McFadden’s original formulation of the model (1974) was as a random utility model:
Uij = Lij +€ij, i =1,..n (observations), j = 1,...J (alternatives),
where [;; is the index function defined by
Ly = Ziyp
K
= Z BkZijk
k=1

where Z;;;, is the kth attribute of the jth alternative for individual ¢, and ¢;; is a ran-
dom error that follows the extreme value distribution. Notice that the § parameters
are the same for every choice because they reflect the effects of each choice attribute

on the utility of the choice. The idea here is that the utility of an observed choice

19



for an individual must have been greater than the utility from any other choice the

individual could have made. So for example, consider the probability of individual ¢

choosing alternative 1:

p?”Ob(Y;l = 1) = pTOb(UZ' — Uy < 0, Uis —U; < 0,..., U,y — Uy < O)

= Pmb(&z —en <Iin —lig,gis —en < Iin — Iis,...,eig — i1 < In — I; )

It turns out that e;; — €, ~ logistic for m # j.

The probabilities are given by

Py = prob(Y =1)
1

Sy elfm =)
elis

Z;]nzl elim-

Again, we have the following conditions satisfied by the model: Z}le P;; =1 and

0 < P;; < 1. The probability ratios (odds) are given by

I..
Py el for j
B = o orj#r
K3
— eUig—Lir)

In terms of log odds we have
Pij
= (%525
K
= > B (Zijk — Zin) -
k=1

Notice that there is no constant term [, in the conditional logit model because it

would simply cancel out.

We next examine the marginal effects of the attributes on the choice probabili-

ties. First consider the effect of the kth attribute (continuous) for choice j on the

20



probability of choosing j:

0P,
aZz'jk

= (H")(l —Pz")ﬁk-

We can also express the cross-effect of the kth attribute for choice r on the probability

of choosing j:

OP;;
L = PP,
aZ'érk ! Bk
It should be clear that >’ _; 57 = 0. If Z;j;, is a binary variable, then its
imk

marginal effect on P;; would be calculated by

AP = Bijz,=1) — Bij(z,;0=0)-

1,

The cross-effect of the kth binary attribute for choice r on the probability of choosing

J is determined according to
APijk_r = Pij(zii=1) = Pij(Zin=0)-

Estimation of the 3's are obtained by maximizing the likelihood function or log

likelihood function for the sample:

n
— Yil YiJ
L= H Pil e PiJ
i=1

n J

In(L) = Z Z Yijln(Pij),

i=1 j=1
where y;; = 0,1 is the actual binary outcome for the random variable Y;;.

The estimated probabilities for each observation are obtained from the M LE esti-

mated parameters:

elis

BT

K K

where I;; = Y 3, Zijx and Liy, = By Zigmi. Unlike the multinomial logit model,
k=1 k=1

the sample average of the predicted probabilities from the conditional logit model will

by =
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not in general equal the sample proportions for the outcomes:

A

P = Z?:lpi'

How does one estimate the sample-wide marginal effects for the conditional logit
model? One possibility is to obtain the estimated probabilities at the sample mean

of the Z's:

~ ejj

j - Z;{I:l el—m7
K K n n
: A A L Z . " Zim
where [; = ZBijk, I, = Zﬁkka’ T = %, and 7, — 2 im ko
k=1

n
k=1
First consider the marginal effect of the kth attribute (continuous) for choice j on the

P () (155

for Z;, a continuous variable. We can express the estimated cross-effect of the kth

probability of choosing j:

attribute for choice r on the probability of choosing j by:
oF,
aZrk

In the case of a binary Z;;, variable, we have

- _ﬁ)jprgk

A A

APy, = Pjz,,=1) — Pj(z;,=0)-

The estimated cross-effect of the kth binary attribute for choice r on the probability

of choosing j is determined according to

A

APy v = Piz,,—1) — Piz,—0)-

r

An equally valid alternative for estimating marginal effects is to calculate the sample

average of all individual’s marginal effects:

P, > (f‘%k)

8ij N n
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—

0Py (: N |
for Z;;; a continuous variable and 57 = (R) <1 — PZ‘]‘) B. For estimated cross-
ijk

effects of say the kth attribute for the rth choice on the probability of choosing j we

. (opr;
op; 2in1 <8Zirk>

could calculate

8Zrk n n ’
OP; o oo - o . . .
where 57 = —P,;P;,3;,. If Z;;, is a binary variable, then its marginal effect on P,
irk

could be calculated by

Yl APy

AP, -

~

where K]T]k = ﬁij(zijkzl) — Pyj(z,,=0)- The estimated cross-effect of the kth binary

attribute for choice r on the probability of choosing j is determined according to

TL —
Zi:l APiij
)

Aijir - n

~

where APji_, = Pyj(z,,=1) — Pij(z,=0)-
The pseudo R? and predictive success rates can be used to evaluate the goodness of
fit of the conditional logit model. The conditional logit model can be used to predict

the choice or outcome according to

A~ A ~

Y;‘j = 1if pz‘j = max {Pila ...,Pij}
= ( otherwise.

J
> j—1 Njj
n

The success rate = , where N;; = the number of actual j choices that were

correctly predicted to be j choices.
C. Ordered Probit/Logit Model

When multiple outcomes or choices are ordered in some way, ordered probit/logit

models are appropriate. Examples of ordered outcomes and choices include employee
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assignments to job grade levels, preference rankings in opinion surveys (e.g. strongly
agree, mildly agree, neither agree or disagree, mildly disagree, strongly disagree) etc.

Ordered outcomes can be motivated by a latent variable specification:

E*:[i—f—fi, izl,...,n

K
where [; = X/ = 50—1—2 B, Xir is the index function and ¢; is an independently and
identically distributed e’;ér terms satisfying all of the classical assumptions. Y;* is a
latent variable, examples of which might include the utility of an outcome, intensity
of opinions, value of qualifications etc. Although Y;* is not directly observed, a set

7

of binary outcome variables Y;; related to Y;* are observed. These binary variables

correspond to J + 1 observed choice or outcome categories:

Yio = 1[¥ <0
Vi = 1[0<Y] < py

Yio = 1y <Y < py

Yy = 1l <Y/

where f1; is a threshold parameter, and Yj; is an indicator variable that takes on the
value of 1 if the corresponding indicator condition is met, e.g. Yo = 1if uy < Y;* < p,
and = 0 otherwise, which is compactly expressed as Yo = 1[u; < Y;* < p,]. The
threshold parameters are ordered according to 0 < pi; < g < ... < fby_q.

An equivalent way to define the ordered outcomes is to define the observed variable
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Y; according to
Y, = 0ifY* <0

= 2ifpy <Y < py

= Jifp, , <Y’

Variable Y; can therefore assume .J 4 1 distinct values.
The probabilities associated with each outcome for each individual in the sample
are specified according to
prob (Yo =1) = prob(Y;* <0) =prob(e; < —1I;) = F (—1;)
prob (Y =1) = prob(0 <Y < p,) =prob(—1; <e; < py, — 1)
= F(u—15L) - F(-1)
prob(Yp =1) = prob(py <Y < py) =prob(py — I <& < py — 1)

= Fug— 1) — F(uy — L)

prob(Yiy=1) = prob(p;_y <Yy) =prob(p;_y — I <e) =1—F (u;_, — L),

where F'(+) is the cdf which could either be @ (), the standard normal, or A (-), the
logistic.
As in the cases with the probit and logit models, the § parameters are not the

marginal effects of the variables on the probabilities. First consider the marginal
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effects of continuous variable X,;:

9Py

0P,
asz - [f (L) - f ([Ll — Il)] 6k
OF;
aX; = [ (= L) = [ (pe = )] B,
OP;;
X f (s = 1)] B
where P;; = prob(Y;; = 1). Note that apart from Ol and ap“, one cannot deter-

mine the sign of the marginal effect from the sign of the coefficient /3, alone. If X;;
is a discrete (binary) variable, the marginal effects are given by
APy = Pijx,=1) — Pijxi,=0)-

The 8 and p parameters are estimated by MLE from the likelihood function or log

likelihood function for the sample:

L = 1—[{[11’(—1011””0 [F' (1 = L) = F(=L)]"" [F (g — 1) = F (g — 1))

In(L) = Z ioln [F (=L)] + yaln [F (uy — ;) — F (=1;)]
+yialn [F (pg — 1;) — F' (g — 1))

+ o Hyigln [1—F(NJ71_IZ')]}'

In the STATA econometrics program instead of reporting the estimated 1; parameters
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directly, the program reports

cut 1 = —f,

cut 2 = fi; —fy

cut J-1 = ;4 — By
It is straightforward to solve for the values of ji;:

By = —cutl

fty, = cut?2 +BO

fty_, = cut J—l—i—BO.

As before, the marginal effects for the sample can be estimated at the sample mean
values of the variables or as the sample average of the estimated individual marginal

effects. Evaluating at the sample mean yields the following probability estimates:
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1 = F(ﬂl_D_F(_I)
Py = F(ip—1I)—F (-1
Py o= 1-F (i, —1),

K
where I = Bo + ZBkX’f The corresponding estimated marginal effects for a

k=1
continuous variable X} are calculated according to

dF, .
8_Xk = _f([)ﬂk
oP,
X,
P,
Xy,

oP, .
X,

In the case of a binary variable X}, the marginal effects on each probability are

calculated according to K]\Dj_k = Pjx,=1) — Pj(x,=0)-

The alternative method for calculating sample probabilities and marginal effects

28



are to simply average the estimates over the sample:

= _ Z?=1F<_[Ai>

I
n
5 _ T [F(m 1) - F (L)
P =
n
s [r (1) - F (1))
P, =
n
[P 1)]
PJ - )
n
A A K A
where [; = 5,4+ Z B1Xik. The sample averages for the marginal effects are given by
k=1
. 0Py
8P0 o Zi:l 6sz
an N n
. 0Py
oP, Dict X1
an N n
. 0Py
8P2 B Zi:l 8sz:
an N n
. 0Py
aPJ B Zi:l (9sz
an N n ’
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where
0Py
00Xk
0P, )
OXin ' '
0P .
00X Y -

Py WA

OXi '
For a binary variable X;;, the marginal effect on each probability would be calculated
i1 [H"(Xik:l) - Pz’j(x,-k:O)}

n

as AP; =
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Kkoskoskook sk sk ok sk sk koskokokosk sk kok >k

A. Truncated Regression Model

Suppose we have a conventional linear model defined by
Yi=L+e

K
where I; = X8 = 5, + ZﬁkXik, g; ~ N(0,0?) and satisfies all of the classical

k=1
assumptions. However, suppose our data set pertains only to observations for which

Y; > a. An example might be where Y refers to income and a = $50,000. Another
example might be where Y refers to hours worked during the survey year and a =

1,000 hours. In the general population
prob(Y; >a) = prob(l;+¢; > a)
= prob(e; >a—1;)
= 1—prob(e; <a—1).

For the subpopulation Y; > a contained in our truncated data set, the truncated

error term ¢;| &; > a — I; follows a truncated normal distribution with mean o.\; > 0
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Cb(zm) a— I

: 2 _ . 2 = P ) =
and variance o2 [1 — 0 (z,)] < 02, where )\ 1= (z) Zia p— and 9§ (ziq)
()\z) (/\z — Zia) .

The actual regression model for our truncated sample becomes

Yi|Yi>a:]i+€i](5i>a—[i).

The classical assumptions do not hold for this regression model because even though
g; is uncorrelated with the X/s in the original model, the truncated error term
gil (e; > a — I;) is not independent of the X's and F (g;e; >a—1;) = o.\; # 0.
Furthermore, the variance of ¢;| (¢; > a — [;) is not constant, i.e. var (¢;le; > a — I;)

= 02[1 — § (2i4)] < 0% even though the variance of ¢; in the original model is constant,

€
i.e. var (g;) = o2. This is the problem of heteroscedasticity. What this all means is
that ordinary least squares (OLS) would not be a suitable estimator for the model.
The OLS estimator would be biased and inconsistent.

While the f8's are the marginal effects on Y; from the original population, these
parameters are not the marginal effects on the Y’s we observe in our data set’s

truncated sample. We can see that the expected value of our truncated dependent

variable Y;|Y; > a (conditioning on the X’s in I;) is given by
E(YHY’Z >a) = Ii+E(€i|€i>a—]Z')
= Li+o\.

The marginal effect of a continuous variable X;; on E (Y;|Y; > a) turns out (after

some calculus and algebra) to be
OE (Yi|Y; > a)
0Xi,

In absolute value |[1 — d (zia)] 5| < |8k which makes sense because the truncated

= [1 =0 (2ia)] By

sample reduces the variation in the observed Y’s. For a binary variable X, the

marginal effect is given by
A[E(Y]Y; > a)l, = E(Yi|Y; > a)(X,-kzl) — E(Yi]Y; > a)(xikzo) :
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Consistent estimators of the model are obtained by maximizing the likelihood func-

tion for the truncated sample. The likelihood function and log likelihood function for

)

=1 (Zm)

the sample are given by

and

_n n 9 1 & 9 -
In (L) = —5n (2r) — 5in (02) — 52 Z; (Y — I,)* — Z; In[l—06 (24
As usual, the estimated marginal effects for the sample can be obtained in two dif-

ferent ways. If we evaluate everything at the sample mean, the estimated conditional

mean value of the truncated dependent variable is given by

L —

EY|Y>a) = I +6.)
n Y B
% ZZ: Y
n
. K . o (24) a—1T
where I = (3, + E B Xk, A = m and z, = P The marginal effects for
a continuous variable X} are calculated according to
EX[Y > a) o
s~ = - 6 a )
o = 1= 3Gl By

where 0 (Z,) = <5\) (5\ — 2a> . The estimated marginal effect for a binary variable X},

would be calculated as
AEYY >a)],=EXY >a) )~ EYY >a)x,_o

where E (Y[Y > )y, ;) = [f(szl) + &EX(XFI)] and E (Y|Y > @)y, _q) = [f(xk:o) + 655\(Xk:0)] .
The estimated truncated mean and marginal effects can alternatively be calculated
as the sample mean of the estimated marginal effects across the sample observations:

S E (VY > a)
n

E(Y]Y >a) =
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— ~ Y ~ ~ ~ N Qb(éia
where E (Y;|Y; >a) = I, + 6N\, I; = By + ZﬁkXikv)‘i —1_ D (24)’

A

~—~—

and Z;, =

@~ % The estimated marginal effects are calculated according to
O¢
n OBV > a)
EQYY >a) 2= 9x,
8Xk N n ’
where <8)|( a) =1[1—=09(24)] By, and § (%) = <)\z> (/\z- — zm>. The estimated
ik

marginal effect for a binary variable X would be calculated as

A [E (Y|Y > a)]k — Z?:l A [E (}/JY; > a)]k ’

where

AEYiY; > a)l, = EYi|Y;> a)(xk 1) E<Y;|Yz > a )(sz 0)

The analysis is very similar when there is truncation from above, i.e. our data

¢ (2ia) The

set consists only of observations for which Y; < a. In this case \; = — ()’
Zia

truncated regression model for this sample is written as
YiIY, <a=I1L+¢|(e;<a—-1),

where E (gile; <a—1I;) = 0.\ < 0.

B. Tobit (Censored) Regression Model

Suppose we have a seemingly conventional linear model defined by
K*:Iz—f—&,,l:l

R )
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K
where I; = X3 = 5, + ZﬁkXik, g; ~ N(0,02) and satisfies all of the classical

k=1
assumptions. However, the variable Y;* is not observed for the entire sample. Instead

we observe the variable Y; defined by

Y, = 0if Y <0 (limit observations)

= Y if " > 0 (nonlimit observations).

The regression model becomes

Y;' = [Z+5zlf[z+€z >O(OI'EZ' >_Iz)

= 0 otherwise ( ¢; < —1I)).

Examples for the use of a Tobit model include modeling the determinants of prison
sentences in which some convicted individuals receive 0 prison time. Another example
is the Tobin (1958) case in which one wishes to model the determinants of how much
individuals would pay for a new car. The sample includes individuals who did not
purchase a new car so the amount paid is coded as 0. In these cases, OLS estimation
of the model would be biased and inconsistent even if the limit observations were
dropped from the sample. In this latter case, we would have the truncated regression
model in which a = 0. So the censored or Tobit model uses more information since
we at least observe the X's for the limit observations.

Depending on what one is interested in, there are a variety of conditional mean

values for the dependent variable that one could consider:
E(Y L) = I
K
- 50 + Z 6szk

k=1
(Population Regression Function)
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= [i+08)\i7

) =)

o) of)

be expressed as a weighted average of E(Y;|I;,Y; = 0) and E(Y;|I;,Y; > 0) with the

The expected value of Y; given only I; can

where \;, =

weights equal to the probabilities of Y; =0 and Y; > 0 :

1 -1
BOGIL) = EOILY =0 0(S2) + EOLY > 0)- [1-#(F2)]
0-5 0-5

I.
= E(Yj|L,Y;>0)- c1>(—l>
g

€

= (Li+0N\)- <I>(£>,

O¢

where [1 - d (_UIZ)] = (g) is the probability of drawing a nonlimit observation,
ie. prob(Y; > 0)5 )

The marginal effects of the X’s on the conditional means also vary, depending upon
what one is interested in. For the population the marginal effects are simply

OE(Y;"|1;)
0Xi

for X;; continuous or binary. For the nonlimit observations, the marginal effects are

= Bk

the same as for the truncated regression model:

OBl Y > 0) [1 . (ﬁ N x) ] 5,
O¢

0Xik

for X, a continuous variable and
A[E (Yi]Y; > 0)), = E(Yi|Y; > 0),, 1) — E(Yi]Yi > 0)x,,—q) »

for X, a binary variable. The marginal effects on Y; for the censored sample are

OE(Y|l; ) (1
8sz n qD(UE)Bk

given by
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for X, a continuous variable, and

AEMIL)), = [E(Yillixa-0)], = [E Yillix.-0)],

Lix,=
= [( Z(Xk 1 +O-€A (szzl)) ~®(M):|

O¢

Lix, —
o |:([i(Xik:0) + UaAi(XikZO)) ’ ¢<M):| )

O¢
for X;; a binary variable.
Consistent estimators of the model are obtained by maximizing the likelihood func-
tion for the censored sample. The likelihood function and log likelihood function for
the sample are given by

- (]I [

Yi=

and
2
= g_:oln {1 - @(i)} - %yzz;o [ln(27r) +1n (02) + %} :
In the Tobit model, the likelihood function is a mixture of probabilities (for the limit
observations) and density functions (for the nonlimit observations).
Again the estimated marginal effects for the sample can be obtained in two differ-
ent ways. If we evaluate everything at the sample mean, the estimated conditional

population mean can be calculated as

—

EY* ) =1

. D D
where [ = 3, + Z B, Xy and X, = ==L The estimated truncated mean can
n

k=1
be calculated as:

—

EY|LY >0) =146\,
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. The estimated censored conditional mean is calculated according

BT ) = (1 +0.3) o ()

0-5
Marginal effects evaluated at the overall sample mean characteristics are calculated

according to
OE(Y*|I) -

an k>

for any variable Xj,

DEYILY >0) [ (T \]:
e B ADIE

for the truncated mean with continuous variable X}, and

— o —— o ——

AEYY >0), = EY|Y >0)y, .~ EXY >0y, o

for the binary variable X, where

and for the censored mean

OE(YL) _ (I\-
0X 4 _é(&)ﬁk

for continuous variable X, and

— —

AEYD], = [E (Y Hxe=)], — [B (YIx=0)],

— B ) Iiv
for a binary variable X}, where [E (Y|I(Xk-:1)):|k = [(I(szl) + 65)\(Xk:1)> . CI)( ()ff*l)

—

= A Iix,—
and [E (YlIix=0)], = l<](Xk_0) + &s/\(xk:@) .@( (Xk_O)ﬂ ‘

Oe
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Our second method for obtaining estimated conditional means and marginal effects
is to use sample averages of individual predicted means and marginal effects. The
estimated conditional population mean is the same as evaluation at the sample mean,

i.e. E(Y*|I) = I . The estimated truncated mean in this case is calculated as:

E(Y|L,Y >0)=1+6.),

n . I,
> A A ¢<6_> A K
where \ = i, A\ = < and I; = 3, + ZﬁkXik. For the estimated censored
T
Oe
sample mean we have
S EMiL)

EY|l =2
Vi = =——,
—_— A " N ]Az

where E(Y|T, ) = (L- + 05)\i> ¥ (—> .
O¢
Estimated marginal effects for the population mean are the same as when using
OFE(Y™*|I .
& = 3, for any variable X;. Marginal

the sample mean characteristics, i.e.
00Xy
effects for the truncated mean are calculated for a continuous variable X, according

" OE(Y|I,.Y, > 0)

to
Z 0Xi

8E(Yﬁ >0) o
an N n ’
where . A
OE(YVIL,Y: > 0) i\,
asz O¢ * ﬁk
and for a binary variable X}, according to
AEYY >0)],=EY|Y > 0)(Xk:]-) —EYY > 0)(Xk:0)
where .
E(Y|Y; > 0>(Xik:1)
EY|Y >0) 5,y = — - ,
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and

A

E(Yi]Y; > 0)x,,—0) = Licxu=0) + 0cAi(x,=0)-

Marginal effects for the censored sample mean are calculated according to

" 9E(Yi[L)
6’W ) = 0Xix
0X k N n
for X}, a continuous variable, where
OEWIL) (1)
Sl ek AV ¥ (i
X G. P

and by

—_— —

AE(Y|D], = [BE(Yx=1)], = [E (YIx=0)],

for a binary variable X}, where

- Z [E (Y;|Ii(Xik:1))}k
[E (YIx,=n)], = = - :

T 7 N jz o
|E (Yillix,=1)], = [( i(Xix=1) +é—€)\i(Xik=1)) 'q’(—();k 1))] )

and A
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C. Heckit (Sample Selection) Regression Model

Sample selection models account for the nonrandomness often found in regression
samples. The nonrandomness of the sample is addressed by accounting for the prob-
ability of an observation being nonrandomly selected into the regression sample. The
full sample includes observations for both the selected regression sample and the non-
selected sample. The Heckit procedure estimates the model in two steps. The first
step consists of estimating a probit model for selection into the regression sample.
The second step consists of estimating the regression with the Inverse Mills Ratio
(IMR) added as an extra regressor to account for the probability of selection. The
Heckit method differs from Tobit in two ways. First, the set of explanatory variables
in the probit stage are generally not identical to the list of variables in the regression.
Second, the censoring threshold is not a constant but varies with the probit variables
that determine whether on not the dependent variable will be observed. Examples
of sample selection models include estimating earnings equations for individuals ob-
served to be in the labor force (employed) after taking account that employment
and labor force participation are not random. Another example is trying to estimate
the effects of migration on earnings. One would first estimate the probit model for
the migration decision and then calculate the appropriate IMR for a migrant or a
nonmigrant to add to the earnings equation.

Consider the following model:

Ziy + u;

Y, = Li+e

Xl/ﬁ + &;
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where Zlv = v, + Z‘j]:l Vi Zij, XiB = By + ZﬁkXik, and (u;, ;) follows a bivariate
k=1

normal distribution with 0 means, correlation p, and variances o2 and o2.

Suppose H} is a latent variable, e.g. the net benefit from working. However,

suppose we observe the indicator variable H;:

H;, = 1ifW;4+wu; >0 (or u; > —W;)

= 0if W;+u; <0 (or u; < —Wj;).

Since o, is not identified, we normalize the standard deviation of u; by setting o, = 1.
Because of this normalization, the covariance between u; and ¢; is simply 0., = 0, =
po.o, = po.. The sample selection rule is that Y; is observed only when H; = 1. It
is clear that prob (H; = 1|W;) = ® (W;) is the probability that Y; will be observed in
the sample and prob (H; = 0|W;) = 1 — ® (V) is the probability that Y; will not be
observed in the sample.

The regression model for the selected subsample for which Y; is observed may be
written as

where n; is the sample size for the selected observations. The expected value of ¢; in

the selected sample is not equal to 0 even though its population mean is 0:

= po\; # 0,

o) ¢(W)
1—®(-W;,) ®(W)
selected sample is less than the population variance o2 because the variation in Y; is

where \; = is the IMR. Note that the variance of ¢; in the

limited by the selection process:

var (g;|H; = 1) = wvar (g;|lu; > =W;)
= o2 (1-p%),
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where §; = (\;) (A\; + W;). We can write the regression model more compactly as
Y;| (]?z = 1) = L + ‘9)\1 + vy, 1= 1, Ny

where 0 = po., and v; = ¢;| (H; = 1) — E (¢;/H; = 1) . Note that by construction the
random variable v; has an expected value of 0.

The conditional mean value of Y; for a selected observation is given by

¢ (Wi)
@ (Wi)

Note that it is possible to construct a counterfactual for an observation that was not

selected into the sample by observing that

E(g|H; =0) = E(gu; < -W))
—o (W;)

= po-€7

1= (W)

- ) o

The expected value of Y; for a nonselected observation (e.g. the expected market

earnings for someone not in the labor force) is given by

E(Y|H;=0) = I+ E(s|H; =0)

Marginal effects for the selected sample depend upon whether or not the variable
appears in the selection (probit) equation, in the regression equation, or in both. First,
consider an explanatory variable that appears in both equations, say Z;x = X;;z. The
marginal effect on Y; depends on a direct effect 3, and an indirect effect through

selection 7y, :
OF (YilHi = 1)
OXik

=B — 9%@'-
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If X, is a binary variable, the marginal effect would be

AE(YiH; =1), = EYilH;=1), ) - EYilH =1)x

)
Br+10 [)\i(Xikzl) - )‘i(XiFO)} :

ik=0)

Next consider the marginal effect of a variable X, that appears only in the regression
equation and not in the selection equation. In this case there is no indirect selection
effect and the marginal effect is the same no matter whether X;; is continuous or

binary:
0Xi, o

Finally, consider the marginal effect of a variable Z;; that appears only in the selection

equation so that its effect on Y; appears only through its effect on the probability of

observing Y;:
OF (Yi|H; = 1)
0Z;;

If Z;; is a binary variable, the marginal effect would be

AE(Y|H, =1), = EYi|H =1), _,-EYH =1, _,
= 0 [Nizy=1) = Nizy=0]
Estimation of the sample selection model by O LS would be biased and inconsistent
unless we could observe and control for )\; or unless p = 0 in which case there is no
correlation between the selection process (u;) and the value of Y; (¢;). The Heckit

estimation method is a two-step procedure for obtaining consistent estimates of the

regression coefficients. First, the probit model is estimated to obtain estimates of the

()
3 (W>

where W; = Yo + ijl ¥;Zij- The probit model is estimated for the entire sample

IMR for the selected sample:

p

n = ng + ny, where ng is the number of observation for which H; = 0. The second
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step is to substitute 5\1 for )\; in the regression model to obtain

which is then estimated by OLS. The model could also be estimated by MLE
but the Heckit two-step would still be estimated to furnish starting values for the

parameters. The log likelihood function for the entire sample is given by

Zln[l—@(W»]
(-

In (27) +ln( )—I—

w;%”}'

In the Heckit model the conditional mean value of Y and marginal effects are most

m—m1

+ Ind

[Wi +p(Yi — [z‘)]

O¢

simply estimated as the sample average of the individual estimated effects. To begin
we have the estimated conditional mean value of Y based on the mean values of the

variables for individuals who were selected into the sample:

— A

E(Y[H=1)=1+0x
> e A

Z H;=1 XZk N 7
—————— and A = ———. The corresponding

K
where j = BO —|—23ka s Xk = n n

k=1
marginal effects are estimated as shown below.
First, consider an explanatory variable that appears in both equations, say Z; =

X. The marginal effect in this case is calculated according to

8E(Y|H:1)_A A=
X, = B, — 0949,

ZHizl 0;
n
estimated marginal effect would be

where 6 = , and Sl = (S\Z) (5\1 + VVZ) . If X} is a binary variable, the

AE(WIH=1), = E0H = 1), — ECTH =1y,

Xp=1)
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Next consider the estimated marginal effect of a variable X}, that appears only in the

where B (Y[H = 1)y, _,~E (YIH = 1) x, o) = B+

k=1

regression equation and not in the selection equation. In this case the estimated

marginal effect is the same no matter whether X, is continuous or binary:

—

OE(Y|H =1)
09X,

= B

Finally, consider the estimated marginal effect of a variable Z; that appears only in

the selection equation:

E(Y|H =1)
07,

If Z; is a binary variable, the estimated marginal effect would be

AE(Y[H = 1)j =E(Y[H = 1)(2]-:1) - EY|H = 1)(2]-:0)’

46



