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Abstract

We consider the use of randomized experiments to measure social interaction effects. Ran-
domization at two levels—across groups and within groups—can resolve an omitted variables
problem for a linear-in-means model of endogenous social interactions. We examine how the
randomization should be carried out to estimate the coefficients of interest most precisely, and

calculate the optimal treatment probabilities under different criteria.

1 Introduction

There has been considerable work in recent years on estimating models where individuals within a
group influence each other’s behavior. Brock and Durlauf (2001) and Moffitt (2001) survey recent
studies of social interaction effects.

Models with social interaction effects present severe identification problems, as was pointed out
in the seminal paper by Manski (1993). We consider a version of Manski’s linear-in-means model
of social interactions, and show how a randomization can be used to identify the model. Then we
consider the experimental design issue: how should the randomization probabilities be chosen to
obtain the most precise estimates of the coefficients of interest? We calculate the optimal treatment
probabilities under certain criteria. We find that for some criteria, the design used by Duflo and

Saez (2003) is nearly optimal.
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2 Linear-in-Means Model

Suppose we observe N non-overlapping groups ¢ = 1,...,N. For each group g, we sample MY
individuals. We assume that the MY individuals form a random subset of the full group, and we
assume that all the variables of interest are independent across groups.

Consider the following linear-in-means model of social interactions, which is a special case of
the model introduced by Manski (1993):

Ygi = EgygilB + wgin + agi + €4i, (1)

where all variables are measured in deviations from sample means, and E,[-] denotes the mean
within the gth group. The outcome of interest is y4; for the sth individual in the gth group, and
for simplicity, we assume that the covariate x4; is a scalar.

The coefficient 5 on Eg[y,] is the endogenous social effect (Manski, 1993). Equation (1) implic-
itly rules out so-called exogenous social effects, which would arise if the group-mean of a covariate
appeared as an explanatory variable in the equation. In other words, the covariate x,4; affects out-
comes only through the individual 7. The term «g, which is not observed by the econometrician,
captures the presence of correlated effects within a group.

To obtain a reduced form equation, take the group mean of Equation 1 to obtain

Eylyg] = Bylegl 5 + 1205 (2)
We assume that the system is in a social equilibrium, so that (2) holds, and we can substitute (2)
into (1) to get
Ygi = Tgin + Eyg [acg,-]lﬂ_nﬁ + o + €gi (3)
where o = ay/(1 - ).

In general, ay may be correlated with Ej [z4i], so that a simple regression of the outcome on x4
and Egy[z4] would not necessarily lead to reasonable estimates of the parameters 3 and 7. Graham
and Hahn (2005) suggest viewing this as a panel data model, where the ay are group fixed effects.
Since one of the regressors of interest, Eq[x,;], does not vary within the group, they propose to use
a version of the instrumental variables estimator of Hausman and Taylor (1981) to estimate the
model. Below, we argue that randomization can also be used solve the problem, and then consider

how the randomization should be implemented.



3 Benefit of Randomization

Recently a number of studies have used randomized experiments to measure social interaction
effects. Some examples include Angelucci and De Giorgi (2008), Duflo and Saez (2003), and Miguel

and Kremer (2003). We consider a two-level randomization scheme as follows:
1. Select a random subset of groups, using group treatment probability p.

2. Within each “treated” group, select individuals randomly with probability q. These individ-
uals receive the treatment; other individuals in the group (and all individuals in untreated

groups) do not receive the treatment.

As an example, Duflo and Saez (2003) used p = % and ¢ = % We will examine how the random-
ization identifies social interaction effects, then consider the choice of p and gq.
Let D, = 1 for treated groups (and 0 otherwise), and Ly = 1 for treated individuals (and 0

otherwise). Consider the model
Ygi = a2 + pioLg; + 02Dg + vgi. (4)

Note that for groups with Dy =1, Pr(Lg = 1) = ¢, and for groups with Dy =0, Pr(Lg = 1) =0.

Therefore, we may write the model as
Ygi = Q2 + ,ungz' + 5;Eg [Lgi] + Vgi,

with 035 = %2. If we set

Vgi = a; — E[Oé;] + €4i,

g
gy = Elag],
Lgi = Tgi,

this has the same form as Equation (3). Crucially, however, randomization ensures that (Lg;, Eg[Lg])
is independent of vgy;. Therefore the model is a pure random effects model, with random effects
independent of the regressors. Standard OLS is consistent for the parameters s and 6o, or GLS

can be used.

4 Design Issues

Consider OLS estimation of the model in Equation (4). How should (p, ¢) be chosen to obtain the

most precise estimates of the parameters of interest? To derive concrete results, we consider the



homoskedastic case, where V (a,) = 0.1

The second moment matrix of (1, Lg;, Dg)’ is

1 pg p
pq pqg pq |,
P pqg P

and the variance-covariance matrix of the OLS estimator (@3, 73, 2) is

1 1
1-p 0 p—1
0 1 1

pq(1—q) Pg—p
1 1 1—pq

p—1  pg—p  p(1—-p)(1—q)

In general, different choices of (p, q) will affect the precision of estimates for the key parameters s
and §o differently.

We consider the following cases:

1. Minimize V(2): This leads to the optimization problem

- 1
min V = min ——.
D,q (722) pa pq(l—q)

The trivial solution is p =1 and ¢ = %, which is not surprising since we are only concerned
with the individual response and not the interaction effect.

2. Minimize V(cg): The variance of the estimated coefficient on the group variable is

o 1—pq
V)= i =g

For any fixed p, this can be shown to be a strictly increasing function of ¢ over ¢ € [0, 1].

However, if ¢ = 0, then by construction, we must have p = 0 as well. Thus a minimum does
not exist.

3. Minimize a weighted average of variances: consider the weighted criterion function

WV ([iz) + (1 = w)V (8),

1The analysis could be extended to consider other estimators and alternative assumptions about the group random
effects, but the homoskedastic case is a natural benchmark.



where w € (0,1) is a weight. The criterion can be simplified to

w 1 l1—w

+ +
pg p(l—q) 1-p

In the case where w = %, this is miminized by setting

=2 —1=0.41421,

p= f <2\/§—\/2\f+3+3>—070711

4. Sequential optimization: suppose that, for any given p, we choose ¢ to minimize the variance

and

of the individual-level coefficient:

1
mll’l —_——
a pg(l—q)

Then we choose p to minimize the variance of the group-level coefficient:

min —1 —pe
p p(1—p)(1—q)

Straightforward calculations yield the solution
1
(p,q) = (2 —V2, 2) = (0.58579,0.5).

In closing, we note that approach 3, and especially approach 4, yield optimal treatment probabilities
close to the case (p,q) = (3,1) used in recent studies such as Duflo and Saez (2003). Our analysis
can be easily modified to consider alternative criteria and alternative assumptions about the data-

generating process.
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