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Bivariate Drought Recurrence Analysis Using Tree Ring
Reconstructions
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Abstract: Droughts may be represented by two main characteristics—duration and severity. In this paper, a general methodology tc
evaluate the frequency and risk of the occurrence of droughts is presented using a bivariate drought characterization. The theory of rur
is applied to model drought recurrence as an alternating renewal process, describing droughts simultaneously in terms of their duratior
and severities. Short historical records usually do not allow reliable bivariate analyses. However, tree ring reconstructions of droughts
provide information about past events, allowing the analysis. An approach to adapt and include dendrochronology reconstruction:
combined with historical records to characterize droughts is presented. The proposed approach uses the stochastic structure of t
residuals of paleo reconstructions to generate equally likely representations of past drought events. The procedure was applied to pal
and historical records in Texas Climatic Division 5 and compared with univariate analyses. The application shows the bivariate analysis
advantages in drought characterization.
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Introduction important design parameter in water resources systems. The risk
of failure during the life of the project must be limited. However,
A drought is “a period of abnormally dry weather sufficiently the estimation of these statistical properties depends on the avail-
prolonged for the lack of water to cause serious hydrologic im- ability of historical data, which is, usually, the most important
balance in the affected aregHuschke 1959 This departure limitation to directly inferring the probability of extreme episodes
from the norm can produce serious agricultural, environmental, of droughts. To overcome this lack of information, stochastic rep-
and socioeconomical damage. Historically, a measure to describeresentation of hydrologic events has been employed to establish
how extreme a drought is has been sought. probabilistic models that describe reality and make it possible to
The Palmer drought severity ind¢éRDSI, now usually named  theoretically infer the associated likelihood of drought events.
PDI) was developed for this purpogealmer 1965 Several stud- Yevjevich (1967 successfully proposed the theory of runs as a
ies have examined the PDSI in terms of its assumptions and limi- major tool to use in objectively defining droughts and studying
tations (Karl 1983, 1986; Alley 1984; Guttman 1991; Hedding- their statistical properties. Runs theory has been applied in several
haus and Sabol 1991; Guttman et al. 199he oversimplistic drought models and analyses in the literat(8en 1976, 1980;
characterization of drought physical processes, the arbitrarinessDracup et al. 1980a,b; Loaiciga and Leipnik 1996; Fadez and
involved in its definition, and its space dependence are the mostSalas 1999; Chung and Salas 2000; Shiau and Shen 2001,
common drawbacks associated with the PDSI. However, it is Douglas et al. 2002 Traditionally, drought duration and severity
computed for and used in all 48 contiguous states in the United are the two most common characteristics of a drou@mracup
States. Based on the extensive use of the PDSI, Guttman et alet al. 1980a,b In these applications of runs theory, drought du-
(1992 recommended to use parameters derived from the statisti-rations and severities have been analyzed separately. This may
cal analysis of the index, such as the return pefaiceady widely result in assigning two different probabilities for a single event
used in water resourcigso characterize the rareness of a drought (Frick et al. 1990. Nevertheless, the high correlation between
event in space independent form. duration and severity allows the estimation of severity based on
Return periods and, in general, recurrence and risk analysis arejuration or vice versa.
common issues in hydrologic engineering. The return period is an  Kim et al. (2003 presented a methodology for estimating the
return period of droughts using a nonparametric kernel estimator
IGraduate Student, Dept. of Civil Engineering and Engineering for univariate and bivariate behaviors. Bivariate analyses have
Mechanics, The Univ. of Arizona, Tucson, AZ 85721-0072. also been applied to other hydrologic events, such as storms and
“Professor and Head, Dept. of Civil Engineering and Engineering streamflows(Yue 1999; Yue et al. 2001 However, bivariate
Mechanics, and Center for Sustainability of Semi-Arid Hydrology and gnalyses require record lengths that are usually not available, and
Riparian Areas (SAHRA), The Univ. of Arizona, Tucson, AZ  gych analyses remain in many cases infeasible. Paleoclimatology

85721-0072. : : :
; . . . . studies, and especially dendroclimatology, form a valuable source
Note. Discussion open until February 1, 2004. Separate discussions_. . .
must be submitted for individual papers. To extend the closing date by of information to analyze drought recurrencqNusfiyfforts have

one month, a written request must be filed with the ASCE Managing PE€" Made in reconstructing drought records f.rom tree rings in
Editor. The manuscript for this paper was submitted for review and pos- the United States(Stockton and Meko 1975; Blasing and

sible publication on August 16, 2002; approved on December 4, 2002, Duvick 1984; Cook et al. 1992 An attempt to expand these
This paper is part of thdournal of Hydrologic Engineering Vol. 8, No. drought reconstructions in a homogeneous way to the entire con-

5, September 1, 2003. ©ASCE, ISSN 1084-0699/2003/5-1-12/$18.00. tinental United States was initiated by Meko et @993, and
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was developed further by Cook et &ll996. A 2° latitudex3° drought recurrence analysis has important relevance in a U.S.—
longitude grid of summer drought reconstruction for the continen- Mexico treaty that regulates the use of the water resources in the
tal United States was developed using annual tree ring chronolo-lower Grande BasirfTexas 2000 A 6°X6° search area of tree
gies(Cook et al. 1998 The PDSI was used as a drought metric. ring chronologies was established at 29N-105W, close to the cen-
However, the incorporation of tree ring reconstructions of PDSI troid of Texas Climatic Division 5. Seven chronologies of differ-
series in statistical analyses and its combination with PDSI seriesent length were obtained from contributors of the international
evaluated from instrumental data are not straightforward. Recon-tree ring data bankGBP 2002.
structions do not increase the number of degrees of freedom of  Correlation analysis of the chronologies with the monthly
the time series in the number of reconstructed y¢Breckway PDSI series showed a higher correlation of tree rings with the
and Bradley 1996 Such reconstructions explain only part of the pps| of summer monthgJune, July, and Augustas already
variance of instrumental PDSI series, and an important proportion mentioned in Cook et a(1992. Consequently, the reconstruction
of the PDSI variance remains unexplained. As such, PDSI recon-jg only of the average PDSI during the summer morfés in
structions can be used to predict tendencies, but cannot be comg ok et al.(1999]. However, the summer season coincides with
pafcrlndeltrr?g(tjl)(;k\;vgl]$ ilsn;trr;gi?etzl i?]etrrll?ss.paper that, taking into ac the rainiest season in this region; therefore, the summer PDSI is
count the uncertainty associated with the tree ring reconstructions,-Ia-lslj)sa t%c;o?e;s;g?;tzrcg;‘eﬂ;ﬁ 3:2 uﬁgi[)igggﬁnﬁﬂﬁmﬁg -3:29. ring
generates likely realizations' of past drought events useful for varial’:)les are called the predictors, and the summ.er’s PDSI is the
droug_ht recurrence gnalysis. Thg conj_unct_ion of tree ring recon- redictand(Fritts 1976, 1991 Given, the differences in length of
?r:;grcr:”ln?’:\gzr?r:‘grhft(c:)(glr%a;;ll:taetat)w:%arz;ogr?;alg/gsm;ngrgi?qﬁ,((Jacnccijur? he chronologies, the final reconstruction is composed of five dif-
Jerent sub-reconstructions, coming from five different regression

rence. For those cases, a theoretical derivation of the return perio : . .
R ; . ~._models. Those models are mathematically identical, but each one
of droughts being jointly characterized by durations and severities . . L2
uses a different number of predictofsimilar to Meko et al.

is developed based on stochastic properties and runs theory. Fi- . .
nally, for risk analysis, a general algorithm is presented to com- (2.00])]1'7?28 ITOd'('[eklls §tart irg%gZﬂ\(lodiLl,flwnh ng;; T\t/lroqgio-
pute the distribution of the interarrival time of droughts. The ?IGS, d 1(5('5 W\'/ S_';:)’ (h' \?I” ; :;/e), i ( ! v:\LI2965
methodology is applied to the reconstruction of summer PDSI in our), an AV, with two), with all of them ending in '

Texas Climatic Division 5. Univariate and bivariate analyses are ;I'/hus,dstarting V‘gth the set of _Iongi;est ﬁhrﬁnolggi_esiln 156?’ “dejl
compared for this case. produces Sub-reconstruction V, which ends in 1633. In 1634,

Sub-reconstruction IV starts, provided by Model IV, and it ends in
1674. In that way, successively, the whole reconstruction is made.
The period of 1920—-1965 was selected as the calibration pe-
riod for all of the models. The remaining 20 years of overlapping
data, 1895-1919, were used for model validatiwerification
period. The regression models for the reconstructions are based
on the principal component analysis method. They are a particular
case (one predictand of orthogonal spatial regressiof©SR);
OSR and canonical regression are traditionally used in dendrocli-
matology (Cook et al. 1994 The mathematical details of these

Dendrochronology Reconstruction of Droughts

Dendroclimatology is the dating of climatic past events through
the study of tree ring growth. The precise dating and annual reso-
lution of tree rings are superior to most sources of paleoclimatic
information. Tree rings probably offer the best means of recon-
structing large-scale and highly resolved patterns of climate
(Fritts 1976, 1991; Cook and Kairiukstis 1990; Cook et al. 1994 ; . .
Drought reconstructions from tree rings explain a fraction of regression models are briefly descnbeq qext. .
the variance of the index applied to study drougRB®SI, stream- Let Ygba the.vector.of the standardizéds., zero mean, unit
flow, rainfall). Thus, a reconstructed index has less variability Standard deviationpredictand to be reconstructed and T& be
than the original index. This has influence in drought analyses, the tree ring matrix, where each column represents a standardized
because the estimated anomalies are generally lower than the exehronology. LetC be the correlation matrix ofTR. The eigen-
pected values. That is, the mean of the reconstructed droughtstructure analysis o€ provides the matrix of principal compo-
deficit is underestimated. These reconstructions can be used fonent vectors of the predictor sef, (normalized eigenvectors
Identlfylng dominant frequencies of climatic Variabilittor ex- The Components oﬁ in the orthonormal base formed E/are
ample, the bidecadal drought rhythm analyzed in Cook et al. the amplitudes in each principal mode. The application of the

droughts with instrumental data is not simple. As an example, in

the drought reconstruction for the continental United Sté@emk Y= G-EJrs_ 1)
et al. 1999; www.ncdc.noaa.ggvhe PDSI Grid Reconstruction o _
Number 63, in Texas, has a correlation coefficientpef0.67. where e=vector of errors;B=vector of regression coefficients;

However, in dry year§PDSk—1) the original PDSI and the — andU=matrix of selected amplitudes. A subset of amplitudes is
reconstruction simultaneously indicate dry years only 47% of the chosen to remove principal components not related to the global
time. In this paper, a methodology to convert such valuable infor- climatic signal, and to reduce the level aftificial predictability
mation in a form that can be compared with instrumental data wasthat the inclusion of too many predictors in the model may pro-
developed. Following, the fundamentals of such a methodology duce (Cook et al. 1994 The amplitudes are selected to explain
are described through a tree ring drought reconstruction for Texasmost of the variance in the data set. The method applied to choose
Climatic Division 5. this subset of amplitudes, or potential predictors, starts with an
The PDSI series from Texas Climatic Division (Blational initial selection by the PVP criteriofi.e., in decreasing order of
Climate Data Center, www.ncdc.noaa.gjovas selected as a case eigenvalues, select those whose cumulative products of eigenval-
study. Monthly PDSI data from 1895-2001 were used in this ues are larger than or equal to 1; Gui@®85]. Then, the ampli-
study. This division is close to the Bravo/Grande River, where tudes from smaller eigenvalues are sequentially disqualified for
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Table 1. Reconstruction Statistics this part of the reconstruction is rejected in dendrochronology
Calibration Verification reconstructions. The reason why it is included in this work is
_ > > > > explained in the next section.
Model Period R¢ Tac R RE CE o3,

| 1827-1965 0.63 0.31 050 043 041 0.30

I 1752-1826  0.68 030 0.48 042 040 030 Extraction of Drought Characteristics

1] 1675-1751 0.67 030 0.47 040 038 031

% 1634-1674 054 044 022 010 010 0.62 As noted before, droughts are distinguished mainly by their dura-

\% 1569-1633 0.26 057 020 0.22 0.20 0.62 tions and severities. However, from the usual lengths of historical
records, it is only possible to separately estimate the distribution
of both characteristics. For example, in a historical record of 100

the regression until the F-test criterion, with 5% significance, re- Y&ars, about 20 drought events may be fottepending on the

jects the hypothesis of identical residual variance of the models. definition of droughts This number of events is insufficient to

Cook et al(1999 found an improvement of this regression by properly characterize the bivariate distribution of droughts in

prewhitening the tree ring chronologies and the PDSI data beforeterms of durations and severities. To get longer records, synthetic
doing the regression. This is due to the sometimes large differ- S€M€s may be generated based on the stochastic properties of the

ences in short-lag autocorrelation between climate and tree rings Nistorical dataShiau and Shen 2001in our work, semisynthetic
The short-lag autocorrelation—red noise—of the PDSI is added aS€ri€s are generated from the information of the tree ring recon-
posteriori to the regression’s result. In our particular case, no Structions. Each subreconstruction mofigy. (2)] has a deter-
improvement was found by prewhitening the tree ring data; prob- ministic par_t apd a stochastic part. The_ d$term|nlst|c_part comes
ably the filtering done in the model by the components selection from the principal components regression 0. assuming zero
was sufficient. On the other hand, significant correlation between €01 The stochastic part comes from the autoregressive model
the regression residuals and the PDSI in short-lags was found. (x¢) and provides equally likely realizations

Hence, a low-order autoregressive model, AR(was added yi=y R+ x 3)
to the principal components regression, leading to the next global v t
model with
q p q p
Ytzzl ui,t'Bi+2L Yi-i-ditay 2 ytTR=i21 Ui,t'Bi+i21 Y5 b (4)
= i= = =

wheregq=number of selected componends;=autoregressive pa- p
rameters; an@; =model residual, assumed to be independent and xt=2 Xi—i- b+ a; (5)
normally distributed, with zero mean, and varianceogf For =1
consistency, principal components and autoregressive parameters The sum of the deterministic and stochastic terms is assumed
are finally jointly recalibrated for the calibration period, 1920— to provide possible realizations of the droughts that could happen,
1965, using the sum of squares of the residuals as the objectivetaking into account what was recorded on the tree rings and the
function. For each set of chronologies, several model orders aredrought recurrence observed in the historical data. It is assumed
proposed—with and without including the tree ring information that the stochastic part transforms the uncertainty of the regres-
of t+1 as predictors, combined with autoregressive models of sjon into what would be expected based on the red noise structure
Orders 1, 2, or 3. Starting from higher-order models, the F-test of historical data. To verify this, additional validation tests of the
(5% significancg criterion is again implemented to find the re- stochastic model were performed—for the common period,
duction of order that is statistically significant, where lower order 1895-1965, in which summer PDSI is known as well as tree ring
implies loss in predictability. For all models, for the different set chronologies; the drought stochastic properties in the historical
of chronologies, the only significant predictors were tree rings record are compared with those of the realizations coming from
with lag=0 and second ordep( 2) for the autoregressive com-  the reconstruction, for each of the five models. Statistically sig-
ponent. Results fit the assumptions of normality for the residual nificant differences between historical and reconstructed drought
model. stochastic properties are checksée the details in Appendix)ll

To measure the performance of each model over the verifica-  If the stochastic nature of the droughts were not fully present
tion period (1895-1919 a number of statistics were computed in the historical data, the realizations, with their deterministic
(Table 1 shows numerical results and Appendix | contains the part, would manifest a more complete signal of the droughts’
expressions The average explained variance over the calibration stochastic naturémainly for low frequencies Moreover, the sum
period (R?) is a direct measure of the least-squares goodness ofof both terms is assumed to have a closer approximation to the
fit of the model. The average squared Pearson correlaRgnig unknown variability of the real process, in magnitude and struc-
a measure of the covariance between the actual and estimateture. Therefore, measures such as mean drought severity will be
PDSI in the verification period. The average reduction of error larger than those obtained using ordinary reconstruciioas the
(RE) has a theoretical range efx to +1, where RE>0 indicates deterministic pajt and closer to the real ones. Thus, adding the
that the reconstruction is better than the calibration period mean.stochastic part allows for comparisons between different subre-
The average coefficient of efficien¢ZE) has the same theoreti-  constructions, and between reconstruction and historical data,
cal range as RE, and a positive value indicates reconstruction skillsince their variabilities are similar. The difference with generating
in excess of the verification period mean. For the AR part, the synthetic series is that, based on the stochastic properties of
variances of the residual noise for the calibratiorig) and veri- known data, instead of rewriting the drought history on a straight
fication (o'iyv) periods were computed. They belong to the same line, it is rewritten on the remaining traces recorded in the tree
population with a 10% significance, based on the F-test. Usually, rings (deterministic part—continuous line in Fig).1From this
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Fig. 1. Tree ring reconstructions of droughts for each model and final reconstruction with 99% confidence interval

point of view, even though Model V has a Idwf, its reconstruc- Bivariate Characterization of Drought Recurrence
tion results reveal the possible occurrence of droughts in the early
1600s that have the same amplitudes, in that subreconstruction, aBased on formulations of the drought occurrences as an alternat-
the 1950s drought. There is evidence of a megadrought in theing renewal process, expressions for the recurrence interval and
1600s in other paleo records in the United States. Therefore, thethe risk of occurrence have been developed for droughts with
model will reflect a higher probability of drought in those years, different durations(Loaiciga and Leipnik 1996; Ferndez and
due to the trend observed in the tree rings regression. ARihe Salas 1999 and different severitie€Shiau and Shen 200.1In the
increases, the range of likely reconstructed droughts during apresent work, the alternating renewal process is also applied—in
fixed period decreasdwidth of confidence interval in Fig.)1If, this case, to develop a theoretical expression of the recurrence
instead, white noise were added, the reconstruction would be los-interval for the general case of droughts described in terms of
ing such an important characteristic in droughts as persistence. durations and severities. In addition, an algorithm to obtain the
A Monte Carlo technique was applied to evaluate the charac- distribution of the recurrence interval to be used in risk analysis is
teristics of the droughts that could happen in the reconstruction. Apresented. Even though in the formulation time is a continuous
set of 1,000 realizations was used to represent this information.process, discrete time can be represented by substituting integrals
An important difference in dealing with semisynthetic series is for sums, as is suitably indicated. The summer PDSI is the vari-
that even when an infinite number of possible realizations are able used as an indicator of a moisture deficit situation. The PDSI
generated, the uncertainty associated with the inferred statisticsmay represent how significant a drought is, but its spatial compa-
must be calculated as coming from a sample size equal to therability has been criticizedGuttman et al. 1992and it does not
mean number of events that occur in the reconstructed period. have the associated probability of occurrence. Here, the theory of
Each reconstruction is linked with historical records to extract runs(Yevjevich 1967 is used to describe droughts based on the
its drought characteristics using runs analysis. To properly con- Palmer index.
nect reconstructions and historical records, the known futoee As Fig. 2 illustrates, a drought is defined as the event during
ginning of historical recordvalue should be taken into accountin ~ which the PDSI is below or equal to a fixed truncation level. A
the last years of the reconstruction. In a stochastic process, if adrought is characterized by two principal magnitudes—drought
future value is known, the distribution of the actual value of the duration and drought severity. Drought durati@) is defined as
variable is conditioned by this expectation. A procedure was usedthe period of time during which the PDSI is below or equal to the
that considers the dependence of a stochastic variable on futurdruncation level, and drought severity is the cumulative difference
values(Appendix IlI). between the truncation level and the PDSI values during the
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10 " " " ¥ y " ¥ y Substituting Egs(6) and(7) in Eqg. (8)
D, Drought duration
S, Drought severity E(Ta,s) =E(Ngs)- E(W)+E(D|p=gus=s)
W,Nondoughldumtion
s +[E(Ng,s)—1]-E(Dp<dns<s) (12)
g From the independence assumpﬂon the number of trials
g Truncation level (droughts at which the next drought  D(d,s) occurs follows a
a3 A}E“ N b o, o, geometric distribution, and the expected value |5P[iﬂ/
0 i i is; i, ~
eD(d,s)]
", W , VLL W, &4 E(Ng,)=1/P(D=dUS=>s) (13)
3 e, 1% % Given thatP(D<dNS<s)+ P(D=dUS=s)=1

325 19‘30 19‘35 19‘40 19l45 19I50 1D|55 1360 19L65
Time
E(Ngs)—1=P(D<dNS<s)/P(D=dNS=s) (14)
Fig. 2. lllustration of runs analysis—Definition of drought duration,
severity, and nondrought duration for fixed truncation level I o+ P(D=€US=s)-d¢

E(D‘DZdUSBS): P(D?dUSBS)

(15)

drought. Both magnitudes are random, and are usually signifi-
cantly correlated(Yevjevich 1967. Together they describe the
principal characteristics of a drought. Therefore, it is appropriate drd—17* . o _
to describe their joint probability-density functigRDF), which, _ f€[=0[1%*€' P(D=0)-dt+[,_y¢-P(D={US<s)-d¢
for convenience, will be expressed as the product of the marginal P(D<dNS<s)
distribution of drought durations and the conditional distribution

of drought severities for a given drought duration

fo o(d,s)=Fn(d) fop_q(s 6 with [ ]* for the discrete case.
0.5(th)=fo(d)-f5p-als) ©) Substituting Eqs(14), (15), and(16) into Eq.(12) results in

E(D|D<dms<s)

(16)

To finally describe the sequence of droughts, the interarrival

time is defined as the elapsed titie between the beginnings of fj_o[l]*g. P(D=¢)-d¢

two consecutive droughts. The nondrought period is the period of E(Tgs)=E(Ngs) E(W)+ P(D=dUS=5)

time between the end and beginning of two consecutive droughts.

Here, the magnitude of interest is its duratif), and its PDF =E(Ngo)-[E(D)+E(W)] (17)

fw(w). Hence
L=D+W @ Tqs will li)e ip units of time. The expected recurrence interval

of droughtsd e D(d,s) is equal to the expected number of events
between these droughts times the expected duration of the inter-
arrival time between droughts. Thus, the expected interarrival
time is not a function of the condition over the drought duration.
For the particular case of the univariate drought description based
on the severities, Shiau and Sh&t001) demonstrated that the
final expression in Eq(17) provided the return period. In our
work, it is generalized for the bivariate analysis.

Other statistics may be calculated based on this model. For
example, the expected number of yeafg,, from a nondrought
year until the beginning of the next drought D(d,s) is

The joint probability cumulative function for the bivariate dis-
tribution of droughts is defined &3y 5(d,s)=P(D<dUS<s).

In addition, the joint probability failure function i&p 5(d,s)
=P(D=dUS=s), which in other fields is called the survivor
function. .

DefineD(d,s) as the set of droughtsl] with durations larger
than or equal to the critical durati@hand severities larger than or
equal to the critical severitg. Between two successive droughts
de f)(d s) will occur Ny s droughts Ny s=1). The first of those
droughts belongs td(d,s), and Nys—1 are out of this set,
d¢D(d,s). The time (Tys) between the beginning of those two
successive droughte.e D(d,s), can be expressed as the sum of E(Yq4s)=E(Ngs)-E(W)+[E(Ngs)—1]-E(D|p<gns<s)
the interarrival times of the droughts that happen in that period

Nas 1 For risk analysis, it is necessary to know the distribution and
Tas=Lip=dus=st ;1 Lilp<dns<s (8) not only the expected value of the recurrence interval of droughts
de D(d s). This distribution can be computed using the follow-
where ing algorithm.
Lip=dus=s=D|p=dus=stW (9) Define the conditional probability density distributigRDD)
Lip-dns-s=Dipgns s+ W (10) of the interarrival time as

Assuming that droughts are independent events, identically  fLp=dus=s(L)
distributed, and that drought and nondrought durations are inde-

pendent, the expected value By, is = JL[L_H*P(D=€|SBSU D=d)- P(W=L—¢)-d¢

E(Tg.0)=E(Lp=aus=s) +[E(Ngs)~1]-E(Ljp-dnss) (=omr
( (19)
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fL|D<dr‘|S<s(L)

L[L—1]*
=f[ U p(D=¢|s<snD<d)-P(W=L—¢)-d¢
£=0[1]*

(20)

For Ngs=1, two consecutive drought$e B(d,s) occur, and

the distribution ofT4 ¢ results in
FrydNg,~1(T=L)=fLjp=dus=s(L) (1)

fx, (1)=P(D=dUS=s) (22)

When time is considered as a discrete variable, in order to

limit the number of possible combinations, two computational
variables are defined, as follows: the minimufm equal to
Tmin(Ngs=1)=d+1 time units(at least one drought d=d and
one nondrought occyrand the maximum probabl€, equal to
TmadNgs=1)=DmaxtWax,» Where D ., is the maximum prob-
able drought duration an@/,,,, is the maximum probable dura-
tion of the nondrought period ., and W, can be estimated
for a given tolerance level as

* Da=d such thaf 1—Fy(d)]<tolerance and

* W,,,,=W such thaf 1—F,(w)]<tolerance.

0.35

-+ Theoretical
| ] Empirical
+

025l —o
=2

015 v"+.

0.1

0.05, [+ ey, 1

15
W (years)

Fig. 3. Theoretical geometric distribution of nondrought durations
and empirical distribution in Texas Climatic Division 5

tions and severities is significant, with a value @f s=0.87.
Simultaneously, very low correlation values betweBn and

The computation of the distribution is completed successively Diy1(p=0.06), S and S;;;(p=0.07), W; and W, (p
considering the case of one additional drought event occurring, =0.06), W, and D (p=0.00), andW, andD,, (p=0.03) jus-
smaller than the critical, between the two droughts belonging to tify the hypotheses of the independence of drought durations, se-

If)(d,s):Nd,S=n; with n=2,3,.... For those cases
fr dNgs=n(T)
_ f T{MIn[ T n—1), T~ Toin( D1}

€=0{max Tpin(n—1), T Tmad D 1}* TadNgz=n-1(0) fup<dnses
v min’ ’ ma

X(T—€)-de (23)
fy, (M =Ty, (n—1)-P(D<dUS<s) (24)
Fy, (M=Fn, (n—1)+fy, (n) (25)
fr dNg=n(T)
g =1 (M) Py, (= 1)+ fr gy =n(T)- iy, ()
Fr, ()
(26)

where Tpin(N)=d+1)n and T,{N)=DmaxtWmnad; N
=2,3,...Nqax, Where N.¢ is the maximum probableN; and
Nmax=n such thaf 1—Fy4s(n)]<tolerance.

Using the same methodology, other additional probability dis-
tributions can be computed.

Application of Proposed Methodology

In the case study, the tree ring drought reconstruction allows us to

expand the PDSI series from 107 ye&k895—2001to 433 years

(1569-2001 This increase in the series length makes it possible
to jointly characterize the droughts in terms of durations and se-
verities. The runs analysis of the semisynthetic series from the
Monte Carlo realizations provides the information necessary to
analyze the stochastic properties of droughts, verify important
assumptions, and fit the appropriate distribution functions. The

truncation level chosen for the runs analysis is PBSI, de-
fined by Palmef1965 as the beginning of a drought.

From the pool of drought duration®), severities(S), and
nondrought durationéW), the correlation between drought dura-

verities, and nondrought durations, and between drought dura-
tions and nondrought duratior(ge., they are not significantly
larger than zerp

The distributions of drought and nondrought durations can be
derived theoretically by using the theory of ruevjevich 1967,
Sen 1976 The PDSI value in a year can be considered in two
possible states—drPDSk—1) or wet(PDSE>—1). If the PDSI
state in yeart depends on the previous-year state, a Markov-
dependent process with two states and a homogeneous transition
probability matrix(i.e., a simple Markov chajrcan be applied to
describe this factFernadez and Salas 1999The transition
probability matrix results inPpp=P(PDS},;<—1|PDS|<
—1), Ppw=P(PDS},,;>—1|PDS{<—1), Pyp=P(PDS|,,
<-1|PDS{>-1), and Pyy=P(PDS},,>—1|PDS|>—-1).
It follows thatPpp+ Ppw=1 andPywt Pwp=1. Therefore, the
drought and nondrought duration distributions are

fo(d) =Ppw- PHo";

d=1,2,3,... 27)

fw(W)=Pwp Pl w=123,.. (28)

The expected values dd and W are E(D)=1/Pp,, and
E(W)=1/Pyp. Thus, the expected value of the interarrival time
in Eq. (15) is E(L)=1/Ppw+1/Pyp. Theoretical and empirical
distributions ofW are shown in Fig. 3. The application of tiyé
test validated the selected model.

The drought duration distribution will be used in EQO) to
describe the joint PDD of drought durations and severities. No
analytical solution of the conditional distribution of severities is
known. Theoretical distributions are usually fitted from observed
data. Gamma and exponential distributions are commonly em-
ployed (Zelenhastic and Salvai 1987; Mathier et al. 1992; Shiau
and Shen 2001 In this case, the writers also found it appropriate
to use the gamma distribution for the conditional distribution of
severities

std—1. @~ s/Bg

———: s>0
de'r(ad)

fop=d(s)= (29)
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Fig. 5. Return period of droughts with bivariate analysis in Texas

Fig. 4. Theoretical Eq. (30)] and empirical bivariate distribution of ~ Climatic Division 5
drought durations and severities in Texas Climatic Division 5

P(D<dNS<s)=1-Fp «(d,s 32
From data exploration, the parameters of the gamma distribu- ( ) 0.5(d:S) (32)

tions (aq,Bq) appear linearly dependent on drought durations for P(W=w)=P,q- Pwv’vl (33)
agq, and constant fo3y [as also found by Shiau and Shen
(2001)]. This is related to the high correlation between drought P(D=¢|D=dUS=s)= fo(€)-[1-Fgp=¢(9)] for ¢=d

durations and severities. If it is written thay=p,-d+«k, and Fp.s(d,s)
assumed thgd 4= (constank, then the mean severity for a given (34)
duration, based on the gamma distribution, E{S|D=d) £5(0)
=ag-Bg=(p,-d+k,) B, which is linearly dependent oul. P(D=¢|D<dNS<s)= ———— for {<d (35)
Therefore, taking the proposed parameterization of gamma con- 1-Fps(d,s)
ditionals distributions, the joint PDD is
fo(€)-Fgp=¢(S)
ag—1. a—s/B P(D:€|D<dnS<S)=T(dS) for £=d
~1. p,std,
vaS(d’S):m'PDW' Png, s>0 and d:1,2, (36)
(30) Therefore, the return period of droughts of durations equal to

with ag=p,-d+«, . This bivariate distribution has four param- ©OF greater thanl and severities equal to or larger tharkq. (18),

eters b, k., B, and Ppy), which are jointly calibrated using ~ results in
the maximum likelihood method. Fig. 4 compares empirical and 1/Ppw+ 1/Pwp
theoretical distributions. A2 goodness-of-fit test was performed, E(Tgg)=————F———: s>0 andd=1.2,... (37)

accepting the fitted distributiofRead and Cressie 1988 Fp,s(d,s)

The drought duration follows a geometric distribution, which Fig. 5 shows the return periods for the bivariate characteriza-
is the discrete case of the exponential distribution. At the sametion of droughts. The return period of droughts with a duration of
time, the exponential distribution is a special case of the gammad or larger converges to the return period with longer duration
distribution (fixing shape parameter equal to gn€his suggests  conditions as severity increases. This is due to the high correla-

that a bivariate gamma distribution might be adequate to describetion between duration and severifye., the probability of drought
the bivariate distribution of drought durations and severities, events with low durations and high severities is sindlhe cor-

treating duration as a continuous variable. In other hydrological relation also explains the horizontal shape of the curves for long
events such as storms and floods, a bivariate gamma distributiondurations, when small severities are unlikely. The 1-year-duration
is used to describe the joint probability distribution of two corre- curve corresponds to the return period of droughts characterized
lated random variables. A detailed discussion is found in Yue in terms of severities, since duration is not conditioned. Similarly,
et al. (2001). However, in the case study the number of drought the values of each duration curve for zero severity represent the
events resulting from the reconstruction and instrumental data isreturn period of droughts described in terms of duration. For per-
71, and the number of parameters of a general bivariate gamméfect correlation, the transition of every duration-curve from hori-
distribution with correlated variables is six. Such a distribution zontal to the severity marginal curve would be one point. As the

cannot be fitted with the available data without infringing upon correlation decreases, this transition is larger.

the Pareto parsimony principle. For longer records, it is recom-  Traditionally, droughts have been described in univariate form,
mended to use this general function, mathematically more correct.in terms of duration or severity, in most cases due to an insuffi-
Hence, the probabilities used in the theoretical formulation of cient number of recorded events. The high correlations between

the recurrence model are durations and severities justified this approach. Fig. 6 shows what
w could be the discrepancy between univariate analyses, in a case of
_c _ ; high correlationpp s=0.87. In this figure, the conditional distri-
P(D=dUS=s)=Fp g(d,s)=2, fp(i)-[1—Fgp=i(s . PD,s” U
( )=Fos(ds) |:2d o)1 sp=i(9)] bution of severity given the duration is represented by several

(32) quantiles. Parallel to the axes are presented the results of the
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Retum Period (years) Fig. 8. Probability density function of interarrival time between
droughts(bivariate analysisfor drought duration equal to three years
and different quantiles of conditional distribution of severity—Texas
Climatic Division 5

Fig. 6. Conditional distribution of severities given durations, repre-
sented by different quantiles, and univariate analyses of drought re-
currence based on severity and duration—Texas Climatic Division 5

droughts are jointly characterized by the probabilities associated

univariate analyses of droughts based on duration and severityith duration and severity. The amplitude of the conditional dis-
reSpeCtiVG'y. The amplitude of the conditional distribution func- tribution of Severity shows the Variabi"ty of the droughtS that
tions produces significant discrepancies. For example, in the caseyccur with a given duration. In this figure, the univariate analyses
of drought durations equal to 5 years, the return period based onresults are also presented; values of the return period contour on
duration yieldsTp=80years. The median of the severities that the axes. The same level of discrepancies may occur if instead of
occur with this duration(quantile 50%, Point Ahas a return  giving the duration, severity is selected. In this case, the ampli-
period based on a severity dis=80years. Therefore, for the  tude of the marginal distribution is also too large to apply univari-
drought represented by Point A, both analyses agree. However, ifate analyses.
the quantiles of 25 and 75% are ug@bints B and ¢ the return The bivariate description provides a more complete character-
period based on severity may vary between 40 and 135 yearsjzation of droughts—not only because it produces unique return
Higher discrepancies occur with the 5 and 95% quantiResnts periods, but also because duration and severity are the most im-
D and B, which correspond to 19 and 360 years, respectively. portant items for water resources management in drought analy-
Both duration and severity are of interest for drought description. sjs. A drought of severitys can cause the failure of the system,
From this fact, the discrepancies between univariate analysesjepending on its duration. For a 1-year-duration drought, prob-
make the use of univariate characterization not approachable.  aply no severity causes failufthis always depends on the system

The discrepancies disappear when the bivariate analysis is emyuinerability). What makes a drought a hazard is its persistence.
ployed. Fig. 7 shows the superposition of the contours of the |nstead, the severitgstarts to be problematic when it takes place
return periOd, USing the bivariate ana'ySiS, and the quantiles of th90ver a |0ng period. On the other hand’ when such Severity is
conditional distribution of severity given the duration. The Spread over a |0nger duration’ the probab|||ty of failure may be
again lower. Therefore, a bivariate analysis of droughts is also
required for a more complete study of the risk of failure of a
water resource system. Fig. 8 shows the distribution of the inter-
arrival time between droughts of durations equal to 3 years or
greater and severities equal to or greater than several quantiles of
its conditional distribution. These distributions are of interest, to
know the risk of failure of a system during the life of the project.
As the quantile increases, the probability of occurrence in a given
period decrease@rea below the curve until the project lifdn
this case, univariate analysis would lead to a conservative result.

Results and Conclusions

In this paper, a methodology is proposed to evaluate the recur-
rence of droughts, described jointly in terms of durations and
Drought duration (years) severities. The occurrence of droughts is described as an alternat-
ing renewal process, under the assumptions of equal distribution
and independence of drought and nondrought events. The two
most important characteristics of the recurrence of droughts are
developed in this bivariate analysis—the return period and the
risk of occurrence. Following the same methodology, other statis-

Fig. 7. Superposition of return periog/ears of droughts based on
bivariate analysis and conditional distribution of drought severities,
given duration, represented by different quantiles—Texas Climatic
Division 5
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Table 2. Return PeriodgYears of Historical Droughts Based on  computed using both bivariate and univariate analy§edumns

Historical Data Besides Tree Ring Reconstructi¢fiTRR), Only 7-9. The results illustrate the limitations if the stochastic part is
Historical Data, and Raw Tree Ring ReconstructiBTRR) not considered in the statistical analyses. The severity is always
HTRR Historical RTRR underestimated because the deterministic part of the reconstruc-
1569—2001 1895-2001 1675—1965 tion has lower variability than the original.

Drought Tos Tp Ts To Ts Tos Tb Ts

1951-1957 699 290 465 465 619 1,451 186 1,447 Future Research
1962-1965 51 41 30 49 37 56 37 52

1934-1936 44 22 39 23 48 72 22 72 The writers encourage the application of this methodology in

1916-1918 37 22 31 23 38 55 22 55  other sites, and its comparison to and discussion with other stud-

1909-1910 22 11 21 11 24 34 13 34 ies. The most important step in the application of the bivariate

1994-1995 19 11 18 11 20 27 13 27  analysis is the estimation of the bivariate distribution of durations
and severities. The theoretical derivation of a function for this
probability distribution is still not developed.

tical properties and distributions, which could be of interest for ~ One of the main reasons why droughts are studied is because

water resources management, may be calculated. of their associated lossésocioeconomical, environmental, agri-

is restricted to the availability of a sufficiently long record of ity analysis is recommended. In the actual bivariate analysis of

drought events. Tree ring reconstructions of droughts provide adroughts, the return period definition considers the probability of

valuable source of information for the recurrence analysis. The droughts with durations and severities larger than or equal to a

reconstructions themselves indicate the likely trends of the critical durationd and severitys. But smaller durationsl may

drought index, but they cannot be compared directly with histori- Produce similar damage with a higher severity tisaand those

cal records. A procedure is presented to allow the inclusion of cases are not included. Thus, the return period definition should

reconstruction information in the statistical analysis of droughts be based on equal-damage curves.

jointly with the historical records. The procedure takes into ac-  Finally, the singular spectrum analysis of the results shows an

count the residuals of the reconstructions and their stochasticimportant periodicity with a period close to the sunspots period.

structure, based on the historical data. The residuals are modeled aking this into account and the advantages of longer records, the

by an autoregressive model. This model is assumed to transformPossibility of a drought index forecast must be studied.

the deterministic part of the reconstruction in likely realizations of

the drought indexes that could occur with those tree ring records.

The deterministic and stochastic parts of the reconstructions wereAcknowledgments

validated. A Monte Carlo technique was used to extract the sto-

chastic component of the reconstructed droughts. The reconstrucProfessors K. Lansey, B. Nijssen, and S. Sorooshian provided

tions are properly connected with the historical record, by the Valuable discussions and comments that improved the content of

conditional expectation, and are combined for the statistical this paper. The comments of three anonymous reviewers also im-

analysis. proved the paper. This material is based upon work supported in

Drought durations and severities both play an important role in part by the Center for Sustainability of Semi-Arid Hydrology and

drought management. Even when there is a significant positive Riparian Areas under the STC Program of the National Science

correlation between durations and severities, a bivariate analysig-oundation, Agreement Number EAR-9876800. All contributions

is recommended because of the discrepancies that may arise frondre gratefully acknowledged.

univariate analyses. Table 2 illustrates this fact in the case study,

and the benefits of the presented approach. The drought analyses

were implemented over three different data sets. The first data seiAppendix |. Statistics Used for Reconstruction

was composed of the historical data and the tree ring reconstruc-Validation

tion (HTRR), using the technique described in this paper, in the

complete period 1569—-200Columns 2—4. Its results can be The average explained variandéﬁﬁ over the calibration period

compared with univariate analyses over the period 1895-2001,is

using only the historical dat@&Columns 5 and 6 Comparing Col- C

umns 3 and 4 with 5 and 6, the inclusion of pass drought recon- R2=1— 2(Yi—Yi) (38)

struction(HTRR) increases the probability of rare events such as ¢ S(Yi—Yeo)?

the 1950s drought. For drought events of lower magnitudes, the

likelihood is slightly larger, with a tendency to be equal for fre-

quent droughts, as expected. Again, there are significant differ-

ences in the return period computed from univariate analyses, I=(yi—Y.) (¥ 79_”

where the droughts are not completely characterized. The bivari- R§= e A (39)

ate analysigColumn 2 shows that the 1950s drought in Texas S(Yi—Y,) 22 (Yi—Y,)?

Climatic Division 5 is an extreme drought, with a return period of

about 700 years. It must be noted that bivariate analyses always

The average squared Pearson correlatl@j) (over the verifi-
cation period is

The average RE in the verification period is

produce a larger return period than univariate analyses, since one S(yi—Vi)?
additional condition is imposed. Finally, the return periods ob- RE=1- ST (40)
tained from the raw tree ring reconstructigre., the deterministic Yi=Ye

parp for the period with better correlation, 1675-1965, were The average CE over the verification period is
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S (yi— i) where Z, and «) are known; B,eN(0o3); and by
TSyoy? (41) = eN(00}). By andb, are independents. The joint distribution
R b of (b,,By) is a bivariate normal distribution. Since the variables
wherey; andy;=actual and estimated data in yeay.=mean of  are independents, the joint PDF is the product of their univariate
the actual data over the calibration period; djcandy,=means distributions. The condition defined by E@4) has a probability
of the actual and reconstructed data for the verification period in this bivariate distribution, and the values of both variables that
(Cook et al. 1998 obey Eq.(44) are normally distributed. Using, as an indepen-
dent variable to express the paits, (B,) that satisfy Eq.(44),
the conditional distribution ob, has the following moments:

2

CE=1

Appendix Il. Drought Stochastic Structure Test

Op
The stochastic nature of the droughts in the historical record is Mean, |y, jas=0ok Lk — (45)
represented by the parameters of the distribution functions of O, Tk Tp,
drought durations, drought severities, and nondrought durations. 5
Such parameters are sample estimators of the population param- . ) 0B, b,
eters, and as such they are assumed normally distributed. Their variance, o1, 4y = 2 (46)

. 5 . L . O'é +0¢E~crb
means and variances are estimated using the criteria given by K k

Bury (1999. Similar studies may be followed for each possible Generating a random value bf, for this conditional distribu-

realization resulting from the reconstruction with each model.  tion, the difference in variance of both variablels, (B,), is con-
Every parameter distribution coming from a realization is sidered.

compared with the distribution of the corresponding parameter in  Using this procedure and the properties of linear combination

the historical record. An F-test is used for those comparisons, of independent normal distributions, Eg.3) can be solved start-

where the variance of the joint distribution is compared with the ing fromk=N, N—1,N—2,...,1 and

variance of the populations. The test is made for a significant ]

level of o (5%) for successive realizations coming from Monte 2= L1 by, for k=1,2,..N=1;

Carlo runs. Based on the assumption that in each run the prob-and

ability of test acceptance ig=1—a (assuming equally distrib-

uted parameters for the historical and modeled populgtitre Z=X for k=N (47)
number of accepted runs afthrruns follows a binomial distri- k—1
bution. ForN=100, the critical number of accepted rugmsini- By=a, + >, G;-a, _;eN(003),
mum) with a significance ofx is 91. The test accepts a model ° = 0 K
when all parameters have failed fewer than nine runs. In our with
reconstructions, all models were accepted. The most sensible pa-
rameter was the shape parameter of the gamma distribution. For 5 K1 5 5
this parameter, Model V produced 92 accepted runs and Models og=| 1+ .Zl Gi |03 (48)
IV, Ill, 11, and | produced 95, 99, 98, and 99, respectively.
by=a,, ke N(0,02) (49)
Appendix lll. Conditional Expectation a=Gy (50)

A stochastic systemx(), following an autoregressive model, fork=12,..N.

AR(p), can be expressed in terms of its Green’s function terms
(G)) [also referred to ag weights(Box and Jenkins 197%in the

form Notation
_ - The following symbols are used in this paper:
X=at Zfl Gi-a (42) a = independent and normally distributed variable;

B, b = normally distributed variables;

When the model is stable, E12) can be approximated for a C = correlation matrix of tree rings chronologies;

finite sum of N+1 terms. In yearto=1895,y; andy;" are CE = average coefficient of efficiency:
known, and therefor&to. Beforety, X; is no longer known, but D, d = drought duration;

the conditional expectation modifies the distribution of its values. D = droughts set;

The problem can be formulated as a condition for the valueg of  D,,,, = maximum probable drought duration;

in the N-later years and d = drought event;
N E() = expectation operator;
Xtozat0+2 Gi-ay—i (43) E - amplitudes matrix; .
i=1 = probability cumulative function;

This is an equation wittN+ 1 degrees of freedom. The statis-
tical distribution of the unknowns must be taken into account to
give the probable solution. To solve it, let us formulate a general
problem in the following form:

Zy =Byt ay- by (44)

F()

F() = probability failure function;
f() = probability density function;
G = Green’s function;

i, kK = indexes;
L
¢

drought interarrival time;
= integrand variable;
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Ngs = number of drought events occurring between two
drought events with duration equal to or greater
thand and severity equal to or greater thgn

n = number of droughts;

P() = probability operator;

Ppp = P(PDS|,;<—1|PDS|<—1);

Pow = P(PDS},,>—1|PDS}<—-1);

Pwp = P(PDSL,;<-1|PDS|>—-1);

Pww = P(PDS\,,>—1|PDS|>—1);

p = order of autoregressive model;

g = order of moving average model;
RZ = average explained variance;
Rﬁ = average squared Pearson correlation;
RE = average reduction of error;

S s = drought severity;

T4 = interarrival time between two drought events with
duration equal to or greater thahand severity
equal to or greater thag)

Tmax = Maximum probable interarrival time;

Tmin = Minimum interarrival time;

TR = tree rings chronologies matrix;

t = time index;
u = amplitude of tree rings chronologies in principal
components;
W, w = nondrought duration;
W ax = maximum probable nondrought duration;
X = stochastic part of tree ring reconstruction;
Yq4s = time from nondrought year until beginning of first
drought with duration equal to or greater thén
__and severity equal to or greater thgn
Y = vector of standardized predictand;
y = tree ring reconstruction;
y'R = deterministic part of tree ring reconstruction;
Z = constant;
a = constant;
oy = shape parameter of gamma distribution;
B, B4 = scale parameter of gamma distribution;
B = vector of regression coefficients;
£ = vector of errors;
K, = constant ofay linear regression;
i = mean population;
p. = regression coefficient af 4 linear regression;
o? = variance; and
& = autoregressive parameter.
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