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Nonparametric Approach for Estimating Return Periods
of Droughts in Arid Regions

Tae-Woong Kim'; Juan B. Valdés? and Chulsang Yoo®

Abstract: Droughts cause severe damage in terms of both natural environments and human lives, and hydrologists and water resource
managers are concerned with estimating the relative frequencies of these events. Univariate parametric methods for frequency analy:
may not reveal significant relationships among drought characteristics. Alternatively, nonparametric methods provide local estimates o
the univariate and multivariate density function by using weighted moving averages of the data in a small neighborhood around the poin
of estimation and opposed to parametric methods. A methodology for estimating the return period of droughts using a nonparametri
kernel estimator is presented in order to examine the univariate as well as the bivariate behavior of droughts. After evaluating anc
validating a nonparametric kernel estimator, a drought frequency analysis is conducted to estimate the return periods of droughts for th
Conchos River Basin in Mexico. The results show that, for the univariate analysis, the return periods of the severe drought occurring ir
the 1990s are 100 years or higher. For the bivariate analysis, the return periods are approximately 50 years for joint distributions and mor
than 120 years for the conditional distributions of severity and duration.
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Introduction pacts of droughtéSmakhtin 200). Lee et al.(1986 developed a

Hydrologic systems are impacted by extreme events such agPractical approach for the frequency analysis of multiyear drought

floods and droughts, which cause severe damage to natural enViglurations of annual streamflow series. A technique that smooths

ronments and human lives. For example, the 1987—1989 droughthe frequency-curve irregularity of drought durations was used to
which lasted 3 years and covered 36% of the United States'r_educg the statistical uncertainties associated with sample-sme
caused approximately $39 billion in losses of energy, water, the limitations. Nathan and McMaho(1990 evaluated the applica-
ecosystem, and agricultufational 2000. These extreme events tion of the We|bull dlstrlbutlon to low-flow frequency analysis.
are usually expressed by return periods in hydrology and WaterThey investigated the differences betweer) low-flow frequency es-
resources engineering. When the concept of the return period istimates based on calendar and hydrologic years, and they made
applied to drought-related variables, the return period will be the recommendations for the selection of an appropriate subset of the
average time between events with a certain magnitude or lessdata. ) )
(Haan 1977. In general, a drought is defined as a sustained period [N recent years, several papers were published addressing the
of significantly lower soil moisture levels and water supply rela- Methodology for estimating drought return periodernadez
tive to normal levels. During droughts, water supplies are inad- and Salas 1999a,b; Chung and Salas 2068rnadez and Salas
equate to meet the water demand of management systems, antt999a,b summarized the definitions of the return period and
lack of rainfall adversely affects the environment and human so- €stimated the risk of failure of hydraulic structures, especially
ciety (Dracup et al. 1980 applied to drought events. They estimated the return periods and
A significant number of studies on droughts deal with the defi- the associated risks of failure of hydrologic events related to me-
nition of droughts, low-flow frequency analysis, and climatic im- teorological droughts, low flows, annual maximum floods, and
hydrological droughts, which are either dependent or indepen-
!Graduate Research Assistant, Dept. of Civil Engineering and Engi- de.”.t: Chung and Sgl&gOOO d(?alt with drought occurrence prob-
neering Mechanics, and Center for Sustainability of Semi-Arid Hydrol- abilities, _return periods, and risks of dro“ght events f‘?f dependent
ogy and Riparian AreaéSAHRA), The Univ. of Arizona, Tucson, Az~ hydrologic processes. Rather than using Markovian models,
85721-0072. E-mail: tack@email.arizona.edu which traditionally have been used for modeling hydrologic pro-
2Professor and Head, Dept. of Civil Engineering and Engineering Me- cesses, low-order discrete autoregressive moving average
chanics, and Center for Sustainability of Semi-Arid Hydrology and Ri- (ARMA) models were used for modeling wet and dry years, since
parian AreagSAHRA), The Univ. of Arizona, Tucson, AZ 85721-0072.  they are adequate for processes exhibiting longer time depen-
E-mail: jaldes@u.arizona.edu . ~ dence. They concluded that low order ARMA models are useful
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mutually correlated. Separate analysis of drought characteristics
cannot reveal the significant correlation relationships among
drought characteristicéShiau and Shen 20Q1Recent studies =
have applied bivariate distributions to hydrologic frequency 4 Cd. Juarez
analysis(Yue 1999; Yue et al. 1999; Shiau and Shen 208&hiau
and Shen2001) suggested that a better approach for describing
drought characteristics is to derive the joint distribution of
drought duration and drought severity. Bivariate distributions
have been also applied to flood frequency analysis, providing ex-
amples showing that flood characteristics, such as flood peak,
volume, and duration, can be successfully represented by bivari- Rio
ate distributiongYue 1999; Yue et al. 1999

The frequency analysis is primarily based on the estimation of
the probability density function(PDF). The parametric ap-
proaches for estimating the probability density function must as-
sume that data are drawn from a known parametric family of
distributions. However, there is no universally accepted distribu-
tion for hydrologic variablegSilverman 1986; Moon and Lall
1994; Smakhtin 2001 During the last decade, nonparametric
methods for frequency analysis were introduced and examined ashe precipitation deficit at a certain location. Because it is a stan-
an alternative to parametric methodsdamowski 1985, 1996;  dardized value, the PDSI allows a comparison and assessment of
Moon and Lall 1994; Lall 1995 Nonparametric methods provide 3 regional drought. In addition, it provides a measurement of the
local estimates of the density function by using weighted moving ahnormality of weather for a region, as well as an opportunity to
averages of the data in a small neighborhood around the point ofpjace current conditions in a historical perspective. Regional val-
estimation(Lall and Bosworth 1994 ues of the PDSI were calculated using the areal mean of precipi-

In this study, a nonparametric density function estimator is tation and temperature reconstructed across the basin.
used to estimate the return periods of droughts in the Conchos In this Study, a drought is defined, using the [heory of runs, as
River Basin in Mexico. We examine the univariate behaVior, as an event during which the PDSI is Continuously below a certain
well as the bivariate behavior of drOUghtS conditioned with other |eve|l as shown in F|g 2. Pa|me1965 Categorized a drought
properties of droughts. After brief descriptions of the basin and condition using the PDSI. In dry speli®DSkO0), a PDSI of
data of interest, univariate and multivariate nonparametric meth- —0 5 to 0 is considered near normal1.0 to —0.5 is an incipient
ods for estimating the probability density function are presented. grought, —2.0 to —1.0 is a mild drought,—3.0 to —2.0 is a

Then, they are evaluated and validated for estimating the cumu-moderate drought-4.0 to —3.0 is a severe drought, are#.0 or
lative density function(CDF) using data in Texas Climatologic  |ess is an extreme drought. For a selected threshold leve!,
Region 5, which has a longer record than the Conchos River ppsi=0), a drought event is the set of negative rgrepresented
Basin. Next, the return periods of droughts are estimated by usingas shaded sets in Fig),2 drought duration[;) is the length of
nonparametric methods proposed in this study. They include bothy drought event, a drought magnitudd § is the area below the
the univariate and the bivariate behavior of droughts. Finally, threshold level, and a drought intensity)(is the ratio of magni-
evaluations of historical droughts in the basin and discussions oftude over durationl{=M, /D). In addition, a drought peak)
the methodology for drought frequency analysis are presented. s defined as the maximum deviatiominimum PDS) during a
drought event. Fig. 3 shows a time series of drought characteris-
tics for the Conchos River Basin. Drought characteristics are in-
Basin Information dividually uncorrelated random variables, since each time series
of drought characteristics has the autocorrelation function, which
The Conchos River Basin, shown in Fig. 1, lies within 26°N— is not significant at the 95% confidence level.
30°N and 104°W-108°W in the arid/semiarid area of the Mexi- Kim et al. (2002 analyzed the drought characteristics in the
can state of Chihuahua, and has an area of 71,964 khe wa- Conchos River Basin using the PDSI and standardized precipita-
ters of the Conchos River are used primarily for irrigation of tion index as indicators of drought severity. A drought intensity—
nearly 80,000 ha, as well as for use in hydroelectric power plants
located at La Boquilla and other minor dams. The Conchos River
is the most important tributary of the Bravo/Grande River, since it
Supplies approximately 70—-80% Of the mainstream ﬂOW Of the 6 + Drought Intensity, £=M/D, Droaght Magniinde (Ares), 3,
Lower Bravo/Grande River above the binational reservoir of
Amistad. Important Mexican cities, such as Chihuahua, Hidalgo
del Parral, and Delicias, are in the basin and are growing rapidly
due to the increasing industrialization. Sustainability of the ex-
panding water usage for agriculture, in addition to urban purposes

United States of
America

Durango
Mexico Mexico

Fig. 1. Conchos River Basin, Mexic¢Schmandt 2002

Drought Buration, I,

PDSI

and water rights of this region are of concern to the United States B T Drought Peak, P, Drought Events
and Mexico. -8
As an indicator of drought severity, the Palmer drought sever- Time Interval

ity index (PDSI) was used in this study. Palmér965 based this
index on a balance between moisture supply and demand. It mea
sures the departure of the moisture supply by taking into account

Fig. 2. Definition of drought characteristics using PDSI and concept
of runs
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60 threshold or partial-duration-series methods. If the marginal cu-
- S T mulative distribution of drought duratiod, for a given threshold
§O - T level, is denoted by (d), the return period of drought duration,
:s;‘“’ “““ S Haliat Sttt i T4, is defined in Eq(2)

B204--j--~f---d------- B L T
< 1 ) A N rypearg= L :
S8 0 T T N Y N P I A B e o(Years = o ] = [ —Fg(d)] )
1935 1941 1948 1955 1962 1969 1876 1983 1990 1997
Year wheref =n/N; N=total length of the observed PD8Jears; and
(2) n=total number of drought eventd, duringN.
e bivariate return period of droughts can be estimated by
The bivari iod of d h b [ db

0 substituting the univariate CDF into the bivariate CDF. For ex-

NS < U o ample, the bivariate return periods of drought duratidnhand
goog----ooo e - drought intensity(i) are given by

PR B il R T - -4
% 204 - |- m e e P B R - -} 1
gasd--f--f NP (NP e ) Ty =————————— 3
H ..... “f ﬁ e 4191 Fp(d)] ©)
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0.0 ] , _li 1

1935 1941 1948 1955 1962 Yea:%g 1976 1983 1990 1997 Td‘i = m (4)
(b) whereTg ;=joint return period of drought duration and intensity;
Tgi=conditional return period of drought duration given inten-

; sity; Fp,(d,i)[=P(D=d,I<i)]=joint cumulative distribution

P R T of drought duration and intensity; anélp(d|i) [=P(D=d|l
S T A <i)]=conditional cumulative distribution of drought duration
- o e e R TR SESERR BN given intensity.
a4--}-pf---4---F---------- [EREEE N N
gt IS Y A I S

;’ I I I A I ”1] 1 h { Parametric and Nonparametric Methods

1935 1941 1948 1965 1982 1969 1676 1983 1990 1997 for Estimating PDF /CDF of Droughts

Year

©) Basically, parametric methods for estimating the density function
assume that a sample comes from a population with a given PDF.

Nonparametric methods, however, are distribution free. Many

studies on droughts and low-flow frequency analysis indicate that

there is not a universally accepted distribution for drought-related

variables (Smakhtin 2001 Further, the global assumption of

parametric methods sometimes results in strongly biased esti-

areal extent—frequency curve to characterize the spatial patterngnates of the high or low quantiles when a variable of interest has
of drought was also developed. The PDSI was shown to be useful@ bimodal PDRSharma 2000

for both defining and assessing the spatial extents of droughts in  USing the weighted moving averages of the records from a
that basin. small neighborhood of the point of estimation, nonparametric

function estimations have advantages that always reproduce the

attributes represented by the samflall 1995; Sharma 2000
Return Period of Droughts Nonparametric density function estimations have become an ac-

tive research topic in hydrology for frequency estimation and time
The objective of a frequency analysis is to relate the magnitude of Series analysi¢Lall 1995. Most nonparametric density estima-

extreme events to their frequencies of occurrence through the usdion methods can be expressed by a kernel density estimator,
of probability distributions. It is usually assumed that the vari- Which entails a weighted moving average of the empirical fre-

ables being analyzed are independent and identically distributedduency distribution of the samp(&cott 1992; Sharma 2000
(Chow et al. 1988 The return period of an event in any obser-

Fig. 3. Time series of drought characteristics in Conchos River
Basin with PDSI threshold leveld, 1935-1998:(a) drought
duration;(b) drought intensityjc) drought peak

vation is the inverse of its exceedance probabilipys P(X Univariate Kernel Estimator
>X1); l.e. . . . .
v Given a set of observations, ... x,, a mathematical expression
- 1 _ 1 o of a univariate kernel probability density estimator is
T P(X>x1)  1-P(X<xy) Lo e
wherex;=magnitude of the event having a return periodTof fx(x)= ﬁEl Ki— I) (5)
=

In this study, the random variabl¥ in Eq. (1) is drought
duration. Because droughts sometimes last more than 1 year, thevhere K=kernel function; andh=bandwidth that controls the
drought characteristics, shown in Fig. 3, can be analyzed as avariance of the kernel function. Table 1 shows examples of kernel
partial duration series of independent events. Eagl€sen? and functions typically used in hydrology and water resources engi-
Willems (2000 suggested that the distribution for partial duration neering(Silverman 1986; Lall et al. 1996
series of independent events should be converted to an equivalent The choice of the bandwidthn, is an important issue in esti-
distribution for an annual exceedance series using the peak-overmating the probability density function, since the kernel estimator
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Table 1. Examples of Univariate Kernel Functions

Kernel K(t)

K(t)=0.75(1-1?), |t|<1
K(t)=0, otherwise
Kt)=1-t], [t|=1
K(t)=0, otherwise

Epanechnikov

Triangular

Comparison of Nonparametric and Parametric
Methods

Several studies have argued the advantage of using nonparametric
methods for the frequency analysis of extreme events as an alter-
native to parametric methodddamowski 1985, 1996; Moon and

Lall 1994; Guo et al. 1996 Adamowski (1985, 1996 showed

that the nonparametric method is competitive with parametric
counterparts for estimating floods and low-flow quantiles. In
Monte Carlo simulation experiments, which compared the non-
parametric method with the parametric log-Pearson Type Il dis-
tribution, the nonparametric method gave more accurate results
for simulated quantiles. Guo et dl1996 developed a nonpara-
metric kernel estimation model for estimating low-flow quantiles.
is very sensitive to bandwidttMoon and Lall 1994; Adamowski  Their results indicated that the nonparametric method had smaller
1996. When h decreases, the estimated function displays the bias and root-mean-square error in low-flow quantile estimates,
variance associated with individual observations. In other words, and the nonparametric approach was a viable alternative to the
the bias diminishes, while the variance increasesh Atcreases, Weibull models in applications to real data. Moon and (2894
however, the opposite occurs. A largeresults in a smoother  compared the kernel quantile estimator with several tail estima-
function over the entire data space. For an asymptotically optimal tors for flood frequency. They also concluded that the nonpara-
choice forh, an overall measure of the effectiveness d§ pro- metric kernel estimator was shown to be competitive with other
vided by the mean integrated squared efMISE), described in estimators.
Eq. (6) (Bowman and Azzalini 1997 Three parametric distributions, the lognormal, Gumtex-
treme Value ), and Pearson Type llgamma distributions, were
%1h404f fu(x)deJria used to compare with the nonparametric kernel estimator. The
4 K nh probability-weighted moments method was used for estimating
(6) the parameters of the parametric distributions. Fig. 4 and Table 2
wherea = [ K(x)dx; ando2 denotes the variance of the kernel give comparisons of the PDF and the CDF for drought durations

function, [ X?K(x)dx. The bandwidth is estimated such that it by the nonparametric kernel estimator with those of parametric
minimizes the MISE given by Eqs6). methods. The nonparametric kernel estimator represents the mul-

timodal characteristics of the observations better than parametric
methods, since it is not bounded by a fixed functional form. Simi-
larly, in the case of the cumulative density function, the nonpara-
metric kernel estimator fits well the empirical points plotted using
the Gringorten formula. Table 2 compares the sum of absolute
bias (SAB) between empirical points and estimated points in the
PDF and the CDF for the entire period of record. The nonpara-
metric kernel estimator has the lowest SAB for both PDF and
CDF in comparison to the three alternative parametric distribu-
] tions when the entire period of record is used in the calibration.

K(t)=(2m) Y% ()72
K(t)=0.5,]t|<1
K(t)=0, otherwise

Gaussiannorma)
Rectangular

MISE= EU {F(x) — f(x)}2dx

Bivariate Kernel Estimator

Bivariate kernel density estimators can be constructed in a similar
manner. To expand the kernel density estimators to the bivariate
distribution, bivariate kernel estimators are applied. This tech-
nigue uses a product of univariate kernel functions with a set of
bandwidths, k,h,). The joint PDF is estimated as follows:

- 1 & X=X Y=Y
fXY‘X'y):nhxhyizl[K( I A,

) The nonparametric kernel estimator will improve the accuracy of
the frequency analysis if the observed points in the tail of the PDF
where n=number of observations x{(,y;); and h, and are significant, which are not outliers or observational errors, be-
hy=bandwidths for thex- andy-direction, respectivelyK is the cause our main concern lies in estimating the CDF in the tail of
kernel function, which is a radially symmetric unimodal probabil- the PDF.
ity density function.
A number of comparative studies of bandwidth selection for
kernel estimation have been conducted concerning the choice o

bandwidth that can be extended to the bivariate case. For ex-Tp examine the stability of estimating the CDF of the nonpara-

ample, Wand and Joned993 compared the performances of metric kernel estimator, the absolute relative RB) was cho-
alternative smoothing parameterizations and indicated that thesen as another criterion for comparison

choice of appropriate bandwidths for each of the coordinate di-
rections is important. They assumed that the keknisl a radially EP; +—CDF
symmetric probability density function, and the unknown density

EPit
f has bounded and continuous second derivatives. Using the mul- . . . _ .
tidimensional form of Taylor's theorem, the approximate MISE whereE P; 1=Gringorten plotting position points for observations
for the bivariate case i€Silverman 198§] during entire record period;; and CDk=estimated CDF points

for the subrecord period, To further analyze the performance of
the methods, the PDSI for Texas Climatologic RegiaiN&ational
Climatic Data Center, http://www.ncdc.noaa.gowas used for
validation. Texas Climatologic Region 5 is in the immediate vi-
cinity of the Conchos River Basin and has a much longer record
period. We used two subperiods, 1895-1950 and 1935-1998, and
compared the CDF for the subperiods with the CDF for the entire

fValidal‘ion of Nonparametric Kernel Estimator

9)

ARB; =

1
MISE=Zh4a2J J{sz(x’y)}zd"dwnhZB ®

wherea = [ xyK(x,y)dxdy, and B =J K(x,y)?dxdy. The opti-
mal bandwidth for a bivariate kernel function will be obtained by
minimizing the MISE given in Eq(8).
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g Table 3. Absolute Relative Bias of CDF Estimated by Parametric
< @i Histogram and Nonparametric Method for Texas Climatologic Region 5

1 g - Kernel Estimator
8 -==- Log-Normal Distribution Criterion Period NP Lognormal Gumbel Pearson Il
© ] -—-= Gumbel Distribution
- -—--_Pearson Il Distribution SARB 1895-1950 0.9155 6.1038 2.5230 2.0005

1935-1998 3.7728 11.1731 6.6045 4.3118
AARB 1895-1950 0.0381 0.2543 0.1051 0.0834

58
g ] 1935-1998 0.1509  0.4469  0.2642 0.1725
8| Note: SARB=sum of the absolute relative bias; AARBwerage of the
] absolute relative bias; NPnhonparametric.
=8 — : B — : methods, using the criteria for this case study under the assump-
0 10 20 30 40 50 60 tion that the PDF and CDF are alternative smooth curves in order
Duration (month) to represent the histogram and the cumulative distribution, respec-
(a) tively. Bowman and Azzalin{1997 provided an introduction to
kernel-based methods with an easy-to-use S-plus library, SM,
which we applied to drought frequency analysis. A Gaussian den-
sity function was used for a smooth kernel function with a mean
1.0 1 - of zero and standard deviation bf When a Gaussian kernel
osl e function is usedf will be a smooth curve having derivatives of
' . all orders to satisfy the condition thétis inherently continuous
L 0.6 and differentiable by definition. Wheld is a normal density, the
o Obsenations evaluation of the optimal formula fdr yields
0.4 1 NP Distribution
1 &£ | e Log-Normal Distribution 4 Up+4)
0.2 ~ - % -~ Gumbel Distribution N, opt= n(p+2) Od (10)
A ~ -+ - Pearson lll Distribution i i .
0.0 1 - \ . , wherehgy ,=optimal bandwidthio4 denotes the standard devia-
0 10 20 30 40 50 60 tion of the distribution in dimensiod; andp=number of dimen-
Duration (month) sions, e.g.p=1 for a univariate kernel estimator apd-2 for a
(b) bivariate kernel estimator.

Fig. 4. PDFs and CDFs for drought duration estimated by parametric Univariate Analysis

and nonparametric methotNP), Conchos River Basin, Mexico,
1935-19981a) histogram and PDFgp) CDFs To conduct the univariate analysis for droughts using the nonpara-

metric technique, time series of drought durations were con-
structed. The time series have PDSI thresholds of 6.0,5,
record period, 1895-1998. Both SAB and ARB measure system-—1.0, —2.0, —3.0, and—4.0 for the Conchos River Basin. For
atic errors in the estimation of the CDF, which means the consis- example, Fig. @) shows the drought duration time series for a
tency of estimation of the CDF above or below the actual value threshold of PDSE0.0. The sample statistics for the sets of
(EP) over the entire period and the subperiod of observations, drought durations are shown in Table 4, wheris the number of
respectively. Table 3 compares the sum of AFBARB) and the drought events divided by the data perigears (n/N), which
average of ARB(AARB). The results in Table 3 show that the was used in Eqg2)—(4). The sample size for estimating the PDF
CDF estimated by the nonparametric kernel estimator has lessis identical to the number of drought events. As the sample size
bias and gives more stable results for estimating the CDF than theincreases, both the parametric and the nonparametric methods
parametric methods under both criteria for both validation peri- have better stability in estimating the PDF. Lall and Md@893

ods. have shown that the nonparametric estimator is more useful for
small samples than parametric methods, since the relative effi-
ciency calculated from the mean square error

Applications

The nonparametric kernel estimator for estimating the PDF and

CDF of droughts has proven to be more attractive than parametricTable 4. Sample Statistics of Drought DuratidiMonth) Series in
Conchos River Basin, 1935-1998

Parameter 0 -05 -100 -2.0¢0 -3.00 —-40
Table 2. Sum of Absolute Bias of PDF and CDF Estimated by Para-
metric and Nonparametric Method for Conchos River Basin, 1935 Number of events  22.000  23.000 26.000 30.000 18.000 14.000

1998 Mean 18.360 16.910 13.380 7.700 7.060 5.430

- Standard deviation 15500 15.530 13.470 10.980 7.460 7.130
Function NP Lognormal  Gumbel  Pearson lll g0 ness 0.780 0.960 1.420 2270 2.190 2.740
PDF 0.0661 0.0950 0.1220 0.1237 Kurtosis —0.680 —0.400 1.220 4.240 5.750 8.550
CDF 0.3902 0.9504 0.8677 0.9062 0 0.339 0.354 0400 0461 0277 0.215
Note: NP=nonparametric. aThreshold.
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Duration (month) Return Period (Year)
(a) Fig. 6. Return periods of drought durations as function of threshold
levels(TH), Conchos River Basin, Mexico, 1935—-1998
0.35
. PDSI =-1.0
0.30 - % PDSI = -2.0 parametric PDF fits wel(Moon and Lall 1994 The return peri-
: . PDSI=.30 ods of drought durations for given threshold levels are shown in
5 025 ’ Fig. 6.
8 IR PDSI = -4.0
g 020" o :
Q i Bivariate Analysis
(73
'§ 0.15{® Shiau and ShefR001) presented a joint PDF of drought duration
5 ] and severity, expressed as the product of the conditional distribu-
0-10 tion of drought severity given duration and the marginal distribu-
tion of duration. The derivation of the joint PDF of drought char-
0.05 — o X
| o e * acteristics is not mathematically tractable, because no known
0.00 e D analytical solutions are available.
. T ‘ T | T | T I T ] T [ v ™ | T ‘] Lad

In this study, a bivariate kernel estimator is also employed to
represent the bivariate behavior of drougfdsiration-intensity,
(b) duration-peakin the Conchos River Basin. For the observations

of 64 yearg(1935-1998 22 drought events are below a PDSI of

Fig. 5. Comparison of marginal PDF and exceedance probability for 0.0, which rep_r_esents_a drought condit_ion._ The sample statistics of
drought durations estimated by nonparametric method for threshold,drotht severities of interest for 'the .bIVE.lrIate study are prgserlted
levels (TH), Conchos River Basin, Mexico, 1935—1998! marginal in Tgble 5, where d_rought duratlon_ls_ highly correlated with in-
PDFs;(b) exceedance probabilities tensity and pe_ak. Flg. 7 shows the joint PD]PDF) for drought .
duration and intensity, and for drought duration and peak esti-

mated directly from the data using a bivariate kernel estimator.

The JPDF for duration and peak has an apparent principal axis in

the diagonal direction due to their high correlation. Parametric
[MSE(Tp)/MSE(Qp)], where Qp is a nonparametric quantile  models are difficult to apply because of the high correlation be-
estimator andTp is the parametric estimator, is greater than 1 tween the two variables of interest. For example, in a Gumbel
(Harrell and Davis 1982 mixed model with standard Gumbel marginal distributions, the

Fig. 5 shows the marginal PDF and exceedance probability for cross-correlation coefficient should have a value between 0.0 and

drought durations in the Conchos River Basin. The marginal PDF 0.67 (Oliveria 1975; Yue et al. 1999For both duration-intensity
was estimated by the univariate kernel density estimator with op- and duration-peak, the correlations are above the upper limit.
timized bandwidth for the sample size. The exceedance probabil-
ity was calculated from the CDF, which was estimated by inte- o - o
grating the PDF, multiplied by {e.g.,0[1—Fp(d)]}. Fig. 5a) Table 5 . Sample Staystlcs of Drought Severities for Bivariate
displays the PDFs constructed from four data sets correspondingnalysis in Conchos River Basin, 1935-1998

ﬁ
0 5 10 15 20 25 30 35 40 45 50
Duration (month)

to the threshold levels, and Fig(tB compares the exceedance Parameter IntensityPDS) Peak(PDSI)
probabilities estimated from the PDF, in which the underlying Maximum 0.340 0.680
shapes contrast more effectively. The PDF for the Conchos RiverNIinimum _3'740 _6'310
Basin has a more apparent bimodal shape, which causes the X 1ean _1'910 _3'190
ceedance probabilities to be flat in the tail, as shown in Fig). 5 dard deviati '1 030 '1 990
Classical parametric estimation procedures are weighted towardS tandard deviation : :
fitting the main body of the probability density, and the weights Skew ~0210 03K
are negligible in the tail of the distribution. Considerable uncer- <Urtosis _ —1.000 —1380
Correlation with duration 0.724 0.823

tainties for the magnitude of extreme events exist even if the
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Fig. 7. Joint probability density functiodJPDB for: (a) duration-
intensity; (b) duration-peak, Conchos River Basin, Mexico, 1935—
1998

Joint Distributions of Drought Duration
and Intensity | Peak

The estimation of the joint return periods ®f; (duration and
intensity) and Ty, (duration and peakis of interest in this study.
First, the joint probability density function for durations corre-
sponding to a certain intensity value(D,l<i,), was estimated
from the JPDF by slicing the JPDF between 0 agénd sum-
ming up for each duration. Then, the joint cumulative density
function for duration corresponding to a certain intensity value,
P(D=d,lI=<iy), was constructed by integrating the joint prob-
ability density functionP(D,l <i,). Similarly, the joint probabil-

o
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Fig. 8. Joint return period for duration corresponding (a} inten-
sity; (b) peak

tional cumulative density function for duration given a certain
intensity value,P(D<=d|l<i,), was constructed by integrating
the conditional probability density functio®®(D|l<iy). Simi-

larly, the conditional probability density function for duration

ity density function for durations corresponding to a certain peak given a certain peak valu®(D|P=<p,), and the conditional cu-

value,P(D,P=p,), and the joint cumulative density function for
durations corresponding to a certain peak valgéD<d,P
<py), Were constructed. Finally, using E@), the joint return
periods ofTy; and Ty, were evaluated, and are shown in Fig. 8.

Conditional Distributions of Drought Duration
and Intensity |Peak

The estimation of the conditional return periodsTof; (duration
given intensity and T, (duration given peagkis also of interest
in this study. The conditional probability density function for du-
ration, given a certain intensit(D|I <i,), was estimated by
dividing the joint probability density functionP(D,l<i,), by
the marginal distribution for intensity(1=<i,). Then, the condi-

mulative density function for duration given a certain peak value,
P(D=<d|P=<p,), were constructed. Finally, using E), the
conditional return periods of duration given intensity; , and
given peak,Tq,, were calculated, and are presented in Fig. 9.

Historical Droughts in Conchos River Basin

Historical droughts occurring in the study area were evaluated
and their return periods were calculated. The climate of the Con-
chos River Basin is characterized by low precipitation and high
variability, because the Conchos River Basin is isolated from
moisture sources and affected by the subtropical high-pressure
belt. However, the 1990s rainfall in the Conchos River Basin was
significantly below normal. Using the drought intensity—areal
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5.0 Table 6. Characteristics of Severest Drought in Conchos River Basin
45— ' :E::Lo‘z Parameter 0 -05 -1.00 -2.0*0 -3.00 —-40
: =1
T 407 - PDSI=20 Year 1993 1993 1993 1994 1994 1994
= X
g 35| . PDSI=3.0 y Month May May May June July  August
S o Duration (Monthg 50 50 48 34 31 28
o 3.0 - - PDSI=-4.0 A 1 )
S ’// » - Intensity (PDS) —-3.74 -324 -287 —-279 -—-2.02 -1.18
§ 25 | I R ( Peak(PDS)) -6.31 581 —-5.31 —-431 —-331 -231
= e - ")’/ e
5 20+ P ): :/ /:,///4- Threshold.
£ 15 P D
2 - S
2 y
2 .
ods of this drought are around 50 years for the joint distribution
oo of duration-intensity [Tq-sg)(=-374], and duration-peak
: | I I e A I Tyc= - , and 130 and 125 years for the conditional dis-
0 5 10 15 20 25 30 35 40 45 50 [T a(=50)p(= - 6.31)] y

Duration (month)

(2)

PDSI = -0.5
PDSI =-1.0
PDSI =-3.0
- PDSI=-5.0
- PDSI=-7.0

Return Period (Log10(year))

Duration (month)

(®)

Fig. 9. Conditional return period for duration givefa) intensity;(b)
peak

extent—frequency curve, Kim et a(2002 indicated that the
droughts occurring in the 1990s in this basin were associated with
return periods of 80—100 years with large areal extents. In the
Conchos River Basin, the droughts in the 1990s drove many small
farmers off the land and produced a 30% reduction in the cattle
inventory (Comisian 1997. In addition, due to the severe reduc-
tion of the Conchos inflow to the Bravo/Grande River in the
1990s, Mexico owed the United States about 1,240 3Mvith
respect to water delivery under the 1944 U.S./Mexico Treaty on
the use of the Bravo/Grande Rivéfexas 2001

Table 6 contains characteristics of the severest drought in the
1990s with respect to threshold levels. Fig(aGshows that the
marginal return periods of droughts in the Conchos River Basin in
the 1990s, estimated from the univariate analysis, were higher
than 100 years. The droughts with threshold levels of PDSI
—3.0 (severe droughtand —4.0 (extreme droughthave a re-
turn period of 140 years. For the bivariate analy&lreshold
=0.0), the severest drought in the Conchos River Basin lasted 50
months (duratior=50) from May 1993 with an intensity of
—3.74, and peak of-6.31. Fig. 10Qb) shows that the return peri-

tribution of duration given intensityTq—sq)i(= —3.74)), and given
peak[ Tg(=s0)p(=-631)], respectively. The joint and conditional
return periodgFigs. 8 and 9 are useful for practical design and
planning purposes, since both drought duration and severity may
be considered. For example, it is possible to obtain various com-
binations of drought duration and drought severity for several
purposes in hydrological engineering design and management.
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Return Period (Year)
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Return Period —@— Duration
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Fig. 10. Return period of historical severest droughts in Conchos
River Basin, 1935-1998a) univariate analysis(b) bivariate analy-
Sis [Ty=s0)i(=-374+ Td(=50i(=—374+ Td(=50p(=—637, and
Td(=50)p(=—6.37 » from left]
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