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Abstract

This paper studies entry and exit decisions in markets whose demand alter-
nates between growth and decline phases at uncertain times. To capture these
features of stochastic market evolution, we introduce a new stochastic process,
and provide key mathematical results related to first passage times which make
the characterization of entry and exit behavior quite simple and straightfor-
ward (especially for competitive industries). Besides providing an economic
interpretation of a single firm’s optimal entry and exit policies linked to the
arrival of bad news, we compare our results with those obtained if demand
follows a Geometric Brownian Motion, and we show that they are fundamen-
tally different. Despite the stochastic process of the underlying variable has
a continuous sample path in both cases, we demonstrate that in our setting
the sample path of a firm’s value experiences jumps whenever a growth/decline
phase starts, irrespective of whether a firm is active or not. Further, in the
case of competitive industries, the rates of entry and exit discontinuously fall
to zero owing to the respective ends of a phase of growth and decline.
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1 Introduction

A large number of industries exhibit a cyclical evolution of demand. Typical microeco-
nomics textbook examples include industries producing durable goods such as motor
vehicles or electrical appliances.! Other examples of cyclical industries involve very
diverse sectors such as construction, household furniture, carpets and rugs, wholesale
trade, legal or child care services, hotels, railroad transportation, metalworking ma-
chinery, automobile repair, etc (Berman and Pfleeger 1997). The cyclical behavior
of these industries typically reflects nothing but a high sensitiveness to the evolution
of the state of the economy, which is well known to exhibit a cyclical but somewhat
unpredictable pattern of evolution (Hamilton 1989).2

This paper studies irreversible (dis)investment decisions in industries whose de-
mand follows random-length cycles such as the ones described above. In these in-
dustries, the dynamics of the underlying state variable (e.g., demand or profit) is not
governed by the standard diffusion process traditionally employed by the real options
literature, namely the Geometric Brownian Motion (GBM).? To address this short-
coming of the modern approach to investment decisions under uncertainty, we present
a stochastic process that exhibits cyclical behavior in that the underlying state vari-
able perpetually alternates between growth and decline phases at uncertain times.
Our main objective is to characterize optimal/equilibrium entry and exit behavior in
this setting, both for the case of a single firm and that of multiple atomistic firms.
Because of the novelty of the stochastic process, a major contribution of the paper is
to provide key mathematical results related to first passage times so as to make the
analysis of entry and exit decisions quite simple and straightforward (including the
cases where a firm is allowed to exit once it has entered the market). These results
include expected discount factors to be used when discounting (one-shot) payoffs on
the state space, or expected streams of discounted profits while transitioning from
one demand/profit level to another one.

With these mathematical results at hand, we do not need to resort to the complex

mathematical apparatus employed by the real options literature, namely dynamic

'For instance, see Pindyck and Rubinfeld (2005, pp. 40-41).

2Indeed, Hamilton’s (1989) paper spawned an increasingly large literature devoted to the empir-
ical estimation of time series that are assumed to experiment unobservable changes in its growth
rate at some random dates.

3Two classic papers on real options theory are McDonald and Siegel (1986) and Dixit (1989).
Pindyck (1991) or Dixit and Pindyck (1994) provide excellent surveys of the most relevant theoretical
developments. See also the recent work by Riedel and Su (2006) for an elegant general approach to
irreversible investment under uncertainty.



programming and stochastic calculus. More specifically, we are able to characterize
optimal entry and exit policies, as well as the value of the options to invest and
disinvest, by directly applying our theorems and using ordinary calculus. Our mathe-
matical results are powerful enough to make further research on stochastically cyclical
markets quite simple and accessible. To illustrate this point, we apply them to the
analysis and characterization of entry and exit policies, both for a single firm and a
competitive firm.

In a setting in which there is an alternation between growth and decline phases
at uncertain times, there exists an option value of waiting to (dis)invest. Because the
length of growth and decline phases is random, a firm has an incentive to wait and
continuously update its information about the duration of the current phase without
making any irreversible decision, and at the same time it can capitalize on favor-
able market evolutions. The existence of an option value of delaying (dis)investment
has relevant conceptual implications for the theory of real options. In an influen-
tial paper, Abel and Eberly (1996) provided an economic interpretation of optimal
(dis)investment policies in settings with fully ongoing uncertainty based on the Jor-
gensonian user cost of capital. We complement their approach by interpreting a single
firm’s optimal (dis)investment policies in the light of the "bad news principle of ir-
reversible investment" spelled out by Bernanke (1983). According to this principle,
a firm weighing whether to slightly delay (dis)investment when there is ongoing un-
certainty should only care about the arrival of bad news and their adverse effect on
payoffs.! In our view, Bernanke’s (1983) insight is the conceptual pillar of real options
theory, and we show why both for market entry and market exit, neither of which
has been accomplished in GBM settings.

Another contribution of this paper is to draw implications for the valuation of
stock prices. The stochastic process that we examine and the GBM have both a
continuous sample path. However, unlike settings in which a firm’s profit flow follows
a single GBM, it can be proven in our setup that imperceptible changes in the profit
flow collected by a firm may be accompanied by significant falls or rises in firm value.
In particular, we show that firm value jumps upwards (downwards) whenever a growth
(decline) phase starts. Although these two discontinuity results may be expected when
a firm has an option to invest, it is worthwhile emphasizing that this holds even if a

firm has an option to disinvest. This is important in that it gives a (robust) rationale

4The point is that an irreversible decision is costly in that it can be regretted ex post, which can
happen only if bad news have arrived. As a direct consequence, a firm should consider only the
effect of the arrival of bad news (and not good news) when contemplating a delay in the execution
of an irreversible decision.



for using jump processes in the valuation of firms’ stock prices regardless of whether
a firm has an opportunity to invest or disinvest. More importantly, we show that
this holds both for a single firm and for a (perfectly) competitive firm. An additional
implication for competitive industries is that entry (exit) rates discontinuously fall
from positive levels to zero owing to the end of a growth (decline) phase. Thus, entry
and exit waves may be observed to suddenly vanish.

Our paper contributes to the recent and growing real options literature based
on regime-switching models, which was started off by Hassett and Metcalf’s (1999)
pioneering work. The closest paper to ours is Drifill, Raybaudi and Sola (2003),
which numerically analyzes how the value of a single firm’s investment opportunity is
affected by the existence of regime shifts. Our paper differs from their paper in several
respects. From a technical standpoint, we characterize some general properties of a
regime-switching stochastic process such as the (conditionally) expected stream of
discounted profits harvested while the process transitions from one state to another.
From a conceptual standpoint, we solve the model analytically, which allows us to
provide an economic interpretation linked to Bernanke’s (1983) "bad news principle"
for the entry and exit policies of a single firm. In addition, we provide a rationale for
the use of jump processes in the valuation of stock prices when the underlying state
variable is continuous. Lastly, they do not deal with perfectly competitive industries,
whose analysis turns out to be quite simple given our results for computing expected
profit streams with an upper and a lower barrier. Indeed, we show that the results
(and reasoning) in Leahy (1993) directly extend to stochastically cyclical markets
without any loss of substance. In particular, a competitive firm that acted myopically
by ignoring all future entry (exit) would behave correctly by entering (exiting) at the
optimal entry (exit) threshold of a single firm.

The remainder of the paper is organized as follows. Section 2 describes the sto-
chastic process that constitutes the starting point of our analysis. Given the novelty
of the process, Section 3 provides several mathematical results such as expected dis-
count factors on the state space and present value calculations, which makes some of
the results in subsequent sections quite straightforward. Section 4 and 5 respectively
characterize a single firm’s optimal entry and exit policies, relate them to the "bad
news principle," and analyze their implications for firm valuation. Section 6 briefly
examines combined entry and exit decisions by a single firm. In turn, Section 7 ex-
amines the main properties of the entry and exit dynamics of a competitive industry
in which demand follows random-length cycles, while Section 8 concludes. Proofs of

the results not proven in the text can be found in two appendices.



2 The model

In this section we construct a stochastic process with continuous sample paths that
represents the random evolution of a certain variable I1.> For the sake of concreteness,
I1 (¢) denotes instantaneous profit at time ¢, although it could certainly represent any
other variable such as demand or price of a product. Let the dynamics of flow profits
be such that dIl = «(t)Ildt, where {a(t),t > 0} is a Markov chain with states
{a,a2} € Ry o x R_ _. It is assumed for convenience that the chain starts at state
a; (i.e., a(0) = ay), while the transition probabilities of this process are as follows.
On the one hand, if the chain is in state a; at time ¢t > 0, then the probability that

it moves to state oy between times ¢ and ¢ + dt is
Pr(a(t 4+ dt) = asla(t) = a1) = Aidt + o(dt).

On the other hand, if the chain is in state ay at time ¢t > 0, then the probability that

it moves to state oy between times ¢ and ¢t + dt is
Pr(a(t 4+ dt) = oy |a(t) = ag) = Xadt + o(dt).

Letting 7; denote the inter-arrival time of event i € {1,2,...} (where an event is
a change in the state of the chain), we have that {7;}.-, is a sequence of exponential
random variables such that the inter-arrival times with odd (even) subscripts are
exponentially distributed with rate A; > 0 (Ay > 0). We define T; = T;_; + 7; for all
i € {1,2,...}, where the initial date is 7o = 0, and we refer to each T; as a (realized)
switching date.

Figure 1 shows two sample paths of the process we have described (for different
parameter values). As seen in the figure, IT () grows exponentially at rate a3 > 0
during the random length period (7;_1,7T;) (i = 1,3, ...), and decreases exponentially
at rate ap < 0 during (7;_1,7;) (i = 2,4, ...). The sample path is continuous because
limy, IT(¢) = limyp, II(2), although the path will exhibit a kink at any realized
switching date T; (i = 1,2, ...), and it will be almost everywhere differentiable. Lastly,
it holds that II (¢) > 0 for any ¢ > 0 and any set of realizations of the random variables
involved because we assume that IT(0) > 0.

We say that the process (or, more concretely, market) is in a growth phase when

it is characterized by a positive instantaneous growth rate; otherwise, we say that

°This process is the continuous-time limit of that put forward by Bagwell and Staiger (1997) in
their analysis of collusive pricing over the business cycle.
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Figure 1: Two sample paths

the process is in a decline phase. Because of the i.i.d. exponential random variables,
the current state of the market is clearly summarized by the current level of the flow
profit and the type of phase through which the market is currently going.

This paper is concerned with (dis)investment decisions given the random tem-
poral evolution of a variable that determines the profitability of a (dis)investment
opportunity. We focus on the cases in which there exists a single decision-maker or
many atomistic decision-makers.® Given these two settings, the paper studies a firm’s
decisions to enter and exit a market given that the flow of profits made by a firm if
active in the market follows the stochastic process previously described. Specifically,
at each date, a firm does not know when the next upturns or downturns will happen,
although it knows the current level of the profit flow and whether the cycle is growing
or declining. A firm also observes realized switching dates immediately after they
arrive. Firms are assumed to be risk-neutral and use a constant discount rate r > 0.
If a firm enters the market, then it is assumed to incur a positive sunk cost K and
in return starts operating immediately (i.e., there is no time-to-build). Similarly, if
a firm exits the market, then it is assumed to recover a non-negative value S, which
can be the salvage or redeployment value of the asset. We first study market entry
and exit decisions in isolation, and then combined entry and exit decisions (in the
spirit of Dixit 1989) as an extension. We start with the more complicated case of a

single firm (Sections 4-6) and conclude with multiple atomistic firms (Section 7), but

6Tt is not difficult to consider few decision-makers, so we omit oligopolistic applications for the
sake of brevity.



before we derive several mathematical results that make these analyses quite simple.

3 Mathematical preliminaries

In this section we derive some relevant mathematical results regarding the stochastic
process defined in Section 2 (proofs can be found in Appendix A).” They are useful
properties for working on the state space of the process and they will be used in
Sections 4-7.

Our first result deals with the expected values of discounted streams of flow profits,
but before proceeding to computing them, it is useful to introduce some notation. In

particular, let
/\1 + )\2 +r — (0]

= (r+XM—a1)(r+X—a) — M
and
- A+ A +17—0y
P2 = (r+ A —a1) (r+ X —ag) — A\ Ay
and assume that
(r+ M —a)(r+ X —az) > A (1)

so that we have an economically meaningful setting (otherwise, streams of discounted
profits fail to be integrable). A necessary condition for (1) to hold is that 7+ A; > aj.
We now deal with the expected stream of discounted profits if the firm is active

8 We also allow the process to

in the market forever given the current state mg.
(temporarily) stay at level T € (0, co] if it ever reaches such level in a growth phase, at
least until the process starts declining. Further, we allow the process to (temporarily)
stay at level = € [0,7) if it ever reaches such level in a decline phase, at least until

the process starts growing.” To this end, let £(mg |7, ) denote the expected stream

"Our working paper version (Ruiz-Aliseda and Wu 2007) extends all the results in this section
to markets that follow a random number of random-length cycles under the assumption that the
realized number of cycles can never be observed. In particular, this situation is captured by assuming
that Pr(a(t + dt) = a1 |a(t) = az) = Adedt + o(dt), where A is a Bernoulli random variable that is
independently drawn every time the chain leaves state oy (with probability pg € [0,1] that A = 1
and probability 1 — py € [0, 1] that A = 0), and the additional assumption that every draw of this
random variable is unobservable as long as the chain does not leave state as. (Equivalently, state
a1 would always be transient, whereas state as could be either transient or absorbing in this more
general setting. In particular, such a state would become absorbing once the chain had been 1 times
in state aq, where n is a geometrically distributed random variable with parameter 1 — pg whose
draw is unobservable. If state s had not yet become absorbing and rather were transient, then the
transition probability would be Pr(a(t + dt) = a1 |a(t) = ag) = Aadt + o(dt).)

8Throughout, we denote the current level of the profit flow by 7, whereas we denote growth and
decline phases by an upper bar and a lower bar, respectively.

9 Although not conventional, the notation 7 = oo (z = 0) is to be understood as the process not

7



of discounted profits if the process is in a growth phase at 7y, given the upper bound
7 and the lower bound 7.!° Similarly, let (7 [, ) denote the expected stream of
discounted profits if the process is in a decline phase at 7, given the upper bound 7
and the lower bound wr. Then we have the following result regarding expected streams

of discounted profits:

Theorem 1 Suppose that the firm is operating at 7y and is active forever. Suppose
also that a process in a growth phase stays at level T € (0, 00] if it ever reaches such
level, and that it leaves T only once the process starts declining. In addition, suppose
that a process in a decline phase stays at level m € [0,7) if it ever reaches such level,
and that it leaves w only once the process starts growing. Then the expected stream of

discounted profits if the process is in a growth phase is
E(mo [7,m) = £(F, m)mg" + 614 (7, m)70? + pyro,

while the expected stream of discounted profits if the process is in a decline phase is
E(mo [7,1) = 0:£(T, m)mg" + (T, )70 + pyrmo,

051(7“")\2)4‘0[2(7’4‘)\1)—\/5 (Xl(T+)\2)+C){2(T+)\1>+\/Z<

where 3, = >1, 6, =
2041@2 3 2051052
0, A = [Oél ()\2+T) — Q9 ()\1 —|—T)]2 +4a1a2)\1)\2 > 0, (51 = 2—'—7“)\—_0(262 € (0,1),
2
A — ) =B — . 7mBa
5 = TN ¢ (0,1, g(mm) = T PEZBTE g (7 m) =

A1
62£61p1ﬁ — pQEﬁﬁl
By(mhemP — 6100w 2)

Bl(ﬂﬁzﬁfgl — 5152E51752)

Theorem 1 is useful when analyzing perfectly competitive industries in which free
entry and exit lead to profits being bounded above and below (the bounds being
determined endogenously). In competitive industries in which entry or exit do not
take place or in industries in which there exists a single firm with the opportunity

to (dis)invest, it is necessary to analyze the stochastic process subject to just one or

_1751
no barrier at all. Because 5, > 1 and 3, < 0, it holds that &(7,0) = —plﬂﬁ— and
p2ﬂ—1_52 !
((oo,m) = — _5 , so we have the following results based on Theorem 1:
2

having an upper (lower) bound, since the process can never hit level T = co (m = 0).
10Expectations are conditional upon the current state being 7y and upon whether the process is
growing or not.
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Corollary 1 [t holds that E(mo |T,0) = pymo — 2%l (@) " and E(mo |7,0) = pymo —

1 ™

5201 (o) = i 2
- <@> ', while E(mo |00, 1) = pymo — 225 (@> and E(mg |00, ) = pymo —
3, \7 By

T
8 B
Pat <7T0> . In addition, (g |00,0) = pyme and E(m |00,0) = pymo.

By \z

Henceforth, we focus on results that are useful for industries that are not com-
petitive, so we let 7 = 0 and T = oo unless otherwise stated. In order to properly
discount one-shot payoffs—such as investment costs or scrap values—attained when
the process reaches a certain state, it is also necessary to derive the (conditionally)
expected discounted value of a claim to a dollar at the first date at which the process
hits a certain state 7* from above or below, starting from 7. Such value is commonly
referred to as "the expected discount factor," and we stick to this terminology in the
remainder of the paper. The expected discount factor to be used when the dollar
is achieved the first time the process reaches a certain state from below takes the

following forms:

Theorem 2 (i) Suppose that the process is in a growth phase and that the current
state is wy. Then the expected discounted value of a claim to a dollar when the process

first hits ™ > my from below is

B, w) = (22).

7T*

(17) Suppose that the process is in a decline phase and that the current state is mg.
Then the expected discounted value of a claim to a dollar when the process first hits
™ > mo from below is

To\ A1
P, (o, ) = b2 (F) :

Figure 2 provides a visual illustration of the problem. The process starts growing
from 7y and after several cycles first hits 7* from below at the (random) first passage
time T*. Theorem 2 shows that the expected discounted value of a claim to a dollar
attained at the random time 7™ is given by @, (7o, 7).

Theorem 2 deals with expected discount factors that are useful when discounting
one-shot payoffs that are attained when the process first hits a certain state from
below. In turn, Theorem 3 deals with the discounting of one-shot payoffs achieved

when the process first hits a certain level from above:

Theorem 3 (i) Suppose that the process is in a decline phase and that the current

state is wy. Then the expected discounted value of a claim to a dollar when the process

9
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Figure 2: Expected discounted factor conditional upon the process growing at g

first hits m* < mq from above is

o

Py, ) = (—)BZ-

7T*

(17) Suppose that the process is in a growth phase and that the current state is mg.
Then the expected discounted value of a claim to a dollar when the process first hits

™ < mg from above is
o

% 62
Dy (Mo, ™) = &4 (F) .

This problem is represented in Figure 3, which depicts a situation in which the
process is in a decline phase and the current state is my. It can be observed that,
after several cycles, the process first hits 7** from above at the (random) first-passage
time T™*. Theorem 3 shows that the expected discounted value of a claim to a dollar
attained at time 7™ is given by ¢, (7o, 7).

We can draw a useful corollary from the previous two theorems:

Corollary 2 (i) Suppose that the process is in a growth phase and that the current
state is wy. Then the expected discounted value of a claim to a dollar when the process
first hits wo from above is By (1o, mo) = 01 € (0,1).

(17) Suppose that the process is in a decline phase and that the current state is mg.
Then the expected discounted value of a claim to a dollar when the process first hits

o from below is £1<7T0, 7o) = d3 € (0,1).

To conclude with our results in this section, notice that the expected stream of

discounted profits derived in Theorem 1 is based on the hypothesis that an active

10
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Figure 3: Expected discounted factor conditional upon the process declining at mg

firm never becomes inactive, which is relevant for completely irreversible investment
decisions. Sometimes, as when the firm foresees exiting at some random time in
the future, it is also necessary to compute the (conditionally) expected stream of
discounted profits harvested until a certain state is first hit by a process subject to no
barriers. The following result deals with the expected discounted profit stream while

transitioning from the current state mg to another one denoted by 7*.

Theorem 4 (i) Suppose that the process is in a decline phase and that the current
state is mg. Then the expected stream of discounted profits while the process transitions

from mg until it first hits ™ < my from above is
% 0 B2—1
E(mo, ™) = pymo [1 — (F) } .

(17) Suppose that the process is in a growth phase and that the current state is mg.
Then the expected stream of discounted profits while the process transitions from mg

until it first hits 7™ < mo from above 1is

- % T Ba—1
5(7T0,7T )21017T0—Pz517T0 (W—S) .

Figure 3 illustrates the situation faced by the firm when computing the expected
stream of discounted profits while the process transitions from 7y until it first hits
7 < 7o from above, which happens at the first-passage time 7**. The formula for
computing such expected payoff is given by &£(mg, 7).

It is worth noting that the last statement in Corollary 1 also follows from Theorem

4, since we have that & (g, 7*) = £(mg |00,0) and & (7, 7) = E(mg |00, 0) for 7 = 0.

11



This theorem is also useful in drawing a simple but relevant result that will be used

when dealing with disinvestment decisions. Letting v, = p; — py01, which (using the

Ay —ag) —1
fact that p, = polr + 2)\ @) ) can be rewritten as
2

A(l—=060)+r—as]—1
y= LRl med 2] @)

we have that Theorem 4 leads to the following result:

Corollary 3 Suppose that the process is in a growth phase and that the current state
1s mog. Then the expected stream of discounted profits while the process transitions

from my until it first hits wy from above is E(my, 7o) = Y, To.

4 Entry decision under uncertainty

The purpose of this section is to characterize the main properties of a single firm’s
optimal investment behavior and analyze its implications for firm valuation. For this
reason, we assume that the firm is not initially active in a stochastically cyclical
market such as the one described in Section 2. If the firm decides to undertake the
investment and incur a sunk cost K > 0, then it is assumed to operate indefinitely,
i.e., the value S of the outside option equals 0. (We study combined entry and exit
in Section 6.)

The stochastic process of Section 2 is Markovian and homogeneous, so the firm’s
optimal investment rule for each phase of a cycle is stationary. The firm’s entry
problem is even simpler because investment does not take place while the market is
declining, except for corner solutions which are (implicitly) ruled out to make the

analysis nontrivial. This intuitive result is formally stated as follows:

Lemma 1 The firm’s optimal investment policy calls for no investment while the

market is declining.

Proof. See Appendix B. =

To see why the lemma holds intuitively, suppose that the firm’s optimal entry
rule called for investment during a decline phase. Given that any profit level that is
reached in a declining phase must have been reached in a growth phase, it is clear
that the firm could have done better by investing at the same level in the growth
phase. The reason is that, in the worst-case scenario, the market would suddenly

stop growing and start declining at such level, so the firm should expect to gain more

12



if the market were growing than if it invested immediately in the downturn. This
would entail a contradiction.

Therefore, Lemma 1 implies that it suffices to pay attention to phases in which
the market is in growth when solving for the firm’s optimal investment threshold.
Thus, suppose that the market is currently growing and denote the current state of
the market by mg. The firm simply chooses a threshold 7 such that it enters the
market the first time the process hits such threshold from below. Hence, the firm

solves the following optimization problem:

IT}F%XVE(WEWO) = [E(7mE,0) = K]§, (70, 7E)
B1
~ (e 1) (22)
TE

where the last equality makes use of Theorems 2 and 4. Thus, the firm achieves an
expected net payoff of (7, 0) — K the first time the market reaches level 7 starting
from state mg. For this reason, @, (m, 7g) is the expected discount factor that must
be used when discounting this payoff on the state space.

Because V g(mg|mo) is strictly quasi-concave and

OV p(mplmo) _ [pl(l — B 5K, (ﬂyl,

87TE TE TE

easy manipulations lead to the optimal investment threshold and the value of the

investment opportunity:

Proposition 1 Suppose that the market is growing and that the firm is currently

inactive. Then the firm’s optimal entry rule is to invest as soon as the market reaches

state 13
* 1
Tp = — , 3
d pr By —1 ®)
— VA
where B, = a1(r 4 Ae) + aslr + M) > 1. The value of the firm is
2(11(12
K 1-5 (plﬂ.o)ﬁl
. — — if mo <
Vip(mo) = Vp(rg|m) = (51 - 1) Ioh " o

pymo — K if T > T

The optimal investment threshold and the value of the option to invest conditional

upon the market being in a growth phase are very similar to those derived in a GBM-

13



based setup (c.f. Dixit and Pindyck, 1994, pp. 142-143). Similarly, Proposition 1

implies that the firm chooses to invest when the expected net present value of its

investment exceeds > 0, the opportunity cost of exercising the option to

K
| B, — 1
invest.

A major contribution of this paper is to improve our conceptual understanding re-
garding the optimality of a "wait-and-see" approach. In particular, unlike traditional
real options models based on Ito processes, a single firm’s problem can be given the
following economic interpretation linked to Bernanke’s (1983) "bad news principle of

irreversible investment":

Proposition 2 The optimal investment threshold 77}, satisfies the following equation:
T = 1K+ M[02(p7p — K) — (po7yy — K. (4)

Proof. See Appendix B. =

Proposition 2 states that the firm must equate the marginal cost and the mar-
ginal value of waiting to invest. The left hand side of equation (4) is the profit flow
forgone by delaying entry a short period of time, 7%,dt, while the right hand side
of (4) quantifies the marginal value of waiting, which consists of two components.
The first part, rKdt, is the part of the investment cost saved by waiting an infini-
tesimal unit of time. The second component, A\idt[da(py7y — K) — (pomh — K)], is
the marginal option value of waiting and stems from Bernanke’s "bad news principle
of irreversible investment."!'! When the process reaches 7%, waiting to invest allows
the firm to avoid making a poor investment in case the process switches to decline
immediately. This happens with conditional probability Adt, and would only bring
an expected stream of discounted profits of p,75, — K = £ (7},,0) — K, at the ex-
pense of sacrificing the option to invest, which would yield an expected payoff of
d2(pymy — K) = 03 [€ (73, 0) — K| (accounting for the random-length period of time
elapsed until the profit flow grows back to the investment threshold, 7%;).

To conclude with this section, it only remains to show that the value of an in-
vestment opportunity experiences an upward (downward) jump when a decline phase
stops (starts). This is a relevant result that gives a rationale for using jump processes
in the valuation of stock even if the underlying state variable follows a continuous

stochastic process. Note that if the firm has not invested, the value of an inactive

11Qych principle states that irreversibility yields no advantages but implies some costs because
the firm cannot recoup its investment if market conditions turn out to be adverse, which creates
the asymmetry that the firm cares only about adverse events—which would not be regrettable were
investment reversible—but not favorable ones.

14



firm switches from V(7o) to Vi (7o) whenever the market switches from growth to
decline (where V};(mg) denotes the firm’s value when the market is declining at ).
Because the firm never invests while the market is declining, it follows from Corol-
lary 2 that V% (o) = 02V p(m0) < Vp(m). Although the instantaneous profit stays
(roughly) at the same level, the firm’s value jumps down (up) significantly whenever
the market suddenly stops growing (declining).!? This result that contrasts with that
obtained in a context in which the stochastic evolution of profit is governed by a
GBM is formally stated as follows:

Proposition 3 Let my be the current profit flow level. If the firm is inactive, then
Vip(mo) > Vis(mo)-

5 Exit decision under uncertainty

In this section, a single firm is assumed to be already active in the market. Although
in principle it can operate in the market forever, its (indivisible) asset has a one-time
opportunity cost of S > 0. Moreover, the firm cannot reenter in the future if it exits,
ie., K = 0.

Not surprisingly, and contrary to the entry problem, it can be shown that exit
takes place only if the market is declining,'® so the homogeneity of the (Markov)
stochastic process implies that the firm simply chooses a threshold 7x such that
the firm exits the market the first time the process hits such threshold from above.

Formally, the firm solves the following problem:

@T?(XKX(WXVTO) = §(7T077TX)+S£2(77077TX)

Ba—1
= P2To [1 - (ﬂ>
TX

Thus, starting from a level 7wy at which the market is declining, the firm collects a

discounted stream of profits until state my < 7 is first reached (from above). The

value of such discounted profit stream while transitioning from 7y to 7y is

E(mo,mx) = pymo [1 = (mo/mx)**]

121t is worth remarking that this result holds even if the firm becomes active, since p; > p,.
13The argument is identical in spirit to the one used for entry, and it makes use of the fact that

Ba

r > ——=—— which is shown in the proof of Proposition 6.

(B2 = 1)ps

15



as shown by Theorem 4. However, there is an additional source of value, since the
firm seizes the outside option, whose value is S, when state mx is first reached. The
proper expected discount factor, given that the market is in a decline phase, is

)52

@, (w0, 7x) = (mo/mx)",

as shown by Theorem 3.

Noticing that V y (7x]|mo) is strictly quasi-concave and

OV x(mx|mo) _ [Pz(ﬁz — Drx — 528] (ﬂ)ﬁz,

87'(' X X X
it is easy to prove the following results:

Proposition 4 Suppose that the market is declining and that the firm is currently

active. Then the firm’s optimal exit rule is to disinvest as soon as the market reaches

state 15
T = ——=—2-8, 5
* P2y —1 ®)
A A A
where 5 = oa(r +do) +ax(r + A1) + VA < 0. The value of the firm is

20[10[2

o0 B2 ‘
pamo + (S — pyy) ( * ) if mo =y
Tx

S if mo < Ty

Vix(mo) = Vx(mx[mo) =

Similarly to the canonical real options literature, Proposition 4 implies that the
firm exits when the expected net present value of its disinvestment falls below S/ (5, —
1) < 0, since there exists an opportunity cost for exercising the option to disinvest.
As with the entry problem, the value of the option to disinvest conditional upon the
market being in a decline phase is quite similar to that derived in a GBM setting.
The same applies to the optimal disinvestment threshold. Paralleling the entry case,
a single firm’s optimal exit rule lends itself to an interpretation in the light of the

"bad news principle:"

Proposition 5 The optimal disinvestment threshold 7% satisfies the following equa-
tion:
rS =m% + X (7 + 015 —95). (6)

Proof. See Appendix B. =
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When deciding whether or not to exit the market, the firm must compare the
marginal value and the marginal cost of waiting. By delaying exit a short time period
of length dt, the firm forgoes earning an interest of (approximately) rSdt. In turn,
the marginal value of waiting to disinvest consists of two components. Delaying exit
a little bit allows the firm to reap a flow of profits equal to 7% dt. There is also a
marginal option value of waiting to disinvest, which stems from avoiding making a
poor disinvestment decision. With conditional probability Aydt, the market switches
to growth, so waiting would allow the firm to remain in operation and keep the option
to exit in the future alive, which is worth v,7% + 015, at the expense of sacrificing
g 14

To conclude with this section, we show that the value of a disinvestment opportu-
nity experiences an upward (downward) jump if a declining phase ends (begins). Our
next proposition establishes this result, based on a different argument to the one that
gives rise to Proposition 3. Thus, while the jump in the firm’s value for a single poten-
tial entrant is simply due to the discount factor related to the delay in entry caused
by a change from growth to decline, the abrupt change of value for an active firm is
the result of a trade-off between the expected stream of discounted profits reaped and
the delayed recovery of the outside value. More specifically, if the market is declining
at mop > 7%, the firm has a value equal to V' (my). However, if the market switches
to growth at 7o, then the firm’s value function becomes V'y (o) = v,m0 + 61V % (70),
because the firm never exits a growing market and hence must wait at least until the
profit flow comes back to the same state. The first term, v, 7, denotes the expected
stream of discounted profits collected while the market moves from state 7 until it
first comes back to 7y from above (see Corollary 3). The second term, 6,V (7o),
denotes the expected continuation value after the market declines back to state mg
(see Corollary 2). By comparing V% (o) and Vy (7o), we have the following result
that does not obtain in a GBM setting:

Proposition 6 Let mg be the current state of the market. If the firm is active, then
V (m0) > V (o).

Proof. See Appendix B. =

4 Note from Corollary 3 that v,7% quantifies the expected stream of discounted profits while the
market transitions from a state 7% in which the market is growing until such state is first hit from
above. In turn, note from Corollary 2 that §1.5 quantifies the expected discounted value of getting an
asset worth S when the market first reaches state 7% from above, given that the market is currently
at a growing phase whose state is 7%.

17



6 Entry and exit decisions under uncertainty

This section extends the analysis of the previous two sections by allowing for com-
bined entry and exit decisions made by a single firm. Reentry is not permitted, and
we assume that K > S to avoid "money pumps." The exit decision has just been
studied (see Proposition 4), so it simply remains to examine how the entry decision
is affected by the fact that an active firm exits the first time the process hits state

; BaS

™ = W from above. It is standard to show that entry takes place only if
2~ 1)P2
the market is in growth, so taking into account that the value of an active firm when
the state is my equals
Vi (mo) = pamo + (S — pom) (m0/7%) ™,
and assuming that the entry threshold 7 chosen by the firm exceeds 7% (as can be
shown to hold at the optimal solution), we have that the value of an inactive firm at

state mq if the market is growing is:

Vi(rglme) = [E(mp, mp) + Vi (7E)@, (15, 75) — K|P) (70, 7E) -

Thus, the firm attains an expected payoff when the market first reaches level 7g
starting from state 7y (see bracketed terms), which must be discounted back to the
current date using the expected discount factor @, (mo, 7g). Note that the payoff
that the firm expects to gain at the time of entry equals the sum of two terms minus
the investment cost: €(7, 7x) is the expected stream of discounted profits until the
market first reaches level g from above, while V (7g)@, (7g, mg) is the properly

discounted value of a firm active in a declining market whose state is 7p.
1 + )\2,01

T+ A —ap’
Corollary 2 and Theorem 2 allows us to rewrite the above expression as follows:

Py + 61(S = pym%) (:5)62 _ K] (ﬂ)ﬂl . (7)

X

Using Corollary 3 (taking into account that v, = p;—d1p,, since p, =

VE(T('E|7T0) =

Because V g(mg|mg) is strictly quasi-concave for g > 7% and
X

o A
TE ’

it follows that the optimal entry threshold is the level 7}, that solves the following

87TE TE

OV (7 5lmo) _ [(1 — Bi)pime + (By — £1)01(5 — ppy) (WE/W})ﬁ2 + B8,
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equation:

x \ B2
* * ™
(1= B + (B — B)51(S = pyry) (f) L BK =0, ®
X
It can be shown that there exists a unique value 7}, > 7% that solves the previous
S
expression,'® so plugging expression (8) into (7) and using that S — py7% = T4
— P2

yields after some manipulations:

Vi(mo) = Vi(ry|m) =

x \ B2 B1
* * s ™
P1TE +51(S_ P27TX) (é) - K] (Wg)
K 58 (ﬂE)% <W0>Bl
Bi—1 pBy—1\r% g .

Taking into account Propositions 4 and 5, we now state the previous results for-

mally.

Proposition 7 Suppose that the market is growing and that the firm is currently
wnactive. If the firm can exit but cannot reenter, then the firm’s optimal entry rule is

to invest as soon as the market reaches the state w3, such that

*

B2
(L= B + (B = 500 — pari) () 4 518 =0

X

holds. The value of the firm is

1\ P2 1
[ £ 1 - 6151 <7T>»<E) ] (7:?) if7T0<7T*E
V*E(Wo) _ B — B — X TE

7r :
P10 + 01 (S — po7y) (i) - K ifmy >

As usual, the optimal entry threshold can be interpreted based on the bad news

principle of irreversible investment:

Proposition 8 The optimal entry threshold 73, satisfies the following equation:
T =K + M |8V (ry) — (Vi (n) - K))

Proof. See Appendix B. =

5The proof is somewhat involved and is omitted for the sake of brevity, but it can be made
available from the authors upon request.
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7 Entry and exit in competitive industries

In this section, we apply the results developed in Section 3 to perfectly competitive
industries in which there are many firms that sell a homogeneous good and act as
price-takers. We assume that any firm can operate a single unit of capacity whose
investment cost is K > 0 and whose redeployment value equals S € [0, K). Operating
costs are set equal to zero, and the demand elasticity is large enough so that any active
firm produces at full capacity. We suppose that the (inverse) market demand equals
IT = 7D(Q), where IT and @ respectively denote the market price and the number of
active firms. Furthermore, D(-) is a known decreasing function, whereas 7 is assumed
to follow the stochastic process introduced in Section 2.

As explained in much more detail in Leahy (1993), the stationarity of the sto-
chastic process that determines the (short-run) market price at any time for a given
() implies that there will be a threshold T < oo that will trigger entry by inactive
firms as long as price is high enough (i.e., 7D(Q) > 7). Similarly, there will be a
threshold = > 0 that will trigger exit by active firms as long as price is low enough
(i.e., 7D(Q) < m). (The extent of entry and exit for a given number of (in)active
firms will be given by the specific properties of D(-) so as to keep the price at a
constant level.) Noting that, given our assumptions, a firm’s profit coincides with the
short-run market price, we have that the profit variable II inherits exactly the same
stochastic behavior of variable m except for two aspects. On the one hand, if 7 is
going through a growth phase, then entry by other firms implies that II stays constant
at level T € (0, 00 if it ever reaches such state, and it leaves 7 only once the process
for 7 starts declining. On the other hand, if 7 is going through a decline phase, then
exit by other firms implies that II stays constant at level 7 € [0, 00) if it ever reaches
such state, and it leaves 7 only once the process for 7 starts growing. As a result, the
variable II follows the same process described in Section 2 except that it can never
go higher than 7 and lower than x.'6 If all firms have rational expectations about 7
and other firms’ entry/exit rules, then these properties of the stochastic variable II
are known, and in addition, all firms know that enough entry (exit) takes place so as
to keep II at the upper (lower) barrier while 7 is growing (declining).

Theorem 1 is particularly powerful in this case in which we have to find out the

values of ™ and &. Clearly, free entry and exit imply that the values of T and x in

16The preceding discussion relies on the implicit assumption that entry never takes place while 7
is in a decline phase, whereas exit never takes place while 7 is in a growth phase. This can be shown
to hold in any dynamic equilibrium of a competitive industry.
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equilibrium must be such that

EFITmn)=K (9)
and
E(n|m,m)=S. (10)
When S =0 and K < oo, it is clear that © = 0, so Corollary 1 applied on (9) implies
that
_pT (ﬁ)ﬁl e
pT-— =] =K,
' G \T
that is,
T = 7T* — 1 61
i pr By —1

This is a similar result to that obtained when price follows a Geometric Brownian
Motion: the competitive entry threshold coincides with that of a single firm. This
shows that the results and reasoning in Leahy (1993) for diffusion processes (such
as the GBM) extend to stochastically cyclical markets, albeit in quite a straightfor-
ward manner (i.e., as a direct application of Corollary 1). As discussed by Leahy
(1993), competition reduces the value of the option to build one unit of capacity by
reducing the value of installed capacity. These two effects cancel out each other in
equilibrium, which explains why the competitive entry threshold coincides with that
of a single firm. One more result that can be derived when S = 0 and K < oo is
that £(mo |7,0) > E(mo |7, 0),!7 so the value of an active firm experiences jumps up-
wards (downwards) whenever a growth (decline) phase starts, and hence entry rates
discretely drop to zero if II =7 and all of a sudden a decline phase starts. As in the
single firm case, this result does not obtain for diffusion processes.

Similarly, when S > 0 and K = oo, we have that T = oo, so Corollary 1 applied

17Using the facts that 2 = (r+ A1 —a181)/A1 € (0,1) and 14+ A1py = (A1 +7 — aq) p; (by (35)),
we have that

=0 i _ (1—0d2)pymo (mo\Fr—1 (1—d2)p

_ — _ B SVl ot S ) > SR Sl 2 §
E(mo[7,0) — E(ro[7,0) = (pr — p2)mo 3 (F) T 2
TP1\To By (8, — Dp1mo
= (Mipp —Aipy —« +——:(——r>—,

e e i By ))‘1 (Br = 1)py Ay

so the result follows because ﬁ > r (as shown in the proof of Lemma 1).
1= 4P
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on (10) implies that

SO B
2

——F8.

po By —1

Again, this is an identical result to that obtained when price follows a Geometric

1:7‘(}:

Brownian Motion: the competitive exit threshold coincides with that of a single firm
(as in Leahy 1993). Furthermore, &(mg|co,x) > E(m|oo, ), so the value of an
active firm experiences jumps upwards (downwards) whenever a growth (decline)
phase starts, and hence exit rates discretely drop to zero if II = & and all of a sudden
a growth phase starts.

We summarize all these results as follows:

Proposition 9 Suppose that S = 0 and K < co. Then a competitive firm enters

B

1

whenever the market reaches state 73, = — 3 1K from below, and entry rates
P1P1—

discontinuously fall from positive levels to zero owing to the start of a decline phase.

Suppose that S > 0 and K = oco. Then a competitive firm exits whenever the market

By

P2 By — 1
positive levels to zero owing to the start of a growth phase. It holds both when S = 0

reaches state % = K from above, and exit rates discontinuously fall from

and K < oo and when S > 0 and K = oo that the value of an active firm experiences

Jumps upwards (downwards) whenever a growth (decline) phase starts.

When it holds that 0 < S < K < o0, it is no longer possible to provide a closed-

form solution to ™ and z by solving the system of equations (9) and (10), but it is

0
easy to show that 7* = — solves the following equation:

=

01po(m*)%2 7t = py 0109, (%)%~ 01 = b1 py (%)% n
o By (1 = 6109(7*)P2=F1) By (1 — §109(m*)B2751) ,01) _ 5
0102y (%) %2701 — oy (1)1 7 N dapy (1) 01 — py N S
By (1= 6105(m+)P2—61) By (1 — 0109(m)Pa—Br) " 12

Numerical solutions can be easily obtained, and jumps in firm value also happen

whenever a growth/decline phase starts. Also, entry and exit rates exhibit sudden

18The proof of this result parallels that of £(mo |7,0) > £(mo |7,0) except that it uses the facts
that 01 = (r + A2 — aafy)/A2 € (0,1), 1 + Aap; = (A2 +7r — ) py and 7 > (56721)/) (which is
2= 1) p2

shown in the proof of Proposition 6).
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drops to zero whenever a growth and decline phase ends, so entry and exit waves may

be observed to suddenly vanish.

8 Conclusion

This paper has modeled the stochastic evolution of markets that exhibit a somewhat
unpredictable cyclical behavior. We have studied a firm’s optimal (dis)investment
behavior in this type of markets in which flow profit alternates between growth and
decline phases at random times, and we have shown that, even though the sample
path of profits is continuous, firm value experiences jumps upwards (downwards)
whenever a growth (decline) phase starts. This holds regardless of whether the firm
has an option to invest or an option to disinvest. We have also provided an economic
interpretation of a single firm’s optimal entry/exit rules in the light of the bad news
principle of irreversible investment, thus strengthening the conceptual foundation of
the theory of real options. In addition, we have shown that entry (exit) rates in a
competitive industry discontinuously fall from positive levels to zero owing to the end
of a growth (decline) phase.

There are at least a couple of aspects that are worthwhile emphasizing about
our framework and that may prove to be useful for future work on the properties
of irreversible (dis)investment in stochastically cyclical markets. On the one hand,
we would like to remark that our setting does not require making use of the heavy
mathematical apparatus traditionally employed by the real options literature. For
instance, direct applications of our theorems allow us to avoid using stochastic calculus
and even dynamic programming techniques when solving (dis)investment models that
involve lumpiness. As we have shown, (dis)investment timing problems can be directly
formulated and solved using ordinary calculus and are amenable to an economic
interpretation. Indeed, if reentry is not allowed, we have shown that it is relatively
simple to solve analytically the problem faced by a single firm that must choose
when to enter and when to exit. Extensions to settings with multiple firms are
straightforward, as we show for the case of a competitive industry.

Another aspect worthwhile pointing out is that the model can be enriched in order
to improve its explanatory power, possibly at the expense of analytical tractability.
Thus, when a switching date is realized, the sample path of the process that governs
profit evolution is assumed to change to a different but known growth rate. Assum-
ing that the growth rate is random may lead to possibly different (dis)investment

dynamics given a market evolution that need not be stochastically cyclical despite
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the regime shifts. This may prove fruitful for the construction of random processes

that better represent the stochastic dynamics of a variety of economic and finan-

cial variables. Both theoretical and empirical work may benefit from pursuing this

promising research avenue.

References

1]

[10]

[11]

Abel, A. B., and Janice C. Eberly (1996), ”Optimal Investment with Costly
Reversibility”, Review of Economic Studies, 63(4): 581-593.

Bagwell, K. and Robert Staiger (1997), ”Collusion Over the Business Cycle”,
Rand Journal of Economics, 28(1): 82-106.

Berman, J., and Janet Pfleeger (1997), ”Which Industries are Sensitive to Busi-
ness Cycles?”, Monthly Labor Review, February: 19-25.

Bernanke, B. S. (1983), "Irreversibility, Uncertainty, and Cyclical Investment”,
Quarterly Journal of Economics, 98(1): 85-106.

Dixit, A. K. (1989), ”"Entry and Exit Decisions under Uncertainty”, Journal of
Political Economy, 97(3): 620-638.

Dixit, A. K., and Robert S. Pindyck (1994), Investment under Uncertainty, New

Jersey: Princeton University Press.

Driffill, J., Marzia Raybaudi, and Martin Sola (2003), ”Investment under Un-
certainty with Stochastically Switching Profit Streams: Entry and Exit over the

Business Cycle”, Studies in Nonlinear Dynamics € Econometrics, 7(1): 1-38.

Hamilton, J. D. (1989), ” A New Approach to the Economic Analysis of Nonsta-
tionary Time Series and the Business Cycle”, Econometrica 57(2): 357-384.

Hassett, K. A. and Gilbert E. Metcalf (1999), ”Investment with Uncertain Tax
Policy: Does Random Tax Policy Discourage Investment?”, Fconomic Journal,
109(457): 372-393.

Leahy, J. V. (1993), ”"Investment in Competitive Equilibrium: The Optimality
of Myopic Behavior”, Quarterly Journal of Economics, 108(4): 1105-1133.

McDonald, R., and Daniel Siegel (1986), "The Value of Waiting to Invest”,
Quarterly Journal of Economics, 101(4): 707-728.

24



[12] Pindyck, R. S. (1991), "Irreversibility, Uncertainty, and Investment”, Journal of
Economic Literature, 29(3): 1110-1148.

[13] Pindyck, R. S., and Daniel L. Rubinfeld (2005), Microeconomics, Sixth edition,

New Jersey: Pearson Prentice Hall.

[14] Riedel, F., and Xia Su (2006), ”On Irreversible Investment”, mimeo, University

of Bonn.

[15] Ruiz-Aliseda, F., and Jianjun Wu (2007), "Irreversible Investment in Stochasti-
cally Cyclical Markets", Universitat Pompeu Fabra WP #1018.

25



Appendix A

Proof of Theorem 1. Given our (memoryless) assumptions on the independent

random variables involved, &(mq |7, 7) and & (o |7, ) can be related as follows:

L In(@/mo

L In(®/m
Erolmm) = [ am [T s g B Y I/ 70)
(mo|T,m) = Ae moe™ e ds + E(T T, m)e =1 dri +
) 0

a1

O%ln(f/wo) T1
/ ' e M (/ moe e " ds + E(mpe™ ™ |ﬁ,g)e”1> drq (11)
0 0

and

[e's) L In(x/7
g(ﬂ = _ Ny 272 g In2/T0) azs =TS ] Elr 7 — == In(z/mo) d
E(mo [T, ) = 2€ moe?*e Pds + E(x T, m)e 2 T +
) 0

1
a5 n(@/mo

L In(x /7o) T2 _
/ ’ Ape 2272 (/ moe®*’e " ds + E(mpe? |ﬁ,g)e”2> drs. (12)
0 0

To see how &(mg |7, ) arises, note that there is some chance that the process will

In(7/m
hit the barrier T during the current growth phase, at 7, = M. In such a case,
€3]
the firm harvests a stream of profits that must be discounted back to the current
date, together with an asset worth &(7 |7,ﬂ)€_éln(ﬁ/ ™), However, if the process

starts declining at some level lower than 7, then the firm gets a stream of discounted
profits until the switching date 71, together with an asset worth &(mpe®™ |7, m)e ",
Regarding &(m |7, ), there is some chance that the process will hit the barrier

In(m/mo)

during the current decline phase (at 7o = ), so in such a case the firm

2
harvests a stream of profits that must be discounted back to the current date, together

with an asset worth £(x |f,£)e*£1n(£/ﬂo)

. However, if the process starts growing at
some level higher than 7, then the firm gets a stream of discounted profits until the
switching date 79, together with an asset worth &(moe®2™ |7, )e ™.

To solve the system of functional equations that consists of (11) and (12), guess
that £(mo [T, 1) = Crh* + Frh? + Mmg and E(mg |7, 1) = Hmh' + D> + N7 (where
i, and pu, are constants to be found out, whereas C', F';, M, H, D and N do not
depend on 7y although any may depend on T or ).

Plugging the assumed functional forms of £(7 [7, ) and (7 |7, ) into (11) and
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performing some manipulations yields:

= > 2 In(m/m0) _ .
5(71'0 |f;ﬂ) = / )\1@*/\171 / ﬂ_oealsefrsds + 5(7 |ﬁ,7l’)6 ay In(m/mo
) 0

Lln(ﬁ/ﬂo
—1n(7r/7r0 T1
/ e M (/ e e " ds + E(mee™ ™ [T, e > drq
0
r+A1—og
@ a ﬂ_l ay o 7“:’\1
_ mol(2)* — () >+5(ﬂﬁﬂ)(@) -
r— 01 ™

— rHA oy

Ap A
7T()(1 — (@) 0‘1) /\17T()(1 — (%) 1 ) )\1H7Tgl(1 — (%) *1

)d71+

r— o _(r—al)(r—l—)\l—al) 4 A — Qi
rHA—ajpg r+A1—og
/\1D7T€2(1 — (ﬂfl) “1 ) /\1N7T0(1 — (_) “1 )
T+ A — Qfhy r+ AN — g
(1 (J)LWI) ey
s — = 1 >
= = x + (C7" + F7t2 + M) (WO) b
r—aoq ™
r+A]—a rtA—ogp
Mmo(l— () e ) MHAM(1 - (Z)T m )
T + s +
(r—a)(r+M —a) T+ A — oy
T+ —ajug rtA1—ag
/\1D7T€2(1 — (%) “1 ) n /\1N7T0(1 — (%) “1
T+ A — Qfly r+ AN — g
r+A]—a
_ AN Hr? o MH - (@)7{11 1= N
T+ A\ — iy T+ A\ — iy T
r+A1—a
)\ID—T(JOQ +(F — /\l—D 7-(-52 (@) lal - +
T+ AL — Qfly T+ A — T
1+MN 1+ MN T
mo(1+ A )—i—(M— + A1 )%(@) T
r+ AN — o r+ AN — o ™

Because we supposed that &(mg |7, ) = Crh* + Frh? + My, we must have that the

following is satisfied:

C= )“—H, (13)
T+ A\ —
D
_ AP (14)
T+ A= Qafly
and LN
+ A1
L 1
r+ A —oq (15)

On the other hand, plugging the assumed functional forms of &(m |7, 7) and
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E(m |7, ) into (12) and performing some manipulations yields:

1
L in(z/mo

a5 In(z/mo) \ T2 _
/ Age 272 / moe®*’e " ds + E(mpe®™? [T, m)e " | dry
0 0
A2
(3

1 n(m/
S — _ OO —AaTo a21 (@/mo) ags _—Ts — — - 1In(z/mo)
E(mo|T, ) = o€ e ds + E(m T, m)e o2 dry +
) 0

'r+)\2 —og

_ 7T0(< ) T:g?) )—I—é(ﬂﬁ,ﬂ) <7TO Q—Z—I—
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(r —a2)(r+ A — ag) T+ A2 — Qafiy

7‘+)\27042,u2 7‘+)\27a2

NoFrl2(1 — (%) ) AaMmo(l— (%) 2
T N T
T+ Ay — Qafly T+ A — o

r+Ao—aopg

— Lﬂgl_}_ H_A T @ 2 +
T+ Xy — Qafly 4+ Ay — Qiafly

T

/\2F7Tg2 D— )\QF 71_#2 o @2 4
T+ Ao — Qiafly T+ Ao — Qafly

7T0(1+>\2M) 4 N 1+/\2M o (71'0) a2;

=+ Ay — Oy =+ Ay — Oy T

Because we supposed that (g |7, 1) = Hry' + Dry? + N7, we must have that the

following is satisfied:

A C
7 e — (16)
T+ A — Qiafly
Ao F
D=—"* (17)
T+ Ay — Qafly
and 1+ XM
+ A2
N= """ 18
r 4+ Aa — Qo (18)
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Using (15) and (18) yields that M = p, and N = p,. It is easy to show that we
cannot have C' = 0 (or H = 0), so (13) and (16) imply that p, solves the following
equation:

(7 + A — i) (1 + Ap — agpiy) = A Aa.

There exist two values of 1, that solve this quadratic equation. Since (r+A; —ay)(r+
Ay — i) > A Ay, one of the roots, (3, say, can be easily shown to be greater than 1,
whereas the other one, 3, say, is negative. Note also that we cannot have that F' =0

(or D =0), so (14) and (17) imply that p, solves the following equation:
(7’ + )\1 - al,uz)(T + /\2 — O[QMQ) = )\1)\2.
In short, noting that A = [ag (A2 +7) — az (A1 +7)]? + 4dajas A e > 0, we have that

041(7‘ + )\2) + Oég(?” + )\1) - \/Z

2041@2

> 1

py ==

and

ap (r4+ M) +ag(r+ )+ VA
Ly = [y = 1( 1) 202(22 1) <0

(or equivalently, p, = 3, and p, = 3,).1

It only remains to determine the values of C' and D (and therefore those of H and

F). To arrive at them, take into account that

E(TIm,x) = / Ape M7 (/ Te "ds + E(T |7,ﬂ)6_”1) dry,
0 0

so that using the hypotheses that &(7 |7, 7) = C7% + F7% + p;7 and E(7 |7, 1) =
H7P1 + D% 4 p,7 yields after some algebra that

MHTP M DR%2 (14 M\ipy)T

0—51 F—32+ =
T P T4+ A\ T+ A T+ A

Hence, using (14) (for u, = 85) and (16) (for u; = 3,) yields that

[(T’ + )\1)(7’ —+ )\2 — 04261) - )\1)\2]0761 )\1041621)762 - <<1 + )\1p2) i ) =
(r+ M)+ Ao — a3;) (r+ M — aifBy)(r + A1) T+ A vy
L+ Aipy
The facts that (r + A1 — aq8;)(r + Ao — an3;) = M A2 and py = ———=— allow us
/\1 +r— (651

97t is straighforward to show that either p; = py = 3, or p; = py = 35 cannot be solutions.
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to rewrite the above expression after some simple manipulations:

M\ B, D72
—B8, 1P29 =
B,CT7 + T W o P
Note that the fact that (r + A\; — a1 85)(r + A2 — a235) = A A2 leads to

/\1 _T—f—)\g—OZQBQ_
7‘—1—)\1_@151 A2

so it holds that
B,CT + 6,8,D7%2 = —p, 7. (19)

Equation (19) is part of a system of two equations whence we can get the values
of C'and D. To obtain the other equation, observe that it holds that

Ex|7,m) = / Age 272 (/ me ds —{—E(E |ﬁ,ﬂ)6_”2) drs,
0 0

so using the hypotheses that £(z |7, x) = Hzx’ + Dzx% + p,r and E(z |7, 7) =
Crbr + FrP2 + p,7 yields after some algebra that

MCr?t  MFrP> (14 Xop))z

Hr’ 4+ Dz =
e "HL I .

Hence, using (14) (for u, = 8,) and (16) (for u; = 3,) yields that

)\20[252Cﬂ61 K’I“ + )\2)(7‘ + )\1 — 05151) — )\1)\2]Dﬂ62 o ((1 + )\2p1) _ ) -
(7“+)\2)(7"+)\2—042ﬁ2) (’I“"‘)\Q)(T‘I’)\l —04161> T‘l’)\g 2 )=
. 1+ )\2[)1
Using the facts that (r + A\ — a135)(r + A2 — aa85) = A1 A and py = FET— we
r— o«
can rewrite the above expression after some simple manipulations as: ’ ’
M + 6 Dﬂ-ﬁz = — T
T4+ A — g3y 2L = TPl
Note that the fact that (r + A\; — a1 8;)(r + Ao — a23;) = A A2 leads to
)\2 :7“‘*—)\1—04151:5
T+ Ay — aaf, A -
SO
02350 + By D1’ = —pyr. (20)
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Solving the system of equations that consists of (19) and (20) yields that

51%52p2ﬂ- - plﬁﬂ-62
C= — — =&(7, o).
Bl(EBQﬁBI _ 5152£B1762> §<7T E)

and 5 5
N N YIS —
D= 2 = .
52(£52fﬁl _ 5152£51762> C(ﬂ-7ﬂ>

Therefore, it follows that

B A C _(r+ M =Bl
4+ Ao — o, A

= 625(77 E)
and
D
St — o
It only remains to show that 6; € (0,1) and 02 € (0,1). Note that

- 51<(f7 E)

_T—l—)\g—()éQﬁQ CK1(7’+)\2)—(12(T’+)\1)—\/Z

p— 1
51 )\2 2051)\2 < (0’ )7
whereas
5, — r+ A — a1, _ Caa(r+Ae) —an(r+ M) — VA € (0.1).
M 200\
n

Proof of Theorem 2. Let $,(mg, 7*) denote the expected discounted value of a

claim to a dollar when the process first hits 7* from below, conditional on the process

being in a growth phase and on its state being 7y < 7*. Also, let £1<7T0, 7*) denote

the expected discounted value of a claim to a dollar when the process first hits 7* from

below, conditional on the process being in a decline phase and on the current state

being 1. Given our (memoryless) assumptions on the independent random variables

involved, we can relate 1, (7o, 7*) and ¢ (7o, ) as follows:

— * a_llln(ﬂ—*/m)) -7 T *\ ,—TT
Dy (mo, ) = e (moe™ T mh e M dTy +
0

oo 1 1 *
/ Ape e ey /) g

a—ll In(7* /7o)

31



and

gpl(ﬂ'o,ﬂ'*):/ Ao 225 (Tpe®2™2, ) e "2 dr,. (22)
0

To understand the relation between , (o, 7) and ¢, (o, 7), note that if the realized
*

1
length of the growth phase 7; is smaller than — ln(ﬂ—) (the time it would take to hit
Qp 7o

state 7 from below during the current growth phase), then the firm would acquire

an asset whose discounted value would be gpl(woeam,ﬂ*)e_”l; if 71 were greater
*

1
than — ln(ﬁ—), then the firm would acquire the discounted value of a dollar. As
(0751 )

for ¢, (o, ™), note that the process will start growing at some random future date
79, and hence the firm will acquire at such date an asset whose discounted value is

@1 (,n.oeang ’ 7.(.*)677'7‘2 .

To solve the system of functional equations that consists of (21) and (22), guess
0
that @, (m, 7*) =Y (W—(:) 1 (where Y and 0, are constants to be found out), and use

such functional form for @, (7o, 7*) in (22) so as to get:

Y)\Q 0 01
NN=—(— . 23
21(770,71' ) 7“"’)\2—04291 <7T*> ( )
Therefore, we have
Y)\2ea1917'1 o 61
a1T1 *\ -0
21(7‘-06 7 ) T'"—)\Q—Oéztgl (71'*) ’
0 (21) becomes:
— Y iAo 7o\ %1 a_llln(ﬂ*/m)) —(r+A1—a101)11 o TZM
, * — -y T a T d <_> 1
901(71-0 ﬂ—) T+)\2—052(91 (W*) /0 € T1+ *
- (=) - ()7 ()
(r—l—)\g—ag@l)(r—l—)\l—alHl) * ™ *
01
We assumed that @, (7, 7*) =Y (@> , so the following must hold:
7T*
v <7To>91 (7To> o YA [<7T0>91 <7T0> ’“Zfl]
m* T C(r Ay — b)) (1 A — aqgfy) * '
Therefore, Y = 1, whereas #; must satisfy the following equation:
(7‘ + )\2 - 04291)(7“ -+ )\1 - 04191) = )\1)\2. (24)
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There exist two values of ¢; that solve this quadratic equation, which we labeled
before as 3, and f3,. Clearly, only 5; > 1 can be an admissible solution, so ; = f3;.
Also, note that expression (23) with Y =1 and 6, = /3, implies that

. Ao o\ A1 r+ A\ — a1, (To\F
)= e (2) = R (1

since (1 + Ay — 1) (r+ A\ —a15;) = M. m

Proof of Theorem 3. Let p,(my, 7*) denote the expected discounted value of
a claim to a dollar when the process first hits 7#* from above, conditional on the
process being in a growth phase and on the current state being mg > 7*. In addition,
let 22(710, 7*) denote the expected discounted value of a claim to a dollar when the
process first hits 7* from above, conditional on the process being in a decline phase

and on the current state being my > 7*. Then we have the following:

oo
¢2(7T0’ 71-*) - / )\16_/\17122(77'060‘17'1 , 77*)6—7‘7'1 dry
0

and

a_12 In(7* /7o)
@, (mo, m*) = Ao 225, (Tpe™2 ™2, ) e "2 dry +
0

0o
_pL *
/ )\26_)\27—26 "oz In(m /FO)dTQ.

()%2 In(7* /7o)

To understand the relation between (7o, 7) and ¢, (7o, 7*), note that if the process
is going through a growth phase at 7, then state 7" < my will never be hit in
such a phase. Hence, when a switching date is realized at 71, the firm will get
£2(7r06a1”,7r*)e’”1. However, if the process is going through a declining phase at
7o, the process will grow at some random future date 75, so two situations must be
distinguished. On the one hand, if the process starts declining before reaching 7*
at the random date 75, then the firm will attain By(mee®2™, 7*)e™""2. On the other
hand, if the declining process goes all the way down to 7*, then the firm will attain
the discounted value of the dollar as soon as state 7* is reached.

0
Suppose that @, (mg, 7*) = A (W—S) ’ (where A, and 0, are constants to be found
T
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out). In this case, we have
o A2 % In(7* /7o) Te2272 02
o (mo, ™) = (—) 7 + Age 272 | A e ""dry
2 ) T* 0 *
A T4+ T4+

B A2 -l—j\“z— a0 <%>02 DN —I—i\“2i1a292 <%> Cot <%> h
(Rl A) -
e G () ()T

ﬂ-*

In addition,

. A2 A (woeam )92 +
_ * o —(r4+-X1)71 Ao+r—aofs T™* -~
()02(77-07 m ) - / Are (rAum Ao(1=A)+r—aszbs (71'060‘17'1 ) Ai;rr dr
0 Ao+r—aols T*
- )\1)\214 (7T0>02
(T+)\2 —&282)(7""‘/\1 —04102) T*

)\2 (1—A)+7’—CK292 (@)% )\1
T+)\2—CK2(92 * 7“+)\1—g—;()\2+7“)

0

Because we supposed that @, (7o, 7*) = A (W—S> 2, we must have that the following
T

two equations hold:

A A
_ A, 26
(7’ + )\2 — 04292)<7' + )\1 — 04192) ( )
and Ao (1A 0
(L= A)br - by 27)

)\2 +7r— 05292
Equation (26) implies that 6, solves

()\2 +r— 052(92) ()\1 +r — 04192) = )\1)\2.

We have shown before that the roots of this quadratic equation are 5; > 1 and 3, < 0.
Only the negative root can be admissible now, so #; = f3,. In addition, equation (27)
with 0, = 3, implies that

T+ Ao — aafy

A:
A2

(28)

B
Therefore, @, (g, ) = &3 <—2> g Finally, making use of (25) and (27) with 0 = 35,
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together with expression (28), yields that

I
VR
1
* | O
N——
=)
[\V)

£2<7T07 7T-*)

[ ]

Proof of Theorem 4. Let &(mp,7*) denote the expected value of the stream
of discounted profits collected while the process transitions from my until it first
hits 7* from above, conditional on the process being in a growth phase and on the
current state being o > 7*. Also, let £(mg, 7*) be the expected stream of discounted
profits collected while the process transitions from mg until it first hits 7* from above,
conditional on the process being in a decline phase and on the current state being

7o > m*. We can relate & (7, 7*) and &(mg, 7*) as follows:

E(mo, ) = / AT [/ moe™ e ds + E(moe™ ™ e dry (29)
0 0

and

O% In(7* /7o) T2 _
Emnm) = [T e [ e s 4 et n)e ™ dra 30)
0 0

00 O% In(7* /7o)
/ Age 272 ( : e e ds)dr.
L In(n* /7o) 0

To see how &(mg, 7*) arises, note that the process will start declining at some random
future date 71, so the firm gets a stream of discounted profits since the current date
until then, and also the discounted value of an asset worth £(mpe®™ ™, 7*). As for
E(mo, ), we have that the process grows at some random future date 75, although it
may start growing before hitting 7* (from above). If it does not, then the firm reaps
a stream of discounted profits until 7* is hit at time M. If the process starts
growing before hitting 7*, then the firm reaps a discour?’?ed profit stream until the
process stops declining, and the discounted value of an asset worth &(mee®272, *) at
such switching date.

Let us suppose that &(mg, %) = E (m0)” + G ()" (where g and 6 are con-
stants, whereas E' and G do not depend on 7 although they may depend on 7*), so

plugging the assumed functional form of & (7, 7*) into (30) and performing several
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manipulations yields:

(r—ag) A2 22

E(mo, ) = - (2) ()" s (Z0)

T — Qo T+ Ay — Qg r — Qg

+

o (r+)\370c2) To (r+)\2afa29§)
)\271'0 (—*) 2 /\2E7T86(1 — (—*) ? )
s + T
(r—a2)(r+ X2 — az) (7 + Ao — o)
('r‘+>\27a291)

MGl (1 — (@> 2

7T*

_|_

(7’ + )\2 — 04297)

1 Ao EThe AoGTly
0 0
T+)\2—052 T+)\2—04296 T+)\2—042(97
_ (rtAg—a9) _ (r+Ag—agbg)
(7{'*) a9 + AQE(W*) @9
r+Ao—ao9 r+Aa—asbg
~ (rtAo—agby)
A2G(m*) o
r4+Ag—a9207

+ (r+g)
(m0) 2

Substitute this into (29) so as to get the following after some manipulations:

E(mo, ) = (l—l— M > il -

r+X—ay) (r+ A —a)

\ _(rtAg—ag) _(rtXo—agbg)
A\ (22 (x*)_°2 doB(rt)
102 (77'0) 2 (r+i2—az) ( (7“+)\2*)04296) 4
_ r+Ao—anl
(az(r + A1) —aa(r + A2)) e
(r4+X2—a2b7)

)\2E(7T0)96)\1 )\2G(7T0)07/\1
(7“ + )\2 — Oz296>(7“ + )\1 — @106) (7” + /\2 — 04207)(7“ + )\1 — 04197) '

Assume that f = 1 so that the assumption that &(mo,7*) = E (m)" + G ()"
implies that the following must hold:

(7“ + )\2 — 042)(7“ + )\1 — 052) — )\1)\2

b- = 31
(r—ao)((r+ A2 — ag)(r + A\ — a1) — A1 Ag) P15 (31)
G = _ (r4+X—asly) [ 14 Xapy )

o (W*)(%—l) "4+ Ay — o

and
(7’ + )\2 — (1297)(7“ + )\1 — 04197) = )\1)\2.

We must clearly have that 6; = 5, < 0, so using this result as well as expressions
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(31) and (32) yields after very laborious manipulations:

E(mo, ") = (M) o —

r+ Ay — g
(rthg—ag) (rthg—ag)
() T Bl T con  MGrl
r+A2—ag (e fi?;oa o) 2 + __=-"0
NG(rt) T+ Ay — a3,
r+A2—azy

1+ )\2p1 (71'0)62_1 1+ )\2[)1
T+)\2—C¥2 * T"’)\Q—OZQ

where the second equality makes use of the fact that

_(rtXxo—ag) _(rtAo—a9g) _ (rtAo—a9By)
() 2 n A E (1) 2 i MG (77) 2 0
T4+ Ay — o T+ A — g T+ —agBy
and the third equality uses
]. + AQpl
2L, 33
"+ Ay — g P2 (33)

In turn, note that

g(ﬂ'g, ﬂ'*) = FEng+ G (7.‘-0)52
(1 + A2 — a2 8,)mo ( 14 Aopy ) (@)/521

= P )\2 T‘l’)\Q—OéQ *

o Ba—1
= 1T — Pa0170 (;) )

where the last equality makes use of (33) and the definition of 6;. =

Appendix B

Proof of Lemma 1.

Let 7}, denote the threshold that triggers investment when the process is above or
at such state for the first time given that the market is growing. In addition, let 7}
denote the threshold that triggers investment when the process is above or at such
state for the first time given that the market is declining. We claim that % > 7%,

so suppose to the contrary that 7}, < 7}, and consider states such that the firm does

20Note that this implies that the firm invests only if the market is growing owing to the continuous
sample path of the stochastic process.
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not invest immediately if the market is in growth, but such that the arrival of the
next switching date would trigger immediate investment: formally, mq € [15;, 7). In
this case, the dynamics of the value of the investment opportunity while the market

is growing, denoted by 72(7?0), are given by the following Bellman equation:
Vi(mo) = max{pymo—K, (1—rdt)[Midt(py(mo+anmodt) — K ) +(1=\dt)V p(mo+armodt)] .

On the waiting region, a Taylor expansion and straightforward manipulations ignoring

terms of order higher than dt yield

dVE (7'('0)

(’I“ + )\1)?2(71’0) — (1T d7r0

-+ )\1(p27T0 — K)

The solution to this differential equation is

—x )\1p27T0 MK AL
Vv = — B a 34
E(Tro) r4 )\1 — o r 4+ )\1 + <7T0) Ly ( )

where B is a constant. In particular, we know that V' (7%) = p, 75 — K, whence one

can get the value of B and plug it into expression (34) so as to get

T+

/\1,027TQ )\1K )\1K /\1p2ﬁ*E <ﬂ ay

V* —x — _ _*_K R
5(m0[Tx) r+A— o T+/\1+[p17TE +7”+)\1 T+ -

Tk
Using the fact that
(r+A&—ai)pp =1+ Aip, (35)

and maximizing V(o [7% ) with respect to 7% yields that 7% = 7K (since V (7o |75 )
is strictly quasi-concave). As a result, we have that the value of an optimally managed

investment opportunity if the market is growing at my € [1%;, 7};) equals

s A MK K T
A S T — oy

v (— 36
7’—1—)\1—@1 7‘"‘)\1 (7’+)\1_a1)<T+)\1) rkK ( )

Once the value of 7}, has been found out, it simply remains to find out that of
my;- To this end, let us examine the value of the investment opportunity in a growing
market for 7o < z};. Let V(7o) denote the value of the investment opportunity if

the market is declining, and note that the dynamics of V7,(m) are given by

dV p(mo)

+ AoV (o), (37)
o

(1 + X))V (m0) = aamo
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since the firm is in the waiting region during the decline phase. Similarly, V(o)

satisfies the following differential equation for my < 7%:

dV*E (71'0)

o

(r + M)Vg(mo) = armg + MV 5(mo), (38)

since the firm does not invest right away if the market switches from growth to decline.
Solving the system of differential equations comprised by (37) and (38), and using
the boundary condition that V*E(O) = 0 leads to the following solution:

V(o) = R(mo)™, (39)

041<7“ + )\2) + 042(7" + )\1) - \/Z

20[10[2
Evaluating (36) at myp = 7},, we have that the boundary condition from which R can

where R is a constant to be found out, and 3, = > 1.

be derived is

7‘+/\]
R( * )ﬁ /\1P2£E /\1K 4 O[l’T‘K E*E ay
M)t = — — ,
- r+M—ar rH+N  (r+A—a)r+ M) \rK
so expression (39) becomes
Mooy MK K £\ g
Vimolzh) = | P22 — S — e ) ™| (Zo)
T+)\1—CY1 T—I—)\l (T+)\1—&1)(T+)\1> rK TE

(40)
Performing some manipulations, we have that the derivative of V(g |z% ) with re-
spect to % is

V(o lny) _

(71—0)51
wp)

A
Aipo(1 = By)1g rK(r+ M\ —a1) <E*E> o1 BiM K
r+ A — o (r4+XM—ay)(r+ ) \rK r+ M\

*
ons,

277* * i *
—a VE (77-0 |£E ) < 0 whenever —aVE (7]-0 |EE )
O(zy)? s>

claim that V(7 |x%) is strictly quasi-concave). For the value of 7% such that

We claim that = 0 holds (i.e., we
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Vo ImE) _ ) holds, we have that

ons,
— r+A
0?V (7o |T%) _ Aps(1—5;) N rK(r+M—aify) (1 o (m0)P1
d(x;)? r+ A —ao ar(r+ A —aoq)oy \rK (m)Patt
_ M[(By — 1)pomyy — BlK](WO)ﬁl
al(E*E>51+2
)\151(70)’81 mp— 1K
= al(E*E>B1+2( <0

OV (o |z)

where the last equality follows because = 0, the first inequality holds

ony,
because p, < p; < %,21 and the last inequality follows since 7}, < rK.
T 1 -
Evaluate M at ™ = rK so as to get
oy,
OV (o |rK) _ Mps(L=0B)(r+M)rK  rK(r+ XA —a16;) By (r+ A —aq)K
on, (r+X)(r+XA—o) (r+M—a)(r+X) (T+A)Tr+MN—a)
(7-‘-0)51
(E*E)/Bﬁrl
_ 1A = B)rpy + Bl K(mo)™
- >0,
(E*E)51+1
since A\1py = (A +7 — 1) p; — 1 by expression (35) and p; < ﬁ was just
-

shown to always hold. This proves that V(7 |z’ ) is an increasing function for
< rK, and (40) implies that the payoff expected by the firm would be bounded

21To show that p; < L, note that

r(By—1)
(7’+>\1 - Otl) (7‘ + Ao — OLQ) — A2 = ajan (1 - 61) (1 — 62) ,
so some algebraic manipulations yield that p; can be rewritten as follows:

o = (r—ag) (r+ A + X — a9) _1 7"(7"‘*‘)\14‘/\2)—“42]_1[ BBy — ot
! ara (r—az) (1= 51) (1= Bs) rarag (1= 51) (1 - 5,) (1=p1)(1—8,)

T
where the last equality makes use of the fact that a8, = 7 (1 + A1 + A2). As a result, it follows
that

I,

(61—1)p1r—ﬂ1:5152—0%—51(52_1)< B —r <0
p1 (81— 1) pr (B —1)(By—1) arpy (B1 = 1) (B, — 1) ’
since 5; > 1, By < 0 and a1 8, — 7 = A1 (1 — d2) > 0. Hence, we must have that p; < Mﬁﬁill)
-
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above by

— Ao K MK arK To \ P1
Vip(molrK) [ e , 1 ]( 7)

T+)\1—()é1_T+)\1+<T+)\1—Oél)(7"+)\1) m

= (oK~ ) (Z2)",
which is the (expected) payoff if the firm does not invest during the market decline
and it invests the first time the market reaches state r K, conditional upon the current
state being 1y < K. As we show below (see Proposition 1), the firm’s maximal payoff
conditional upon investing only if the market is growing is max(p,mg — K) (1o /7).
The fact that "

o

7% B T B1
Vislmo 1K) = (prrK = K) (22) < max(pyme = K) (ﬁ)

contradicts the optimality of investing during the market decline, which concludes
the proof. m
Proof of Proposition 2. Note that expression (3) holds if and only if

pr(a1fy — on)my = ) K (41)

is satisfied. Because we have that oy 8; = Ay (1 — d2) 4+, condition (41) is equivalent

to
(r—oq)pmp =rK+ XM (1 —062) (K — py7y).

It is simple to show that it holds that (r — ay) p; = 1+ A1 (py — py), so plugging this
equality into the previous expression yields the desired result after canceling some

terms and rearranging:
Ty = 1K+ M[0a2(py7y — K) — (pony — K)J.

n
Proof of Proposition 5. Note that equation (5) holds if and only if

7@(04202(52 - 1) — 3,5 =0

is satisfied. Adding up 7S on both sides of this expression, and using the facts
that 7 — a8y = Mg (01 — 1) (see definition of ¢; in Theorem 3) and 1 + Ayy; =
PalAe (1 —61) +7r — as] (so 14 Ayy; = agpy(By — 1)) leads to the desired result. m
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Proof of Proposition 6. First, we prove that Vy (1%) — Vi (7%) = 7,7% —
(1 —461)S > 0. By Proposition 5,

*

YT +018 =5 = ,
A2

By
P2(52 - 1)

(r+A—a1)(r+A—az) = Md =g (1= 54) (1= 5,),

so we simply have to show that r > holds. To prove this, notice that

so we have that

1 T(T+)\1+)\2)—ra1]_ 1{ 5152_0%
P s (1= B) (1= By (1= By) (1— By)

T
where the last equality follows because it holds that a8, = r (1 + A; + A2). As

]7

a result, using the fact that asf5y — 7 = Ay (1 — 97) (see definition of d; in Theorem
3) yields that

<52_1)P274_52:/31/32—%—52(51_1): Ao (1 —07)
(B2 = 1) py p2(B1—1) (B2 — 1) azpy (B = 1) (B — 1)
whence it is clear that p2rp(f(2ﬁ; i)l_) Ba =7r— Wﬁﬁ > 0, since §; € (0,1),

By >1and 3, <0.

Therefore, we must have that V' (7% ) — V (7%) > 0, and to complete the proof
it suffices to show that Vy (mo) — Vi (m0) > Vi (7%) — V% (7%) for mp > 7%. To
prove that V' (mg) — V% (o) is increasing for my > 7%, let my > 7% and use the
definition of «y; in (2) so that

Vi (mo) = Vi (m) = 7ymo — (1 —61) Vi (mo)
{pa[A2 (1 = 01) + 7 — ag] — 1}mg

= N — (1 =01) Vx (mo)

= (1 —=91) (pamo — Vi (m0)) +

[pa (r — az) — 1]

A2
B2 . 1
= - a) i - ) (2] el =i
_ (1-4)S (ﬂ)BZ 4 12 (r = a2) = 1mo
fy—1 \7% o ’
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where the last two equalities follow from Proposition 4. Note that

A2 (a1 — az) py
()\1+)\2+7”—Oé1),

Py (r—az) —1=

SO

Vi (m0) = Vi (mo) =

(1—6,)S (@)—52 N ( (a1 — az) pymo

52—1 o )\1+)\2+7’—C¥1).

Hence, Vy (mg) — Vi (m) is clearly increasing in 7 (since 6; € (0,1) and 8, < 0),
which shows that V' (mg) — Vi (m0) > Vi (%) — Vi (%) for mg > 7%. m

Proof of Proposition 8. To show that

mp =K + M [0V p(rh) — (Vi () - K)]

use 5
—x K 015 (W*E) 2
Ve(ny) = —
oy
and 5
* * * S Ty :
Vx(7g) = pomp — By — 1 (Wf)
X
so that

rK + A |62V () — (Vi (7h) — K)]
@<5K _&ﬂﬂm&ﬁ>+swy@f1

= (r+ MK —=XMpymp+ A\

11 fi—1 fr—1
« 7o \P2
8K +06 swz—ﬁl)EwE/wx)
= T+ (r+ MK — (A +7—a1)p : (1ﬁl—1)1pf2 |+
K &S (mp/ri)™\ | XS (rp/m3)™
A@<&_1 g1 )* g1
. % (>\1+7‘—a1)51 /\1+7‘—a151
— WE+K[(A1+T)— 61—1 + 51_1 ]‘*’
&SWE%E@{Mr+%ﬂhﬂ%—ﬁﬁ_(M+r—aﬁJWx—D+§;
52_1 51_1 61_1 51
015 (m/m%)% A
= T+ — ZZE_/ZX) [6—11+04152—()\1+T)1

_ *
= 7TE7
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where we have made use of the facts that A\;p, = p;(A\ +7 — 1) — 1 (by (35)),

— 7k /7 P2
51K+515(52 ﬁl)( E/ X)

7T* _ 1-5,
i (51 - 1) P1
/\ _
(by (8)), Aida = A +7 — auiy, 6, = *A—“ﬁ and (24). m
2
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