Dynamics and growth of
bacterial colonies

........

J.L,
Department of Mathematics,
University of Arizona, Tucson, AZ

N. Mendelson

-
T. Passot

B. Salhi



Who is Bacillus subtilis?

e Rod-like bacterium
- Length = 2-3 um
- Diameter 2 0.7 um
- Swimming speed
~ 10 times the cell length per
second
e Swims with flagella (runs
and tumbles)




Examples of collective
behaviors in bacterial systems

e Bioconvection: convection caused by the gathering
of bacteria at the top of a fluid.

e Biofilms: communities of bacteria (more generally
of microorganisms) attached to a surface.

e Bacterial colonies grown on agar plates: formed by
motile or non-motile bacteria which multiply in a
nutritive medium.



Colony growth on agar plates

e Colonies grow on agar, which is a gel containing water and
nutrients.

e Colonies are inoculated at the center of the agar plate and are
allowed to grow for weeks.
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This movie illustrates the formation and dynamics of whirls
and jets in the colony [N.H. Mendelson et al., J. Bact. 181, 600-609
(1999)]. When the cells are killed by formaldehyde vapors, all
motions cease.



Who i1s Bacillus subtilis ?

e In these experiments, B. subtilis does not
- form spores,
- secrete a surfactant, or form a biofilm

e Shows chemotaxis to food: j, = #(S)N VS

From R. Macnab,

Motility and Chemotaxis,

in E. coli and S.

typhimurium: cellular

and molecular biology, Food
pp. 732-759, Ed. by F.C. gradient
Neidhart et al., ASM,

Washington DC, 1987



Interesting aspects of this
type of bacterial dynamics

e Hierarchy of scales:
- Microscopic level: bacteria
- Mesoscopic level: whirls and jets
- Macroscopic level: colony shape

e Looks like two-dimensional turbulence

e Can such behaviors be explained in physical terms
or Is signaling between cells an important
Ingredient?
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l. Golding et al.,

Physica A 260, 510-554 Reaction-diffusion models
(1998)

e It is well known that branched colony shapes can be
captured by means of reaction-diffusion models
S nutrient densit
B DS _pNS RIS
ot N bacterial density
-~ Nonlinear diffusion
[S. Kitsunezaki, J. Phys. Soc. Jpn. 66, 1544-1550 (1997) ]
oN
V. (D"N*VN)+ N S—xN
ot
- Nonlinear diffusion with stochastic diffusion coefficient

[K. Kawasaki et al., J. Theor. Biol. 188, 177-185 (1997)]
%—T:V-(DN(1+0)N SVN)+N'S

where o has a triangular distribution
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Why try a hydrodynamic
approach?
S

e |In wet conditions, bacterial motion is dominant in colony
expansion and therefore needs to be modeled adequately.
This dynamics cannot be described by existing reaction-
diffusion models.

e Whirls and jets observed within the colony suggest a
hydrodynamic approach.

e Bacterial density is too high to assume that the dynamics
within the colony results from swimming of isolated
bacteria: bacterium-bacterium interactions cannot be
neglected.

e Joint work with T. Passot

[J.L. & T. Passot, Hydrodynamics of bacterial colonies: a model,
Phys. Rev. E 67, 031906 (2003); Hydrodynamics of bacterial colonies:

phase diagrams, Chaos 14, 562-570 (2004)]




Hydrodynamic model

e Orders of magnitude

- At the scale of a bacterium
_ VL _30:10°-3.10° _

Re® — ~10™
Y 10
- At the scale of a bacterium, in the presence of vortices
and jets:
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Hydrodynamic model
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e Model the agar as a porous medium.

e Brinkman’s equations for porous media indicate that motion
will occur in a thin layer near the surface of the agar.

e Model the mixture of bacteria and water as a two-phase
fluid.



Hydrodynamic model

e Continuity equation for nutrients

S = nutrient concentration

Nutrients diffuse through the agar towards the mixture of
bacteria and water

Nutrients are consumed by bacteria (Rg)

We assume that Fick’s law is valid as a first
approximation and neglect medium anisotropy for food
diffusion
We assume that the fraction of nutrients advected by the
fluid is negligible

0S

— =R, +D°V?’S
ot



Hydrodynamic model
-

e Continuity equation for bacteria
- N = bacterial mass per unit volume
- VN = bacterial velocity field
- Bacterial mass increases due to food consumption (Ry)

— We assume there i1s no mass transfer at the interface
between bacteria and water

ON

4V (NWV)=R

~ TV (WD) =Ry
oN

E+Vo(Nv):Vo(N(V—vN))+ Ry =V-(—j")+R,

i"Y=NW" -v)=-D"(N,W,S) VN



Hydrodynamic model

e Continuity equation for water
- W = mass of water per unit volume
- vW = water velocity field
- Water “diffuses” through due to capillary dispersivity
- Water may also evaporate (Ry,)
- Interfacial mass transfer is neglected

%—V:/+V-(\NVW):RW+V-(DWVW)



Hydrodynamic model

e Momentum equations for water
- TW = water stress tensor
_ FW = |:iw + FSW + |:ew
- F;" describes interactions between water and bacteria
- F.W describes interactions with the substrate

- F." describes external forces (e.g. due to addition of
water, ...)

a W W, W
5(\/\/\/ )+ V-(Wv'v™)

=VTY + FY + R,V +V'V- (D" VW )



Hydrodynamic model

e Momentum equations for bacteria
- TN = bacteria stress tensor
_ FN = |:iN + FSN 4+ FgN
- F;N describes interactions between water and bacteria
- F.]N describes interactions with the substrate

- F N describes changes in linear momentum due to
bacterial activity

O
a(NVN)+V-(NVNV'\'):VTN +FY + R V"



Hydrodynamic model

e Interaction forces

- We assume that F;N + FW = 0, which is legitimate if one
neglects surface tension effects at the interface between
bacteria and water

e Stress tensors
- VIW=-VpW+W; VTN =-VpN + N
- PV =K T[N +B,(T) N2+ O(N %] = pg" +v(S,N,W) N 2
the second term describes pressure due to collisions
between bacteria

- For a newtonian fluid,
W =W VeywWand tN = uN Ve + ANV (V-vN)



Hydrodynamic model

e Equations for global quantities

p=N+W  v=1(N" o)

yo,
%—'f+V-(pV)zRN +R, +V-(D"VW)
oV

pa+p(v-v)v ;—Vp—V(y(S, N,W)p2(1—5)2)+V-(TW +r'\')+ =

p=p" +p, F=z-nv+F"+F]
VWo=vNrem ml=o(IvN ) e<<1
0S

= wetness coefficient — =R, +D*V’S
N +W ot

O =




Hydrodynamic model

e If & Is not constant, the following equations are used

p%er(v-V)V;—Vp—V()/(S, N,W)N2)+V-(TW +z" )+ F

S
%_V:Uv-(Wv): R, +V-(D"VW)-v-(D" VN)

o=N+W



Hydrodynamic model
S

e Two-dimensional reduction

Assume that W and S do not depend on the vertical coordinate
Neglect vertical variations of N in the thin layer at the top of the agar

Neglect vertical dependence of velocity field and assume

v=f(z) u(x,y,t)

Then average over the vertical coordinate in the thin layer near the
top of the agar plate

e Separation between expansion-driven and hydrodynamic
components of the flow

P =p," + p"is such that the compressible part of the velocity field
v=v ¢+ vHisdue to chemotaxis-like behaviors
C
Vot =0 and &= —iv(y N2)+LD ve — Im \C
o  p Pr Pr
where Dv =p V2v + A V(V-v) and n,,, p,, are typical values of n, p.



Hydrodynamic model

e Two-dimensional hydrodynamic model

N _p —(V-V)v+£1—1jD V_[U_UmjVJFF
ot P P P P P

—EV(y N2)+ DV _ 1 v
P Pm P
%+V(Nv): R, +V-(D"VN)
%+V-(Wv): R, +V-(D"VW)-Vv.(D" VN)
0S S 2 Gradients are now horizontal gradients
E =R +D7V7S and v = u <f > is the averaged velocity

field.



Chemotaxis-like behavior

e Neglect inertial and viscous terms, as well as the
Incompressible part of the pressure term

e Assume N/p and y(S) are constant

e Then if the consumption term dominates the nutrient
dynamics, we have

N =-— L 9G(5) if R,=-k,N f(S) and 1G _
k, ot dS f(9)
@:—Zyﬂv 1 0G(S)
ot p |k, ot
V= 2r N VS =% (S)VS v(S) ="chemotactic" coefficient

Tk, p f(S)



Chemotaxis-like behavior

e f(S) =S gives the Keller-Segel model for chemotaxis [E.F.
Keller and L.A. Segel, J. Theor. Biol. 30, 225-234 (1971)].

e f(S) = (1+S)? gives the “receptor law” for chemotaxis.
e \We then obtain the following reaction-diffusion model

A= 2y N_VS = 7(S)VS 7 (S) ="chemotactic" coefficient
ko o f(S)

%—':Uv.(l\lv): R, +V-(D"VN)

oW w N

V- W)=R, +v.(D"VW)-v-(D"VN)

%f = —k,N f(S)+D°VS



Numerical simulations

e New reaction-diffusion equations without chemotaxis
t = 2700; DN(N,W,S) =5. 103 (1+5) N S; DS = 102;DW = 5. 103; k, = 1;
y=0;Rs=-NS;L=8mW,=0.20; S, =0.35; N, = 0.71 exp(- 20 r?)
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Numerical simulations

e New reaction-diffusion equations with chemotaxis
t = 1700; DV(N,W,S) =5. 103 (1+5) N S; DS=5. 103, DW= 107; k, = 1;
v=2510%R,=-NS;L=8m;W,=0.20; S, = 0.35; N, = 0.71 exp(- 20 r?)
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Numerical simulations

e New reaction-diffusion equations with chemotaxis
t =300; DN(N,W,S) =5.102% (1+o) NS ; D>=102; DW=5.103; k, = 1;
vy=25103%R;=-NS;L=8 1 W,=1.0;S,=0.35; N, = 0.71 exp(- 20 r?)

1.40 - —N s —W

1.20 -
1.00 N\ AN
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0.20 -

0.00
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Numerical simulations

e New reaction-diffusion equations with chemotaxis
t = 400; DV(N,W,S) =5. 102 (1+5) NS ; DS=101; DW=5. 103 ;k, = 1;
y=1.10%Rs=-NS;L=8 ;;, W, =1.0; S, =0.35; N, = 0.71 exp(- 20 r?)
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Numerical simulations

e The chemotaxis-like model is a
singular limit of the full hydro-
dynamic model

DN(N,W,S) = 5. 102 (1+6) N'S ;
DS =0.005 ; DW= 0.1 ;k, = 1;
y = 1/900; 1 = 0.0002; W, = 0.02;

E = max(||v-vehem|[)/max(||v]]).
Solid line: x component of yehem
Dashed line: x component of v
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Hydrodynamic model

e Two-dimensional hydrodynamic model

N _p —(V-V)v+£1—1jD V_[U_UmjVJFF
ot P P P P P

—EV(y N2)+ DV _ 1 v
P Pm P
%+V(Nv): R, +V-(D"VN)
%+V-(Wv): R, +V-(D"VW)-Vv.(D" VN)
0S S 2 Gradients are now horizontal gradients
E =R +D7V7S and v = u <f > is the averaged velocity

field.



Numerical simulations

e Full hydrodynamic model (newtonian fluid)

t = 2000

DN, =D>=5.103; DV =101
DN(N,W,S) = DN, (1+5) N S
Re=-NS=-R;Ry=0
ky=1;vy=0.44 104
u=0.0L; A =u/3;n=0
F,=Npf

f = solenoidal white noise
L=8rx

W, =0.25; S, = 0.35

Ng = 0.71 exp(- 20 r?)
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Functional Forms

e Diffusion coefficient of N: D" =D°f(N,W,S).
e Small-scale forcing: F, =p f,f(N,W,S).
e “Chemotaxis™: y=y,f(N,W,S).

o f(NW,S)= ltanh2(4N )[1+ tanh[w = 2(1+3£1—tanh(5 ‘0'1Dm1(1+ tanh(s —0-05D
- 2 0.1 2 0.02

0.57

0.4
037
S

0.21

011




Full Hydrodynamic Model
Example of Phase Diagram




Role of pressure coefficient

t=1800 t=1000

t =30000
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Interesting aspects of this
type of bacterial dynamics

e Hierarchy of scales:
- Microscopic level: bacteria
- Mesoscopic level: whirls and jets — hydrodynamic model

- Macroscopic level: colony shape
— reaction-diffusion models

e Looks like two-dimensional turbulence
- An Inverse cascade occurs above Re as small as 9
[J.L. & T. Passot, Fluid Dynamics Research 34, 289-297 (2004)]
e Can such behaviors be explained in physical terms or
IS signaling between cells an important ingredient?

- Yes!




Open questions

e \What are the rheological properties of a bacterial
fluid? What role would non-Newtonian effects have
If they were included in the model?

e Understand, at a microscopic level, the nature of the
small-scale forcing due to bacterial activity.

e Can one find microscopic models whose averaged
properties are described by the hydrodynamic
model described here?



Interesting mathematical
ISSUes

e Absence of blow-up In finite time

e Role of nonlinear diffusion in reaction-diffusion
equations

- Kawasaki et al. underscored the importance of nonlinear
diffusion

- Satnoianu et al. [Disc. Cont. Dyn. Sys. B 1, 339-362 (2001)]
proved the existence of traveling wave solutions (fronts)
In the absence of noise

e Effect of whirls and jets on the stability of fronts

— A first step would be to understand how fronts become
unstable in the presence of noise



Interesting biophysical i1ssues

e Understand and model the signaling pathways
Involved in the random walk done by bacteria in the
absence and presence of chemotaxis.

[R. Erban & H.G. Othmer, SIAM J. Appl. Math. 65, 361-391 (2004);
Multiscale Model. Simul. 3, 362-394 (2005)]

e Understand the formation and growth of biofilms.
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R.Macnab,
Motility and chemotaxis, Runs and tumbles

1987

R AL D)

e

Swimming: CCW Tumbling: CW rotation
rotation

Bar: 5 um (E. coli or S. typhimurium)

R. Macnab, Motility and Chemotaxis, in E. coli and S. typhimurium: cellular and
molecular biology, pp. 732-759, Ed. by F.C. Neidhart et al., ASM, Washington DC, 1987



S=12-W=3-1=0
.

Movie from t = 340
tot =400

One frame every
unit of time




S=04-W=7-A=0
.

Movie fromt=0
tot=1000

One frame every
20 units of time




S=08-W=5-1=0

Movie from t = 400
tot=410

One frame every
0.1 unit of time




E. Banin, M.L. Vasil & E.P.

Greenberg, PNAS 102, P. aeruginosa biofilms
11076-11081 (2005)

Fig. 1. Biofilm formation of P. aeruginosa pyoverdine and pyochelin mu-
tants. The parent without (A) and with (B) lactoferrin (20 ng/ml), the pyoch-
elin mutant PAO1pchA::TcR without (C) and with (D) lactoferrin (20 ug/ml),
the pyoverdine synthesis mutant PAO1ApvdA (E), the pyoverdine ECF o-factor
PvdS mutant PAOApvdS without lactoferrin (F), the pyoverdine mutant car-
rying the pvdA expression vector pEB4 without lactoferrin (G), and the pyover-
dine mutant grown in pyoverdine-conditioned medium without lactoferrin
(H). The P. aeruginosa cells contained the gfp plasmid pMRP9-1. Images are
from 6-day biofilms (the squares are 61 um on a side).



Model of biofilm development

Detachment
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R. Thar & M. Kuhl, FEMS

Microbiology Letters 246, Model of biofilm development
75-79 (2005)

Vibrioid Bacteria
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(a) Top-view of honeycomb patterns formed by veil-forming vibroid
bacteria. Bright areas are colonized by bacteria, scale bar is 0.5 mm.

(e) Schematic drawing of the flow field around an attached bacterium (white
circle); arrows denote the velocity vector of the water.



Bloconvection

Laxer of “heavx” bacteria

Fluid with db nutrients
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» H. Wager, On the effect of gravity upon the movements and aggregation of Euglena
viridis, Ehrb., and other micro-organisms, Philos. Trans. R. Soc. London Ser. B 201, 333

(1911)

* J.R. Platt, Bioconvection patterns in cultures of free-swimming organisms, Science 133,

1766 (1961)

» T. Pedley & J. Kessler, Hydrodynamic phenomena in suspensions of swimming micro-
organisms, Ann. Rev. Fluid Mech. 24, 313-358 (1992)

* N.A. Hill & T.J. Pedley, Bioconvection, Fluid Dynamics Research 37, 1-20 (2005)



N. Mendelson & J.L., Wave patternS In

J. Bacteriology 180, ; -
3285-3294 (1998) bioconvection
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J.L. & N. Mendelson, it
Phys. Rev. E 59, 6267-6274 CompleX SWIft HOhenberg

(1999) model
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J.L. & N. Mendelson,

Phys. Rev. E 59, 6267-6274 Numerical simulations
(1999)
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Wave patterns In
bloconvection
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N.H. Mendelson & J.L., A complex pattern of
traveling stripes is produced by swimming
cells of Bacillus subtilis, J. Bacteriology 180,
3285-3294 (1998)

4 Bioconvection pattern



N. Mendelson & JL, = OQne-dimensional traveling wave
J. Bacteriology 180,

3285-3294 (1998) bioconvection pattern




