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Abstract

In certain auction, search, and related models, the boundary of the support of the observed data
depends on some of the parameters of interest. For such nonregular models, standard asymptotic
distribution theory does not apply. Previous work has focused on characterizing the nonstandard
limiting distributions of particular estimators in these models. In contrast, we study the problem
of constructing efficient point estimators. We show that the maximum likelihood estimator is
generally inefficient, but that the Bayes estimator is efficient according to the local asymptotic
minmax criterion for conventional loss functions. We provide intuition for this result using Le

Cam’s limits of experiments framework.



1 Introduction

This paper studies efficient point estimation of structural econometric models in which the boundary
of the support of the observed data depends on some of the parameters of interest, and on regressor
variables. This parameter-dependent support property arises in certain parametric auction models,
search models, and production frontier models. For such models, conventional asymptotic theory
does not apply.

Much of the previous work on models with parameter-dependent support, including Flinn and
Heckman (1982), Smith (1985), and Christensen and Kiefer (1991), Donald and Paarsch (1993),
Hong (1998), Donald and Paarsch (2002), and Chernozhukov and Hong (2001), has focused on
obtaining asymptotic distribution theory for maximum likelihood, Bayes, and other estimators.
The limit distributions of these estimators are generally nonnormal, making comparisons of different
estimators and efficiency considerations more difficult than in the regular case. We build on this
important earlier work by directly examining the efficiency issue and identifying a class of optimal
estimators.

We use the standard local asymptotic minmax criterion for optimality. This criterion compares
estimators by their maximum expected loss over a localized parameter space. In regular finite-
dimensional parametric models, this criterion coincides with other familiar optimality definitions
(for bowl-shaped loss functions) and leads to the conclusion that the maximum likelihood esti-
mator is optimal. However, inspection of proofs of the efficiency of the ML estimator show that
this property is quite closely tied to regularity of the underlying model. Because the models we
consider here are nonregular, there is no guarantee that ML will be efficient. In fact, we show that
for standard loss functions such as squared error loss, ML is generally inefficient in models with
parameter-dependent support.

We then consider Bayes estimators, which provide an alternative, likelihood-based method
of inference in parametric models. Recent work on Bayesian inference for search and auction
models includes Lancaster (1997), Kiefer and Steele (1998), Bajari (1998), Sareen (2000), and

Chernozhukov and Hong (2001). In regular parametric models, Bayes estimators are typically



asymptotically equivalent to ML (see for example Ibragimov and Hasminskii (1981)). Hence, for
bowl-shaped loss functions, Bayes estimators are also efficient in regular models. In nonregular
models, ML and Bayes estimators are no longer necessarily asymptotically equivalent. We show
that, for the class of nonregular models where the boundary of the support depends on at least
some of the parameters, Bayes estimators are efficient.* Thus Bayes estimators remain efficient
under this form of nonregularity, while ML loses its efficiency properties.

We develop intuition for our result on the efficiency of Bayes estimators by applying the
Blackwell-Le Cam theory of limits of statistical experiments to various special cases. Using the
limits of experiments approach, we can characterize the entire class of attainable limit distributions
for estimators in a given model. In the case where the covariates have a discrete distribution, the
model we consider is asymptotically equivalent to a simpler model consisting of a vector of draws
from shifted exponential distributions. Asymptotic equivalence means that any limit distribution
for a statistic in our model of interest can be obtained as the exact distribution of a statistic in
the shifted exponential model. This result is useful, because the exponential shift experiment has
a simple structure which can be exploited to verify optimality of certain estimators. The shifted
exponential limit experiment is invariant under a group of transformations. Under certain condi-
tions on the group of transformations and the loss function, a generalized Bayes procedure with
respect to a flat prior is both minimum risk equivariant and minmax. Since Bayes estimators in
the original nonregular model have a limiting distribution equal to the distribution of the flat-prior
Bayes estimator in the limit experiment, the Bayes procedure in the nonregular model is locally
asymptotically minmax.

Our findings are closely related to earlier work on optimal estimation of simpler nonregular
models without covariates, in particular models for i.i.d. sampling from univariate densities with
jumps (Ibragimov and Hasminskii (1981), Pflug (1983), Ghosal and Samanta (1995)). Allowing for
covariates leads to more complicated limit experiments and requires an extension of the results on

asymptotic efficiency in Ibragimov and Hasminskii (1981).

*It is possible to construct loss functions, using the Dirac delta function, such that the Bayes solution under a
flat prior is the MLE. However, our focus here is on standard loss functions, such as squared error loss and absolute
error loss.



Recent work derives the limiting distributions of specific estimators in more general models
where there are regressor variables that can shift the support of the outcome variable (as well as
affect the shape of the outcome distribution in other ways). Donald and Paarsch (1993) develop
the asymptotic properties of ML estimation in models where the support can depend on discrete
covariates, and Donald and Paarsch (2002) consider analog-type estimators for such models. Cher-
nozhukov and Hong (2001) extend this work by allowing for continuous covariates and developing
limiting distributions for both Bayes and ML estimators. They also consider an expanded class of
models which includes a discontinuity in the density between two strictly positive values. Our work
also yields a limit distribution theory for Bayes estimators which is consistent with Chernozhukov
and Hong (2001), but our main focus is on obtaining asymptotic efficiency results in the nonregular,
parameter-dependent support setting with covariates and providing intuition through the limits of
experiments theory.

In the next section, we consider a special case of our general model: the experiment of observing
n independent and identically distributed draws from a uniform distribution on the interval [0, 6].
This model has been well studied, but is useful for introducing notation, discussing the general limits
of experiments framework, and providing intuition for our later results. Moreover, the inefficiency
of ML can be seen quite easily in this case. In section 3 we consider a more general model where the
support of the outcome variable can depend on both parameters and covariates. Our first step is
to provide a limits of experiments characterization in cases where the covariates are discrete. This
directly yields intuition for optimality of the Bayes estimator, using the invariance properties of the
limit experiment. Then, in section 4, we study the asymptotics of Bayes estimators and provide an

efficiency result that applies to general distributions of the covariates. Section 5 concludes.

2 Uniform Model

Under standard classical conditions, maximum likelihood estimators are consistent, asymptotically
normal, and efficient. A well known example of a model where the classical conditions do not hold,
is the experiment of observing a random sample of size n from a uniform distribution on the interval

[0,6], for 8 € © C Ry;. We use this example to illustrate the inefficiency of ML, and to show that



an efficiency bound can still be obtained in this nonregular case and that Bayes estimators attain
the bound. The intuition from the uniform model will carry over in a very direct way to the more

general models considered in section 3.

2.1 Estimation

Let Zy,...,Z, be an ii.d. sample from U|0, 6], the uniform distribution with density p(Z|0) =

1{0 < Z < 0}/6, where 1{A} is the indicator function for the event A. The likelihood function is

1 n
p(Z1, ..., 2,10) = <§> 1{0 < Z(,) < 0},

where Z(,) denotes the nth order statistic, i.e. the sample maximum. The maximum likelihood
estimator is simply Orr, = Z(y)- Its limiting distribution is

~ 1
n(Oyr —0) ~ —Exp <§> ,

where Exp(1/6) denotes an exponentially distributed random variable with hazard rate 1/6, and ~»
denotes convergence in distribution. Clearly, the estimator is not asymptotically normal. Although
it converges at rate n, much faster than the usual y/n rate, the fact that the limiting distribution
lies completely to one side of the true parameter suggests that even better estimators may exist.
Bayesian estimation of # provides an alternative approach to maximum likelihood estimation.
Given a prior m(f) on O, the posterior distribution p(0|Zy,...,Z,) is given by Bayes Theorem.

Then given a loss function [(6, a), the Bayes estimate chooses a to minimize posterior expected loss
E[l(0,a)|Z1,...,2Zy) = /l(ﬂ,a)p(9|Zl, ey Zyn)do.

Here, a is interpreted as an estimate of #. For a given prior 7w and loss [, the corresponding Bayes
estimator can be regarded as a decision rule that takes the observed values of Zi,...,Z, and
produces an estimate of §. For example, suppose we choose squared error loss, 1(6,a) = (a — 0)?,
and the (improper) prior 7(f) = 1{0 < 6}/6%. Then the posterior density can be calculated to be
p(0|Z1,...,Z,) = (n+ I)Zg;gll{Z(n) < 0}/0"*2. The Bayes estimator for squared error loss is the

posterior mean, 0 = Zmy(n +1)/n. The limiting distribution can be shown to be
~ 1
n(@p —0)~ 0 — Exp <5> .
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The convergence rate is the same as maximum likelihood estimator, but now the limiting distribu-
tion is centered to have mean zero. Clearly, the Bayes estimator will dominate the ML estimator
for squared error loss. It can also be shown that using a different prior typically does not change the
asymptotic distribution of the Bayes estimator, because the prior is dominated by the likelihood
as the sample size increases.

In the case of squared error loss, the Bayes estimator can be interpreted as a bias-corrected
version of ML." But this does not guarantee that the Bayes estimator will be efficient among all
estimators. The limits of experiments framework, described next, allows us to obtain stronger

results on the efficiency of Bayes estimators for a wide class of loss functions.

2.2 Limits of Experiments

The limits of experiments theory is an approximation theory for statistical models rather than
for estimators within a given model. It provides a parsimonious description of the entire set of
attainable limit distributions among estimators in the statistical model. This description, in turn,
can often suggest the form of optimal estimators.

An experiment (Z, A, P, : h € H) is a measurable space (Z,.A) along with a collection of
probability measures on that space indexed by a parameter h. The experiment is interpreted as
the situation where we observed a random variable Z on (£, .A), distributed as P, for some h in a
parameter space H. We use h to denote a local parameter, related to the original model by 6 + ¥, h
for some fixed € in the original parameter space and a normalization sequence ¥, — 0. In regular
cases ¥, = %I , where I is the identity matrix, while in the nonregular cases we consider here,

some of the diagonal elements of v, are 1/n rather than 1/y/n.

The likelihood ratio process based at hg € H is defined as ( fgf (Z ))h " Because it depends
0 €
on the random variable Z, it can be regarded as a stochastic process defined on H. A sequence

of experiments &, = (P, : h € H) is said to converge to the experiments & = (P, : h € H) if

the finite dimensional distributions of the likelihood ratio process converge to the corresponding

fCavanagh, Jones, and Rothenberg (1990) consider bias-corrected ML estimators in regular models under general
loss functions. They show that bias-corrected ML (with the bias-correction depending on the loss function) is efficient
among asymptotically normal estimators. Efficiency of bias-corrected ML among all estimators in possibly nonregular
models is considered in Hirano and Porter (2002).



distributions of the likelihood ratio process for £, i.e. for every finite subset I C H and every

< b, ) hy ( dpb;, )
AP hg hel APy, hel

Here 22 denotes weak convergence under the local parameter sequence {6 + 1, ho}. Since the

ho € H,

likelihood is a sufficient statistic, it is not surprising that properties of an experiment can be
explored through the likelihood ratio process. A key result from the limits of experiments theory

is the following:

Theorem 1 (Asymptotic Representation Theorem) Suppose that a sequence of experiments &, =
(Py,n - h € H) converges to an experiment € such that €, regarded as a set of measures, is dominated
by a o-finite measure. Let T, be a sequence of statistics in &, that converges weakly to a limit law
Qp for every parameter h, where the Qp concentrate on a fized Polish set. Then there exists a

(possibly randomized) statistic T in € such that for every h € H, T, L

Proof: See Van der Vaart (1996), or Van der Vaart (1991) for a more general version.

Thus, by studying the limit experiment £ we can characterize the set of attainable limit distri-
butions in the original experiment. For example, limit experiments have been used to study the
efficiency of maximum likelihood estimation in regular models via local asymptotic normality. We

use the limit experiment theory to understand efficiency in the nonregular UJ0, §] model.

2.3 Limits of Experiments Analysis of the Uniform Model

Now we return to our example of observing a random sample from UJ0, #]. In contrast to the usual
regular case, here the appropriate scaling factor for a local parameter sequence is ¢, = 1/n. Thus
a local parameter h € R corresponds to the sequence of models U|0, § — (h/n)]. The likelihood ratio

has the form

dpn,h . (9 — ho/n)”
dPup,  (0—h/n)"

1{Z4 < 6 — h/n}

almost surely under P, 5,. It can be shown that

dPnh ho (h_hO)
—_— ~— 2 ) 1{W > h!l.
dpn,ho“”e’(p( 0 {W 2 h}
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where W is distributed as a shifted exponential with density fi(w) = exp (M) 1{w > ho}/0.

Next, consider the situation where we observe a single draw W from the shifted exponential
distribution with density fyy. The likelihood ratio for this experiment is exp((h— ho)/0)1{W > h},
exactly the same as the limiting likelihood ratio in the uniform case. Hence the finite-dimensional
distributions of the likelihood ratio process from the U|0, 6] experiment converge to the finite-
dimensional distributions for an observation from a shifted exponential with hazard rate 1/6.

From the asymptotic representation theorem, we know that estimators of 6 have a limiting
distribution equal to the distribution of some randomized estimator in the shifted exponential limit
experiment. Consider a randomized estimator, 7T', in the limit experiment. This estimator has
maximum risk, supy, Epl(T — h) where the expectation is taken under h. The minmax risk bound
in the limit experiment is then

R = infsup E,l(T — h),
T n

where the infimum is taken over all randomized estimators. It follows that this expression is also

the asymptotic minmax risk bound for estimators in the original experiment, i.e.

lim inf sup Epl(n(d — 6 + h/n)) > R,

n——00 heH

provided # has a limit distribution under every h, and [ is lower semicontinuous. So the (exact)
lower bound for an estimator of the shift from a single observation from a shifted exponential gives
the asymptotic bound for estimators of 6 from a random sample from U|0,6]. The lower bound,
and the form of optimal estimators, will generally depend on the choice of loss function; this finding
can be contrasted with the local asymptotic normal case, in which a single estimator, the MLE, is
known to be minmax for all bowl-shaped loss functions.

For the shifted exponential experiment with squared error loss, this bound is known from
classical decision theory to be R = #?. The asymptotic risk of the maximum likelihood estimator
is 26%. On the other hand, the Bayes estimator, Z,)(n+1)/n, has risk 2. So the Bayes estimator
for squared error loss is efficient for squared error loss minimax risk.

Similar calculations can be carried out for other risk functions. However, there is a useful

heuristic argument that shows that Bayes estimators generally will be efficient when the experiment



has a shift form, following Berger (1985), Section 6.3. Suppose we observe a single draw for a random
variable W with density f(w — h), where h is a location parameter in R. Assume the loss I(h,a)
has the form [(a — h). Since the problem is location invariant, it is natural to focus on equivariant

estimators, i.e. estimators which have the form
d(w+c)=d(w)+c
Then 6(0) = 6(w) — w, so we can write
d(w) =w+6(0) =w+ K.
It can be shown that an equivariant rule has constant risk
R(h, ) = R(0,6) = / l(w + K) f(w)dw.

The minimum risk equivariant (MRE) rule minimizes the previous expression. According to the
Hunt-Stein theorem (see e.g. Kiefer (1957) and Wesler (1959)), under some conditions the MRE
rule turns out to be minmax over all possible decision rules.

Now consider the (generalized) Bayes estimator with respect to the constant prior. This mini-

mizes expected loss with respect to the posterior

p(hlw) = ¢ f(w —h) = f(w = h).

The posterior expected loss is

E(I(a— h)|w) = / a — h) f(w — h)dh = / Iy + K) f(y)dy

(setting y = w — h and K = a — w). Minimizing this is the same as finding the MRE rule; hence
the generalized Bayes estimator is minmax.

Under weak conditions on the prior, the Bayes estimator in the uniform model for a given loss
function will have the same limit distribution as the Bayes estimate with flat prior in the shifted
exponential experiment, because the prior gets dominated by the likelihood function in the limit. It
follows that the Bayes estimator in the uniform experiment will be locally asymptotically minmax,

for a fairly arbitrary choice of prior.



3 Limit Experiments for Regression Models with Parameter-Dependent
Support

Having developed intuition from the simple uniform case, we examine more general models using the
limits of experiments framework. We are interested in econometric models where the conditional

density of a scalar y; given a vector of covariates x; has the form

filzi, 0,7)1(y: > g(x4,0)),

where 6 and ~ are finite-dimensional parameters, and where, for x; in some set with positive
probability, the conditional density of y; at its support boundary g(z;,0) is strictly positive. A
general optimality result will be given in Section 4 along with precise conditions on the model. In
this section, we focus on using the limits of experiments framework to provide intuition for the

efficiency of Bayes estimators.

3.1 Limit Experiment with No Covariates

First, let us consider the special case with no covariates and a scalar parameter. We assume that

the y; are i.i.d. with density

fwil0)1(y: = 9(0)),
where 0 € O, a compact subset of R. Let Pj' denote the joint law of y1,...,y,. Assume that
f(g(8)]6) > 0, and that g is continuously differentiable with derivative ¢’ > 0. As a consequence of
the general limit experiment result in Theorem 2 below, we have the following finite-dimensional

limit likelihood ratio process: for every hg € R and every finite set I C R,

dP} _
<—Z+h/n ) 9 (exp <L h0)> 1(W > h)> ;
dP9+ho/n hel A hel

where A = [f(g(0)|0)g’'(8)]"! and W is a random variable with the shifted exponential density
Jfw(w) = exp (—(w — hg)/A\) L(w > hg)/A. This is essentially the same likelihood ratio process as
in the uniform model. It follows that the experiment consisting of observing one draw from the

shifted exponential density

fw(w) =exp (—(w —h)/A) L(w > h)/A,



where A = [f(g(6)|0)g’(0)] 7}, is asymptotically equivalent. By the reasoning we used in the uniform

case, the Bayes estimator will be optimal.

3.2 Limit Experiment with Covariates

We next turn to the case with covariates. We assume that (y;, x;) is i.i.d. on ) x X', where ) C R
and X C R™. Assume X is compact, and that x has marginal distribution P,. The outcome

variable y has a conditional density with respect to Lebesgue measure of the form:

f(yi|xi77> 9)1(:% > g($i, 0))7

where y € I' C R%, # € © C R*, T and © are compact.

We will use local parameter sequences
U
0+ —, u e R¥,
n

’y—i—i v e RY

i
Let o = (0,7), h = (v/,v")’, and hg = (uy, v()’.

Next we state a result on the limit of the likelihood ratio process for the general model. The
assumptions referred to below consist of fairly standard regularity conditions, which will be dis-
cussed in detail in Section 4. For now, we focus on using the conclusion of the theorem to provide

further intuition.

Theorem 2 Let Pj' denote the joint law of (y1,1), ..., (Yn,®n) under a + @,h. Under Assump-
tions 1 - 6, for every hg and every finite I C H,

dpy; h
yn X"
(dP;TZO & )) ~

hel

(exp((v — o) T — %(U —vg)' I, (v — vg)) exp (E[f(g(:v, 0)|x,0,v)Vog'|(u — uo)) Dh>
hel

where I, = Eo [V In f(y|z,)VyIn f(y|z, @)'], and under ho, T and (Dp)ner are independent with

T ~ N(0,Iy). (Dn)ner are jointly distributed Bernoulli random wvariables whose distribution is

10



specified by the following marginal probabilities. Let {hy,...,hi} C I.

Poy(Dp, =1,...,Dp, =1)
= exp(—E[1{max{Vyg(z,0) (u1 — w), ..., Veg(x,0) (u — ug)} > 0}

flg(x,0)|z, @) max{Vag(z,0) (u1 — ug), ..., Vog(z,0) (u; — ug)}]).

The limiting likelihood ratio process now depends on the marginal distribution of the covariates,
through the expectation terms. To our knowledge, this more complicated likelihood ratio process
has not been studied before in the limits of experiments literature. Below, we concentrate on the
discrete covariates case, where it is possible to obtain a useful limit experiment that provides intu-

ition for the optimality of Bayes estimators. We then comment briefly on the case with continuous

covariates.
Assume that in the original model, x takes on the values {a1,as,...,ar}. Let py(a;) := Pr(z =
a;). Consider the experiment consisting of observing a draw from (S, Wi,..., W), where S is

distributed as N (v, I 1), and W; is a random variable with the shifted exponential density
Jw;(w) = exp (=(w = g;)/ ;) Lw > g;)/ A,

with g; = Vag(aj,0)u and N\; = [p.(a;)f(g9(aj,0)|aj,0,7)]7t, and (S, Wy,...,Wy) are jointly
independent. This experiment can be verified to have the same likelihood ratio process, so it can
serve as a limit experiment for the general model with discrete covariates.

This limit experiment is more complicated than in the usual local asymptotic normal case, or
the pure exponential shift case. Nevertheless, its structure has enough in common with these more
conventional limit experiments that we can obtain some useful intuition. The normally distributed
component is independent of the other variables, so we can consider it separately. By standard
arguments, the Bayes estimator with a flat prior will be minmax for this component.

The remaining components of the limit experiment correspond to an L X 1 vector of exponential

random variables W = (W7, ..., Wp), with known hazard and a vector shift H'u, where
VQg(alv 9),
H = z
Vog(ar,0)

11



We shall refer to this as the generalized exponential shift model. Assume that L > k and that the
L x k matrix H has full column rank. This is not a pure shift experiment, but it does have a similar

equivariance property. For any ¢ € R¥, consider a transformation of the original data
ge(W) =W + He.

Notice that if W is distributed according to the generalized exponential shift model with parameter
u, then g.(W) has the same distribution, but with parameter u + ¢. By reasoning similar to that
used at the end of Section 2, it can be shown that the Bayes estimator with a flat prior is equivariant.
That is, if the Bayes estimate given an observation W is a, then the Bayes estimate given g.(W) is
a+ c. Furthermore, the Bayes estimator is actually the minimum risk equivariant estimator. Under
a condition known as amenability, which can be verified here, the Hunt-Stein theorem applies, and
the minimum risk equivariant estimator is also minmax.

For completeness, we show these steps formally in Appendix A. We can then conclude that in the
original problem, estimators which asymptotically have limit distributions equal to the distribution
of the Bayes estimator with respect to a flat prior, will be locally asymptotically minmax. An
obvious choice is any Bayes estimator; since the prior will typically be dominated as the sample
size increases, it will behave like flat-prior Bayes asymptotically. The results of the next section
establish this formally.

Extending this argument to the continuous case would be complicated. Taking the limit of
the discrete covariate limit experiment as the discrete points of support become dense in X’ seems
to lead to a stochastic process indexed by elements of X. However, the existence of a limiting
stochastic process is not guaranteed due to the dependence of the conditional hazard on the marginal
distribution of x. Similar cases do not appear to have been examined in the limit experiment
literature, although it is often possible to construct limit experiments, defined on relatively abstract
spaces, which have a desired likelihood ratio process. Even with a limit experiment, extending our
efficiency argument would appear to require a more general equivariance notion. We do not attempt

to develop that theory here, and instead proceed in the next section with a general efficiency result

isee, for example, Van der Vaart (1996) Example 10.9.
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which allows for continuous covariates.
4 Asymptotic Properties of Bayes Estimators

The results of the previous two sections showed that, in various special cases, the limit experiment
had an invariance property which implied that flat-prior Bayes is minmax. (Of course, there may
be other estimators which have different risk functions but the same minmax risk.) In looking for
local asymptotic minmax estimators for the original model, it is therefore natural to investigate
the asymptotic properties of Bayes estimators for general priors. In this section, we show that
Bayes estimators behave asymptotically like flat-prior Bayes with respect to the limiting likelihood
ratio process. We then show that for the general model (including the case where covariates are
continuous), the Bayes estimator is locally asymptotically minmax, using a strategy suggested by
Ibragimov and Hasminskii (1981).

As in the previous section we will use the local parameter sequences 6y + -, for u € R*. and

Yo + ﬁ, for v € R? for some fixed (fp,7o). Define the local parameter spaces as

Un = n(@—@o),

Vn = \/ﬁ(r—’m)

040:(90), h:<u>, and h0:<u0>.
70 v V0

Also, let ¢, denote a square, diagonal matrix where the first k£ diagonal elements are 1/n and the

Let

remaining d diagonal elements are 1/y/n.
To define a Bayes estimator, let the prior m be a (possibly improper) Lebesgue density on © x T

The Bayes estimator &, is any solution to

n
Hgn/l(sanl(d — (a0 + @nh) [ [ £Wilai, a0 + enh)1{yi > g, 00 + u/n) (oo + onh)dh.
i=1
This defines the Bayes estimator as minimizing posterior expected loss, where the posterior dis-

tribution is with respect to the local parameter h. There is, of course, an equivalent definition in

terms of the original parameter o (= o+, h). Note that if [(z) = 22, then the Bayes estimator is

13



the mean of the posterior distribution, while if [(z) = |z| then the solution is the posterior median.
Thus the posterior mean will be shown to be asymptotically efficient for squared error loss, while
the posterior median will be shown to be optimal for absolute error loss.

We assume the following six conditions on the model.

Assumption 1 (y;,z;) is i.i.d. on Y x X, where Y C R and X C R™. Assume X is compact. z
has marginal distribution P,. y has a conditional density with respect to Lebesgue measure of the
form:

filwi, v, 0)1(y; > g(x4,0)),

where y €T C R%, 0 € © C R¥, T' x © is compact and convex.

Assumption 2 f(y|x,«) is twice continuously differentiable in « for all y and x, g(x,0) is con-
tinuously differentiable in 6 for all . Also, in some open neighborhood N of oy, f(ylz,a) > 0 and
fylz,a) < oo uniformly in y,x and o € N, and f(y|z, ) and Vo f(y|lz, ) are equicontinuous in

y for o € N.

Assumption 3

/ / sup [Vaf (ylz, ) |1y > gz, 6))dydPy (z) < oo

X, 2
[ sw Vol Wle- DIy (> (2, 0)) £ (g1, 0)dydPo(z) < oo

a,aeN f y|$ a)2

e 144
// EN Hvaaf(y’ )” + 1(y > g(x?0)>f(y‘x,a)dydpz($) < 00

f(ylz, @)

for some § > 0.

Assumption 4 The function J;yj'y(a) = Eo[Vy, In f(ylz,a)V,, In f(y|z, )] and similarly defined
Jgje and ijg are continuous in «. For each i, j, J]ﬁ(a) has a majorant that is a product of a
polynomial in ||0|| and exponential in ||v||. Also, uniformly on N, Jgja and ija are bounded and the

minimum eigenvalue of I, is bounded away from zero, where I, is the matriz with elements Jgjv.

Assumption 5

E, [sup IVog(z,0)]]] < oo
aeN

14



Assumption 6 There exists € > 0 such that

inf Pro(y > g(z,0)) > ¢

o,aE
and

inf inf E, ,0)[z,)|Vag(z,0)w]] > e.
Jnf inf By [f(g(x,0)lz, )| Vog(x, 0)wl] > e

These assumptions include standard smoothness and moment bounding conditions. As in Cher-
nozhukov and Hong (2001) we do not require discreteness of x. Assumption 5 assures that the
boundary function ¢ itself does not contain any jump discontinuities. Assumption 6 is essentially
an identification assumption. The second part specifies that the density of y is nonnegligible at the
boundary for small deviations of # in any direction.

These assumptions should be satisfied in many parametric auction, search, and production
frontier models as discussed in Donald and Paarsch (1993). To illustrate the applicability of our

results, we briefly describe an auction model adapted from Paarsch (1992).

Example: Symmetric Procurement Auction with Independent Private Values and Exponential
Cost Distribution.

The task being auctioned has characteristics  observed by all agents. For each of m bidders,
a cost ¢ for the task is drawn independently from an exponential distribution conditional on the

characteristics x. The cost density and cumulative distribution function are

1 c
felclz,0) = hz.0) exp (_h(x,9)> 1{c >0}

Fe(clz,0) = 1—exp Gﬁ)

where E(c|z,0) = h(z,0), so h(z,0) is the function giving the mean cost given characteristics . The
objective is to estimate 0. Given a cost, each agent submits a bid observed by the econometrician.

Expected profit maximization leads to a symmetric Bayesian-Nash equilibrium bid function:

fcoo[l _ FC(U|ZE, 0)]m_1du —c+ h(:L’, 9)

b= Blelr 0) = et S (e gy m—1

15



So the bid distribution is a simply a shift of the cost distribution.

fy(b]z, 0) = h(:nl, 5) P (h(;’le) <b _ ’:7555_01))) 1 {b > ’:7595_’91)}

In our notation,

1000 = ragen (g (0 0t1)) =

g(xve) =

Then the following conditions would imply Assumptions 1-6:

(a) X is compact, and x has marginal distribution P, which does not depend on 6.

(b) © C R¥ is compact and convex. Let Aj be an open neighborhood of 6.

(c) h= SUPpen;, SUPex h(z,0) < 0o, and h = infoep;, infrex h(x,0) > 0.

(d) h is twice continuously differentiable in 6 for all z.

(e) For some 6 >0, F [SUPGGNG HVgh(x,G)H2+25] < oo and E [supgeNG Hvoeh(%g)HH&] < Q.
(f) infgeny, infjy)=1 Ez[|Voh(z,0) w]] > 0.

Condition (c) bounds h away from zero and infinity on X and ©. Conditions (d) and (e) are
standard smoothness and moment conditions. Condition (f) is basically a weak stochastic linear
independence condition for Vyh(x,#). These conditions would be satisfied, for instance, with h(x, 6)
=14 2101 + w262, © = [0,1] x [0,1], and (x1,x2) uniformly distributed on & = [0,1] x [0,1]. In
Appendix B, we verify that the auction model satisifes our Assumptions 1-6. A similar set of
conditions could be used to verify the assumptions for related auction models given in Paarsch

(1992) based on Pareto and Weibull cost distributions.

We also make the following assumptions about the loss function and the prior.

Assumption 7 The loss function [ : R¥T4 — [0, 00) satisfies

(a) 1 is continuous and not identically 0.
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(b) 1(0) = 0.
(¢) 1 has a polynomial majorant:

I(z) < Bo(1 +||z]")

for some By,b > 0, all x € RF+4,

(d) There exist numbers Ho,n > 0 such that for all H > Hy,
sup{l(z) : o < H"} —inf{l(z) : 2 > H} <0.
Assumption 8 The prior w is continuous and positive at o, with a polynomial majorant.

The assumptions on the loss function and the prior are fairly weak, and allow for most choices of
prior and loss of which we are aware. For example, we do not require symmetry or convexity of the
loss function. Part (d) of Assumption 7 limits the amount that the loss function can decrease in the
tails. In the efficiency result below, we will also require that the limit of the expected posterior loss
has a unique minimum. Alternatively, the uniqueness could be guaranteed by additional conditions
on the loss function.

Recall that Theorem 2, given in the previous section, shows that under Assumptions 1-6, the

finite-dimensional distributions of the likelihood ratio process

_apy

nh
Zn,ao+s0nho (h) = dpro;% (Yna Xn)v

aot+pnho

converge in distribution to a particular process. Let us denote the limiting process as Zy po(h), or
just Za,(h) when we are considering cases in which hy = 0.

The next result is the main result of the paper. It strengthens the finite-dimensional convergence
of the likelihood ratio process to convergence in distribution of the Bayes estimator, and then shows

that the Bayes estimator is locally asymptotically minmax.

Theorem 3 Suppose Assumptions 1-8 hold. Also, suppose

Zay(u,v)

o (5,1) = I(s—u,t— DY) dud.
Voo (5, 1) /§Rk+d (s —u U)f%k” Zo (1, 0)dudv uav

attains its minimum at a unique point, To,. Then

(n(0n, — 00), V(G — 70)) ~ Tayg
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Moreover, &, is asymptotically efficient at oy with respect to loss .

Remarks: Assumptions 1 - 6 are used to establish some intermediate results concerning the
properties of the likelihood ratio process. Theorem 3 could be restated assuming these intermediate
results as high-level conditions in place of Assumptions 1 - 6. This generalization could be applied
to different models than the one considered here. In Appendix C, the result based on the higher

level assumptions is discussed in more detail.

5 Conclusion

We have studied optimal estimation of models where the support depends on parameters and
covariates. Under the local asymptotic minmax criterion, Bayes estimators are efficient in these
models. We provided intuition for this result by first examining the Uniform[0, §] model. Then we
considered a general model with discrete covariates. For this model, we provided further intuition
for efficiency of Bayes, by showing that the limit experiment had an invariance property that implied
minimaxity of flat prior Bayes. Finally, we considered general covariate distributions and proved
the asymptotic efficiency of Bayes estimators.

Throughout the paper we have focused on point estimation under a given loss function. However,
the limits of experiments theory can also be informative about optimal testing (see, for example,
Ploberger (1998)), and other aspects of inference such as construction of confidence intervals and

predictive intervals. We leave such topics for future work.
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A Generalized Exponential Shift Model

In this section we examine the exponential shift model in further detail. Consider the experiment
{P,:uc¢€ Rk}, which consists of observing a random vector W = (Wy,...,Wp), for L > k, where P,

specifies that the components W; are independently distribution with shifted exponential densities
fi(wjlu) = exp (—(w; — Hju)/X;) L(w; > Hju)/X;.

We assume that the \; and H; are known, with A; > 0, and that the L x k matrix
Hj
H =
has full column rank.
Let the loss function I(u,a) for estimating u have the form [(u,a) = l(u — a), with [(0) = 0,

[ >0, and ! continuous and strictly convex. Assume that for every real number 7, the set
{a:l(u—a) <7}

is compact for all u € R*. Let @ be the generalized Bayes estimator corresponding to the flat prior
for u: @ solves
L
mjn/l(u — 1) H [i(Wjlu)du.
u
j=1
Assume @ exists and is unique. Then we claim that @ is minmax for loss [. To provide a formal
justification for this claim, we set up the experiment as a group family. On the sample space R”,

define the group of transformations G = {g. : ¢ € R*}, where
gew =w+ He.

We can regard G as the Euclidean space R* with the usual topology. The composition operator is
Je © g4 = Yerd, and the identity element is e = gg. The inverse is g. ! = g_.. We define associated
groups G and G on the parameter space and action space respectively. Here G = {g. : c € Rk},
with

gu=u-+tc
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and G = G. All three groups are abelian: ¢.0gq = g40ge. It can be readily seen that the experiment
{P,:uc€ Rk} is invariant under the action of G and G, and that the loss (since it is of the form
I(u— a)) is invariant under G.

Next, we will show that the generalized Bayes estimator with respect to the right Haar measure
associated with group G and given loss [, is the minimum risk equivariant (MRE) estimator. This
can be verified using Theorem 6.59 of Schervish (1995). To apply that result we need to verify the

following conditions:

1. The experiment is invariant under the action of G, G.

[\

. The left Haar measure A\ and the right Haar measure p exist.

3. (a) G is a topological group.
(b) A is o-finite and not identically 0.

(c) The function f : G x G — G defined by f(g,h) = g~! o h is continuous.

W

. The mapping ¢ : G — G defined by ¢(g) = g is a group isomorphism.

5. There is a bimeasurable (measurable, one-to-one and onto, with measurable inverse) mapping

n : RF — G which satisfies g o n(u) = n(gu) for all g € G and all u € RF.

6. There exists a bimeasurable function ¢ : RXY — G x Y for some space ) (where we write

t(w) = (h,y)) such that, for every g € G and w € RE,
t(w) = (hy) = tlgw) = (g0 h,y).

7. For every u, the distribution of on G x ) induced from P, by ¢ has a density with respect to

A X v, where v is some measure on ).

Condition 1 is immediate from the definition of the groups and the translation nature of the
experiment. Since G is the translation group on R” it can be readily seen that Lebesgue measure is

both a left and right Haar measure, verifying condition 2. For condition 3, note that G = R* and
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hence it is a topological space. Lebesgue measure is o-finite and not identically 0. Also note that
f(ge,94) = 9= ' © g4 = ga_ which is easily seen to be continuous.

To verify condition 4, write

#(ge09s) = é(gera)
- §c+d
= yc © ?d

= ¢(gc) ° ¢(gd)'

So ¢ is a group homomorphism, and since it is clearly one-to-one and onto, is a group isomorphism.

To verify condition 5, let n(u) = g,,. This is clearly bimeasurable. We have

geon(u) = g.og,
gc—i—u
= nlc+u)

To verify conditions 6 and 7, we need to construct a maximal invariant (a statistic that identifies
orbits of G). By assumption, H has full column rank and hence row rank of k. Thus there are k
linearly independent rows of H. Reorder the elements of W (and the corresponding rows of H) so
that the first k& elements correspond to the k linearly independent rows of H. Then define
Hj
H=| :

Hj,

w1 Wk41 H]’ﬂ-‘rl w1

tw)= (A L s = [HT
wy wr, Hj wy,

It can be seen that ¢ satisfies the requirements of condition 6 and that the distribution of ¢ has
a density with respect to the product of Lebesgue measures on RF and RL=%. (If L = k (so that
there is only a single orbit) we can modify the argument by having ) be an arbitrary singleton set

with counting measure.)
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Therefore we conclude that 4 is the MRE.
Next, we want to show that the MRE is in fact minmax over all possible estimators. To apply
the generalized version of the Hunt-Stein theorem due to Wesler (1959), we need to verify the

following conditions:

1. The distributions P, are dominated by a o-finite measure.

2. The action space is a separable metric space, and for each u € R¥, [(u, a) is nonnegative and

continuous in a, and for every real number 7, the set
{a:l(u,a) <7}
is compact.

3. G satisfies a condition known as amenability (see Bondar and Milnes (1981) for various equiv-

alent conditions for amenability).

4. G is a locally compact, o-compact topological group with its Borel o-algebra generated by

the compact subsets of G.

The first two conditions are immediate. To show amenability, note that Bondar and Milnes
(1981) point out that if a locally compact group is abelian, then it is amenable. The group G is a

Euclidean space and hence satisfies condition 4.
B Procurement Auction Example: Verifying Assumptions 1-6

In section 4, a specific auction model is introduced that satisfies Assumptions 1-6 under the Con-

ditions (a)-(f) provided there. Details of the assumption verification are given here.
Assumption 1 follows by Conditions (a) and (b).

To show equicontinuity of f(b|z,0) and Vg f(b|z,0) for Assumption 2, note that

£ (blz,0) — (¥, 0)] = exp (ﬁ) o e (—ﬁ) '1 ~exp (%)\
¢ o) o ) fon(5) Cen ().
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This last expression converges to zero as b’ — b for fixed b, x regardless of the value of 6.

Vo f(blz,0) — Vo f(¥|z,0)]
() B (i) ()
() (b))l
exp (mL) IVoh(z,0)] [— exp ( » ) max {exp ('bh b |) “himew (_‘%b')}
e (o1 o (- s fom (2 21) 11 (1))

which converges to zero as b’ — b regardless of 6, since supyep, ||Voh(z,8)|| < oo by continuous

IN

differentability of h in € and compactness of X.

Then under Conditions (a), (c), and (d), Assumption 2 is satisfied.

Let h, = infgen;, h(x,0), he = suppep, h(,0), and note that

0.0 b -
exp| —T7|=—— db = —=
/hw/(m—l) ( (hz m — 1>> T
o0 79 79
[ (o (L)) -
»/(m—1) hy m—1 T(m—1) -
= b 1 h3 2h3 253
Vexp(—7(————)]db = z 2hy
/hw/(m—l) P ( ! (hz m — 1>> T(m—-1)2 72(m-1) 73
o b 1 h B Ba R4
/ bgexp<—r<———>>db _ - 3 : 36 a 6%
hao/(m—1) hy m—1 T(m—1)3  72(m—-1)2  B(m-1) 7

Note for mhjl <b< nfljl, exp (h(;,lH (b— h(m,ﬁ))) 1{b> h(xe)} < 1.
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v

/ / s [V (b, 0)[1{b > o, 0)}dbdP.(a)
- om0 o

m—1 h3(z, )

(m—1)
< / / [ iQ] sup [[Vohi(z, 0)||dbdP,(z)
h,/(m-1) Lh
1 —1 h(x,0)
+//z/(m1) [E + ?} exp <h(x79) (b— - 1>> Sup |Voh(z,0)||dbd Py (z)
E ( i b + h — by +Bm+ mh; > sup ||Voh(z, o)
x sy — 3 u a
2m— 120 (m—1h2 W (m— )b geny
2
[ [ s W0LCOIEy o ) it o)abar o
99€N9 b|$‘ 0)
= // x?)) |Voh(z é)H?%exp ( <b b )> 1 {b > h(x’m}ddex(x)
996/\/9 h(z,0) h(x,0) hy m-—1 m—1
hz/(m—1) b2 20 1
< sup ||Voh(zx, 6 2/ <—+—+—>ddexa;
/ee 9H oh(z,0)] h,/m-1) \h’ h*  h? (@)
o ¥ 20 1 b 1
Voh 02/ —+ =+ = — (= ——— ) abap,
+/0s€up9\| oh(a. )] ha/(m—1) <h5 +h4 +h3)exp< <hr m—1>> (@)
h3 —h3 hi —h? hy —h,
3(m—1)*h"  (m—1)*h"  (m—1)h
(2m? — 2m + 1)h3 2mh? R ) }
L Voh(z,0
(m _ 1)2h5 ( - 1)h4 + h3 Sup ” 0 (CL’ )H

Suppose § < %
N\ || 1+5
W 1216 > (. 6)) bl 0)dyd ()

// [Voof
sup =
6,0 N, f(blz,0)
7] 2 _ 7] 20, 0)|1+3 _
, ))\b Ah(a,0) + 202 O O e

/ / oen [exp< (;,65) (b_ o B (2, 0)

996/\/9
9 h(x,0)\\ [b— hz, 6+ )
e (h(x, 0) (b Com—1 )) h2+38 (., 6) IV ooh(z, G)HHS]
1 b 1 h(z,0)
h(x,O)eXp<_ (h(m,e)_m—1>)1{b> _1}dde( )
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IN

ha ) (m—1) b 1
oy = = 1))
h, /(m—1) hy(m—1) m—1

B P20 ql40ples  ql40ples  olbs  olto
: hs+55Jr X + 550 +h5+55+h3+35

sup [|Vgh(z, )|+
0Ny

bl+6 1 1 - 114s
+ e + e + A aseu/\lf)e IVooh(z,0)]| dbd P, (x)

S foue 00 (5 53)

b3 41+662 41+5b2 21+6 21+5
[5+56 T A+as T 545 T 558 | 3480

sup || Voh(z,0)[|*t%
0€N9

b? 1 1 S 14S
+ <h3+35 + = + h2+25> GSeu/\If)g IVogh(x,8)]| dbd P, (x)

73425 _ 1,3+28
Hm—1) m— (3+28)(m — 1)3+20h
R Ay ) 27 (h, — b,) ;
T4 3] (m I (1+h") + ——7=22(1 + h*%) sup || Vph(z, 9)\|2+25)

h5+50 0EN,
Bi+5 — h§+6 77/:1: - hx 9
+(( ( ) L —Z (1 +h'™) sup Hvaeh(%@)HHé)]

IN

E%‘i‘(s o h2+§)h3+35 h3+35 0EN,
+CE i ! 1 ; + 6 P
LRI\ (1 +8)(m—1)3  (14+68)2(m—1)2  (1+0)3(m—1) (1+8)*
A1HR3 (1 4 h1H9) 1 N 2 L2
b+ A+ 0)(m =12 " (T +62m—1) " (1+6)°

21+5ﬁx(1 +h2+26)
(1 +6)h5+55

} sup [Voh(a, §)]+
9€N9

h3 1 2 2
+{h3+35 ((1 F)m-12 0t 0m-1 +6>3>

ha(1 +h1+5)} - }
A = g Vooh(z, 0 +6
(1 + 6)h3+36 Geuj\l:f)g || 00 (33 )H

Each of these moments is bounded by Conditions (c) and (e), so Assumption 3 follows.

50 = 5| S, w0090 bz
R SR
- /h5(x, Q)VGih( ’9)v9jh( ’9) /h(x,@)/(m—l)(b 2bh( 76)+h ( 7‘9))
b 1
- exp <— <h(m,9) R 1>> dbd Py (x)
m? —2m + 2 1

— (m _ 1)2 E, [hQ(a;, 9) Veih(.ilf, 9)V9J.h(gj7 0):|
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is continuous and uniformly bounded on Ny by Conditions (c), (d), and (e). Hence Assumption 4

is satisfied.

Assumption 5 is satisfied by Condition (e).

infoen, Pr (b > he 1)

b 1
B mfeex\f@//h J(m—1) Mz exp( (h(x,e) Com— 1>> dbiFe(x)

3
<"
>
m
=
<
=
N
S
3
|
[
N~
AV

>
- ex"( (mm—n m—1>>
> 0
|Voh(x,0) w]| 1
f inf E, O, )0 T s T nf inf FL[|Veh(x, 0
elel}veuiﬂ B | flg(z,0)]2,0)—— e —1)915}%“5”1 EallVohi(z, )wl|] >

by Condition (f) and so Assumption 6 is satisfied.
C Proofs of Theorems

PROOF of Theorem 2: We prove the theorem for a given local parameter h. The extension to
any finite number of local parameters h € H is straightforward. Let
( R, > _ ( LY Vo f (il + 2,0+ %) )
n [T 4y > g (2,0 + )}
First, we will show that R, |D, =1~ R, R, ~ R, and D,, ~» D. The joint limiting distribution
of (Ry, Dy,) and asymptotic independence will follow.

Define a2 = a + ¢, ho, ol = a + ¢, h, and

oo L Sl 0
Ym—\/ﬁvvlnf(yl\az“an),

where the joint density of (¢;, &;) is given by

~ x, o, T 0 x z
70.3) = LI 02 S0 Oy 2 (a0}
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In particular, (§,7) is distributed as (y, ) conditional on y > ¢(Z,6}). Likewise, 3., V;; is dis-
tributed as Ry|D,, = 1.

To show

S Vo~ N(0, = Eal Eal ¥y 0 £ (3l o))
we verify the conditions of thze Lindeberg-Feller CLT:
() [V (Yai)|l < o0
(it) 32, Bl Yail PL{[| Vil > €} — 0

(iit) E[Yni] =0 and 32, V(Yy:) = —Ex[Ea[V.y In f(ylz, a)]].

E[Y,i]

f(g12, 0n)1{g > max(g(,67), 9(%,63))} 1, (o~ o=
\/_//V lnf Jlz, o ) Pra%(y > 9(z.00)) P,(Z)dydz

_ o) U 2 max(o(®,00),0 0} p oo
- v/ [ Prog(y > glo.8) o040
=0 by Assumptions 2, 3, and 6.
- 1 e - f (912, 03)
WGl < 5 [ 190 01805 9t 3180 N S s

{7 > max(g(,0°), g(&,01))} Pp(2)dydz

IV (912, a0) 117 S 0 N
< 1{g > 0,)} P (Z)dyd
< //f .00 Prog s = o)) 1 2 90O} Pal@) iz
< by Assumptions 3 and 6.

Similarly, noting that Pr,(y > g(,0)) = 1, under Assumptions 2 and 3, 3, V(Vy;) —
Ey[Ea[VyIn f (ylz, a) Vy In f (y|, @)']] and ZzEH}N/nzHQ]-{HY/nZH >et — 0.

By the Lindeberg-Feller CLT,

> Vi~ N(O,1).
7

Similarly, for Y,; = ﬁvv In f (yz|xl, a%), we can show

R, = Z Vi ~ N(0, —E4[Eo[Vay In f(ylz, a)]]),
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by Lindeberg-Feller CLT, as above.

Next consider the limiting distribution of D,,,

D, = H {y; > g (i, 49,11)} ~» Bernoulli( lim FE,o [H 1{y; > g (2, 0,11) ).

Now compute lim,— o0 Eqo [[T; 1{y: > ¢ (zi,05)}].
Eqo[1{y: > g (2:,6,)}]
= 1-E; [Fy\x,ag (g(a:, 6;)"7:)]

= 1- Ex[l{g(xvgqlm) - g(ﬂj,eg) > O}(Q(SU’G}L) - g($792))f(g(x79 + u)|x’a2)]

n
By independence,
Ea% [H l{yl > g (:L‘ia 0711) }]
— exp(—Ea[1{Vog(z,0)'(u — uo) > 0}f(g(, 0]z, @) Vog(z,0)'](u — uo))
by dominated convergence and Assumptions 2 and 5. So,
D,, ~ Bernoulli(exp(—FE[1{Vag(z,0)'(u — up) > 0} f(g9(x, 0)|z, ) Vag(x,0)'|(u — up))).

Let S! = 3, ¥,;. Then S} is distributed as R,|D,, = 1. Similarly, define SO as the random
variable that is distributed as R,|D,, = 0. We have shown R, ~ R, S} ~+ R, and D,, ~ D,
where the distributions of R and D are as given above. Now we can show that R, and D, are

asymptotically independent. Let m be any continuous, bounded real-valued function.

Ep[m(Rn)] = En[m(Ry)|Dn = 1]Prp(Dy = 1) + Ep[m(Ry)| Dy = 0]Pry(D,, = 0)

= Eu[m(S))|Prn(D,, = 1) + E,[m(S2)]|Pr, (D, = 0).

Note that Pr,(D, = 0) — Pr(D = 0) (> 0), Pr,(D, = 1) — Pr(D = 1), E,Jm(R,)] —

E[m(R)], and E,[m(S})] — E[m(R)]. So,
Enm(Sy)] —
Hence, SY ~ R.
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Now joint weak convergence of (R,, D,,) follows. Let m be a continuous, bounded real-valued

function.

E,m(Ry,D,)] = E,[m(R,,1)|D, = 1]Pr, (D, =1)
En[m(Ry,0)|D,, = 0]Pr,(D,, = 0)
= E,m(S}, 1)]Prp(Dy, = 1) 4+ E,[m(S°,0)]Pr,(D,, = 0)

—  E[m(R,1)]Px(D = 1) + E[m(R, 0)]Pr(D = 0)

where the last expression is equal to E[m(R, D)] when the law of (R, D) is defined to be the product
of the marginal laws for R and D. We have shown that (R,, D,,) converges weakly and that it
converges to an independent joint limit distribution.

Next we consider terms in the expansion of the log of the likelihood ratio. It will be shown
that the likelihood ratio is a product of continuous functions in R, and D,,, and the result of the
theorem will then follow by the weak convergence results just derived above.

Now for some mean values u and v,

32 [ St 70 1) =S+ 0+ )

— Z[Vglﬂf(gzkvl,’y—}—\/, 6+ — > w;—u(])ﬂLVylﬂf(yilmer%,@ﬂL%) %

i

+%%Veelnf<yz‘$“’y+ \/_ 0+ > @
+%% ,yglnf<yz’xlafy+\/_0+ )W_niuo)

1(v— vo)’ (v — 1)

+§7 ’y'ylnf(yzmz,’y“'\/fe"' > NG ]
By Markov’s Inequality and Assumption 3, the terms n—lz > VogIn f (yllznl, v+ %, 0+ %),

2 0 Voo f (il v+ Z, 0+ 1) are o(1).
Next, note by Markov’s LLN,

—valnf (yzxz,w N ) = E Vo In f (yla, )]
and

—nglnf<yz\xz,’y+\/_9+ )LE[Vglnf(y]x,a)].
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Under Assumptions 2 and 3, a version of the information matrix equality holds,

I, = Ey[Ea[VoyIn f(ylz, @) Vo In f(y|z, a)]] = —Ey[Ea[Vay In f(ylz, o)]].

We have

Zi: {lnf(yi\xi,v + %,9 + %) —In f(yslwi,y + %,e n %)
= Rut 50— 00 EVayIn f (ylr,0)] (v — ) + E[Voln f (gl )] (u— o) + op(1).

Also, note that under Assumptions 2, 3, and 5,
E [VO In f (y|l', Oé)] = E[f(g(x, 0)|l’, Oé)VgQ(.%, 9)]

f(yilzs, 0+ 2,y + ﬁ)l{yi > g(zs,0 + 2)}
Fyilai, 0+ 2,7 + )Wy > g(wi, 0 + )}

Zn,a+<pnho(h) = H

= xp (Rat 50— W) B[V e, (0 ) )
cexp (E [Voln f (y|z, )] (u — uo) + 0p(1)) - Dy,
29 exp ((v — vo)’N(—%L,, Iv))

-exp (E[f(g(z,0)|z, a)Vog(z,0) (v — ug)) D.

a

To prove Theorem 3, we will need a similar result on the convergence of the likelihood ratio

process.

Corollary 4 For every hy and every finite I C H, uniformly in ag € Ny,

(Zn,ao(M)per 2 (Zao(M)per

where (Zag(i)er ~ (exp(u'T = 30'T0)exp (<[ (a(e. Oo)lz, c0) Vog . 60)u) Dh)h[
€

and I, = Eu, [V~ In f(y|lz,a0)V~In f(y|z,a0)'], and T and (Dp)per are independent with T ~
¥ olVy ¥

N(0,1,). (Dp)ner are jointly distributed Bernoulli random variables whose distribution is specified
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by the following marginal probabilities. Let {hy,...,h} C I.

Poo(Dp, =1,...,Dp, =1)
= exp(E[1{max{Vag(x,0) u1,...,Vag(x,0) u} > 0}

-f(g(z,00)|z, ao) max{Vgg(z,0) u1, ..., Vog(z,0) u}]).

PROOF: The verification of the Lindeberg conditions in the proof of Theorem 2 also shows the
slightly stronger result that those conditions hold uniformly in o € Ny. By a uniform version of
the Lindeberg-Feller CLT given in Ibragimov and Hasminskii Theorem A.1.15, >, Y, and > i Yo
converge uniformly in distribution. Since the convergence of Eqo [[T; 1{yi > g (i, 6;)}] can also be

shown uniformly in o € Ny under Assumptions 2 and 5, the result follows. o

PROOF of Theorem 3:

To establish the limiting distribution of the Bayes estimator, we generally follow the steps in
Ibragimov and Hasminskii’s (1981) proof of their Theorem 1.10.2. First, two properties of the
likelihood ratio process are established: bounding the tail behavior and bounding small variations.
Analogous properties would be taken as primitive assumptions in Ibragimov and Hasminskii; here
they are established in Lemmas 5 and 6 from more primitive assumptions (1 - 6). Using the bounds
on the likelihood ratio process tails, we can show that the integrals defining expected posterior loss
and its limit are well approximated by the corresponding integrals over a large bounded region.
Given the bounds on small variations in the likelihood ratio processes, the integrals on the bounded
regions are well approximated by the integrands evaluated at a large finite number of points in the
region. Given these results, the finite dimensional convergence of the likelihood ratio process (from
Corollary 4) translates into finite dimensional convergence of the expected posterior loss to its limit.
This convergence can be stengthened to weak convergence after verifying an asymptotic tightness
condition. The limiting distribution of the Bayes estimator will follow by an argmax theorem.

For the following lemmas, suppose Assumptions 1 - 6 hold. Let Ny be the closure of an 7-ball

around o such that B(ag,2n) C N.
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Lemma 5 There exists constants a, b, ¢ > 0 such that

Eoo| 23 (h2) = Zy/a, ()P < e(1+ Ru)® exp(bRy)(||uz — wi ]| + [lv2 — o]
for all hi,he € {h € U, X Vy, : ||u|| < Ry, ||v|| < Ry}, uniformly for ag € Ny.
PROOF: Define

@Z:sup{g(x,00+%+t-w> :Ogtgl},

Qz:inf{g<x,90+ﬂ+t-w>:Ogtgl}.
n

p'/2(z]a) p'/2(z|ao)

2
= / <p1/2(z|a0 + pnha) — p1/2(z|ao + gonh1)> dz
p(z|ag)>0

1/2 1/2 2 PV2(2lag + puhs)  pV2(2lao + paln) |
Zn,ao(hQ) - Zn,ao(h1>’ - an

< /(pl/Q(Z\Oéo-i-ﬁpnhﬂ—pl/Q(Z\CVO‘HPnhl))QdZ
= 2 (1= [ [ [ Pl + ety 2 o0+ 1))
- F(ylao + @ahn) Ly = glw,00 + )} Pr(@)dydz] )
2n (1 - //f1/2(y|ao + onh2)1{y > g(z,00 + %)}
Iyl + uh)1{y 2 (a0 + )} Pale)dyda)
= ([ [ 17 a0+ eutety = o0+ )

u
— fY2(ylao + pph1)1{y > g(x,00 + f)}lzdsz(x)dm)

IN

:n/ﬁ_Wﬂ@m%+%mwfwwm%+%mW@amm
G

G.
u
+n//G £ (yle, a0 + pah2)1(y > g(a, 00 + =) -

PPyl a0+ pohi)1(y = g, 60+ =) PdyPy (a)da
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< / / Y2y, 00 + onha) — P21, 00 + ouhi) Py Py(e)da
g(x,00)

g(z,00)
+n// 2 (yla, a0 + pnha) — £ (yl2, a0 + eoha)[*dy Pe(x) da
min(G,g(x,0))

: U
+"// | FY2(ylz, ao + pnha)1(y > g(z, 00 + _2)) _
G,

FY2(ylw, a0 + pahn)1(y > g(x, 00 + — ))| dyPy(z)dz.

By Assumptions 1 and 2 and the fundamental theorem of calculus, we can write the first term

in the preceding display as

e 1
n / /( | / on(hs — 1)V FY2 (g1, a0 + on(hy + ths — b))t Py(2)da
g(zx,0p 0

1 o)
S n/ // ‘Spn(hQ_hl)/vaf1/2(y’x’a0+@2(hl+t(h2 _hl)))|2dypx(x)dl'dt
0 x,00
(by Jensen’s inequality)
LA 14
= 0 Z Z(um — u1i)(ug; — u1y) / ZJZ-G(QO + @n(hy + t(he — hy)))dt
i=1 j=1 0
ML
T Z 22 (u2i — w1i)(v2; — vij / ao + on(h1 + t(he — hy)))dt
" i=1 j=1
d d 1
+ (v2; — 1) (V25 — v1y) / ZJ%W(OZO + @n(h1 + t(ha — hy)))dt
i=1 j=1 0
_ 2
< AM max sup ije(ao + @n(h1 +t(ha — h1)))
n bJ o tef0,1]
vy — v
e sup 20 + oy + £k — Ba))
\/ﬁ b telo,1]

+C||vg — vy ||? max st} Ji (@0 + ¢n(h1 +t(ha — hi))).
b telo,1

This term has the desired form by Assumption 4.

Now consider the third term and apply the inequality (/7 — /5)? < |r — s| for r,s > 0.
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e
//G Y2 (yl2, a0 + pnh2)1(y > g(, 00 + %))

u
~ [Pl a0 + ouhn) Ly = g(z, 00+ ) PdyPa()da

[ep
u

< [ [ 1k 00+ euta)t(y > gla b0+ 22)

a, )

~f(yle.00 + @)1y = gl 60 + —5))|dy P (x)da
< /(@—Qx) sup  f(ylz, a0 + @nh2) +  sup  f(ylz, a0 + enh1)| Pu(z)da

ye [Qz »52] ye [Qz 761]

o =l

n

where the last inequality follows by Assumption 2 and noting that the first derivative of g is
uniformly continuous on N and hence bounded on N.

The second term follows in exactly the same way, so we have verified the condition.

Lemma 6 For all (u,v) and ag € Ny,

EoyZp/ay () < expl=ga([[ull, [o])],

@0 “n,oo

where gy, is a sequence of functions from [0,00) x [0,00) into [0,00) such that:
(a) for each n > 1, g, is increasing to infinity in each of its arguments.

(b) For any N,, N, > 0, we have

Ny

lim N eNY expl—gp (z,y)] = 0.

n—oo,max{xz,y}—oo

PROOF: Note that
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u
EoyZY2 (h) = (//f(yll"ao +oah)21{y > g(x, 00 + Ml ap)t/?
1y > gl %)}dypx(w)dx)
= (-1 WY21{y > g(x, 00 + =
= 5 [f (ylz, a0 + onh)'?1{y > g(x, 0+ )}
~ f(yl00) 1y > g(x, eo>}]2dypx<x>dx)
n 1/2 u
< exp ( b // [f(ylz, 00 + pnh)'*1{y > g(z, 0 + 5)}
~ (e 00) 10y > gl 0o>}]2dypx<x>dx),
where the last inequality follows by 1 — p < exp(—p).
Define
6; = sup{g(z, 6o + tE) 0<t<1}
n
G = inf{g(x, 0 —}-tg) 0<t<1}.
n

Write

2
_f(y‘l’,ao)l/z]_{y > g(l’,go)}] dny(x)d:U

- / /_ T 1FY2 (g, a0 + puh) — FY2(ylr, a0) Py Py(x)da
G,

.
[ 1l 0+ a1y = oot + 0/}

— 2 (ylz, a0)1{y > g(,00) }*dy Py (x)dz.

Cy = {y : min{g(z,00 + u/n),g(z,00)} <y < max{g(x,bp + u/n),g(x,6p)}. Uniform conver-
gence of nE[|g(x, 0p+u/n)—g(z,00)| infc, min{f(y|z, ao+enh), f(ylz, a0)}] to E [f(g(z, bo)|z, ao)

|Vog(z,0p) ul] in u for ||ul| =1 and oy € Ny follows by Assumptions 2 and 5, so that

lim inf inf FEln|g(z, 6y +u/n) — g(x, b)) iélf min{ f (y|z, oo + ©nh), f(y|z, o)}

n—s00 ag€eNp |Jul|=1

= inf inf FE, [f(g(x,00)\:E,a0)|V99(x,90)’u|].
€N ||ul|=1
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The last inequality below then follows by Assumption 6.

.
|15 k00 + putiiy = g+ /)

— 2 (ylz, a0)1(y > g(z, 00))[*dy Py (z)dz

v

Ellg(x,00 +u/n) — g(z,6)] igf min{ f(y|z, ao + ¢nh), f(ylz, a0)}]

Il

C

v

n

Now consider the first term. As in the proof of Lemma 5,
nf /_ " 1FY2 (gl a0 + pah) — FY2(gkr, 0) Pdy P (o) da

kK d 1
= = Z Z U / ao + tonh) Z Z UiV; / J;ng(ao + toph)dt

21]1

+ Z Z V;V; / Jw (ap + tpph)dt

=1 j=1
d d
— EZ VU5 onz asn — o0
.]4 0
=1 :

where the convergence is uniform in oy € Ny, since J%, J? and JY7 are continuous, hence
uniformly continuous, on .

Now by the Fatou’s Lemma and the Cauchy-Schwarz Inequality,

[ L1572 ls.0 + uh) = 720, c0)PdyPa(e)da
Gy

= [ L e T2, co) Py + of o)

v

/ / o (pnh) Vo fY2(yl, 00) [Py Pa()da + of [|pnh]2)
g\z, 0

- / / (k) VafV2(ylz, ag) PdyPa(z)dz
g(m 90)

= S S 0 230w ) + 3y )

21]1 =1 j=1 =1 j=1

/ /( o uh) Va 2tale, o) Py Pe@)d + o lnh )
glx, 0

v
—

Q
E

+

%
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The last inequality following for sufficiently large n and some B > 0 (C' the same constant as used

for second term) by Assumption 4 and noting

a
/ / (0uh) Vaf V2 (g2, a0) Pdy Pu(x)dz + of[|ouh] )
g

(x,00

)

1 a,

< Lynp / / swp  [IVafY2(ylz, ao)|PdyPy(z)de
n 9(x,00) ye[g(z,00),G]

+o(l|@nhl|?)

IN

1
¢ —!hH2/|G (z,00)| Ps(2)dz + of[[¢nh]*)

- f2)

We have shown that there exists a > 0 such that for large enough n,

[ [ [tiesa0 + a4y 2 (w0 + 43}

2
—f(ylz, 00)* 1y = g(x,00)}| dyPu(z)dw

A\

a 2
—([lull + {17

suggesting
ga(@.y) = (5 ) (ol + llyl)-
O
We pause here to note that Theorem 3 could be restated in terms of higher-level assumptions
so that its results could be applicable directly to other models. In particular, to obtain the limiting
distribution of the Bayes estimator part of the conclusion, Assumptions 1 - 6 could be replaced by
the conclusions of Lemmas 5 and 6 and Corollary 4. If the conclusions of Lemmas 5, 6/, and 2’
(stated below) are additionally assumed, then the efficiency result of Theorem 3 also follows. The
rest of the proof is modularized to depend only on these likelihood ratio process properties without
reference to Assumptions 1 - 6.
Before proving finite-dimensional convergence and asymptotic tightness of the expected pos-

terior loss, we need to establish a few useful intermediate results. The following lemmas include
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generalizations or extensions of Ibragimov and Hasminskii (1981) Lemma 1.5.1, Lemma 1.5.2, The-

orem 1.5.2, and Lemma A.1.22. For the following lemmas, suppose Assumptions 1 - 8 hold.

Lemma 7 For all 5 and n small enough and oy € Ny,

n nord J u v (6,7)
P, . / / / / Zn oo (U, 0)m(0 + =,y + — dudv<7’5knd>
wl( [ [ [ [ znmatuoino+ 2o ) :

< 2A1/2(k’1/4 + d1/2)(51/2 + 7])
where k is the dimension of © and d is the dimension of T.
PROOF:

En7a0‘Zn,ao (u7 U) - Zn,ao (0, 0)‘

1/2
< | Enaol ZY2 (u,0) + Z2 (0,0)|2Ep a0 | Z/2 (u,v) — ZY2 (0,0)?

< 2AY2(J|lul| + |[o|P)Y? since EnagZnag(u,v) <1

< 2AY2([|ul*? + |Jv])).

Since 7 is continuous and 7 > 0, w(0 + =,y + ﬁ) > @ for large enough n, so

I //6 /5 ()70 + 70 + —=)dud
oo (U, 0)m(00 + —,v0 + —=)dudv
0 o Jo 0 0 n Vn

0 noomoe 8
>M/ / / / o0 (11, 0)dudv.
2 0 0 Jo 0

Note that Z, 4,(0,0) =1, so

n n é 1) 0
Pn,ozo < o / o Zn,oco (Uv U)W(HO + E7")/0 + dudv < ﬂ-( > 70)5]67]6!)
0 0 Jo 0 n

=)

vn 4
ul n oo 4 1 4

< Py o | Zpa (u, v)dudo < 55 n
0 o Jo 0

n n o ) 1
= Puag < / oo | (Znao (U, 0) = Zipg (0,0))dudv < —Qa’fnd)
0 0 0 0

n n o é 1
Ph.ag (/ / / / | Zn 0 (U, 0) — Zip 0 (0,0) |dudv > §5knd>
0 o Jo 0

vod+n n noré s
26—kn—d2Al/2(k1/4+d1/2)(51/2+77)/ / / / / dudv
Vo4 0 0 Jo 0

_ 4A1/2(k‘1/4+d1/2)(51/2+77)

IA

IN
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where {0 < uy <6,...,0 <up <6} C {||ul| < Vkd}. Hence,

EnaolZnag(u:v) = Zp,ao(0,0)] < 242[(VES)'/2 + (Vdn)'/?]

IA

2A1/2(k31/4 —|—d1/2)(51/2 +77)

Define I'Y, ={u: H < ||ul| < H+1}NU,, I'y ={v:J < |jv]| < J+1} NV,

u v
In,ao,HJ = / Zn,ao (u7 U)W(QO + —,7% + )dUdv
Y xTY n vn

In,ao,HJ
fUnXVn ZTZ,OZO (u7 'U)Tr(eo + %7’70 + ﬁ)dudv

Qn,o0,HI =
Lemma 8 There exist constants B, C,b > 0 such that for ag € Ny,
Pr.aoUn,a0,HI > e*bg”(H’J)) <B(1+ HB) exp(CJ)e*bg"(H’J)
Ena0|Qnao i) < B(1+ HB)exp(C.J)ebonHT),

PROOF: Partition I'}; into LF sets with each partitioning set having diameter less than AH/L
for some constant A. Similarly, partition I'} into M @ sets with each partitioning set having diam-
eter less than A’J/M for some constant A’. Then denote all possible Cartesian products of the
partitioning sets by Ay,..., Apkysa. Define mes(A) = [, dudv. We can choose the partitions such

that max; mes(A;) < A”(H/L)*(J/M)?. Also, in each partitioning set A;, choose a point (u;,v;).

u v
Sn,a0,HI = Z;A Znoo (Wi, vi) (00 + 70+ %)dudv
v
NG
< B+ 16o]|” + Ioll” +n 7V RHY + TY)) N Zna (wi, vi)mes(Ay).

7

IN

Zvaao(ui,vi)/ B(l—i—HHo—i—%,”yo—i— 1°) dudv
i A

(Recall ¢,-inequality: (H + k)° < ¢, (H® + k°).)
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For any real number a,

1
anaO(Sn,ao,HJ > Eefagn(H,J))

1
< Puao B+ 1600]" + oll” + 02 (H + J°) Y~ Znao (uis vi)mes(Ai) > 56_“9"(H’J))

1

< Poog(|max Zn,a()(ui,vz')] B(1+ |16o]l” + [yl +n~*2(H® + J*))mes(T'fy x ')
1

> §e—agn(H,J))

< ZPn,ao(B(l + 1160]1° + [[70]l> + n Y2 (H + J*)) Zp 00 (ui, vi)mes(TY; x T'Y)
1
> §e—agn(H,J))

< D V2e s DB+ 100" + [0l + 0 A(H + JP))mes(T x )12

'En,oéo [Z%,/o%o (ui’ Ul)]
<

> Vae (Dot D B4 |60]]" + ol + 02 (H" + 7)mes(T x )2
< LFMIB'(1+ HY)(1 + JO)V2e~ (1=0/2)9nH.])

< LkMdB/(l + Hb’) eXp<c/J)ﬁe—(l—a/Z)gn(H,J)

since mes(I'}; x I'Y) has a polynomial majorant in H and J.

En,ao |Sn,a0,HJ - In,cxo,HJ|

u v
< 3 [ w00+ 20 Lo B Z:0) = Zo 10 e
7 K2

vn

< B+ 60]” + ol +n 2 (H + J7)) Z/ En 0| Zn,aq (U, 0) = Zn,ao (ui, vi)|dudv
Y

< B+ 60]” + [0l +n~ "2 (H" + J7))
S [ (oo Zoan 002 + (B Zo s 20) )
Bl 22 ) — 22 )] e
< B'"(1+ H")exp(c"J) Z /A_(Hu — || + || — vg]| ) 2 dudv
< B'(1+H")exp(dJ) [L‘Zl/Q + MY,
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1 _
Pn,a0(|5n,ao,HJ - IN,OZO,HJ| > §e agn(HJ))

H,J
< 2eagn( )En,ao ‘Sn,ao,HJ - In,oco,HJ‘

< 2B(1+ H®) exp(cJ)[L™V? + M~ 1et9n(HJ),

Pr oo (Insag,1g > €9 H7))

1 _ 1 _
S Prca(Suaots > 3¢ ) 4 Prao(Snaqtts ~ Ingins] > 5o~ 0)
< \/QLkMdB’(l + Hb/) exp(c’J)e_(l_“/2)g"(H"])

+2B(1 4+ H) exp(eJ)[L? + M~1]et9nHT),

Let L = M? and

M—exp< (1+ 2ygn(H, J)).

4k +2d + 2 2

Finally, choose a > 0 such that
- 2
“Sdht2d+ 1

The conclusion of the first statement of the lemma follows.

0 < Qn,ao,HJ < ]-a S0

En,ao Qn,ao,HJ

U v (6o,
< En,ao[]-{ Zn,ao (u 7})71-(00 + Ev’YO + —n)dUdU < Méknd}Qn,ao,HJ]

Up X Vi, ’ NLD 4

+En’o‘0 [1{1"700717” > eiagn(H’J)}Qn,ao,HJ]
B 1Ty 17 < e~ )

u v 7-(-(907’)/0) k d
-1 Zna 5 0 -, —\dud > V0 S o
{ —_— o(w,0)m(fo + — 0 + \/ﬁ) udv | 1 Qnco.t1.1]

u v 7(00,7%) % 4
Pna Zna b 7 - = -
a0 </Un><Vn ao(u,v) (6 + - Yo + \/ﬁ)dudv < 1 0n

4
P (I S —agn(H:J)) e o)
0,00 (dn,ao,HT > € + 77(907 70)6k77de

IN

41



IN

7 (60, 70) 0%
by Lemma 7 and the first part of this lemma (shown above)

4

A ————
(AW(HOJYO

< B'(1+ Hb/) exp(c/J)e_sg”(H"]),

where we set = §'/2 and

4
5= < 4 > Iht2d12 e—m“%w’”.
Am(00,70)

Lemma 9 For any N, uniformly in ag € Ny

lim  HY Py, o0 (o5 (6 — ag)|| > H) = 0.

n,H— o0

PROOF: Let

Zn,ao (ua U)T‘—(QO + %7 Yo + %)d’U,dU
Zn,ag\U, V) = — _ _ —
7 0( ) fUnXVn Zn,oéo (’LL, ’U)W(HO + %7 Yo + ﬁ)dudv

oY (@n — ) minimizes

Unao(S,t) = / l(s —u,t — v)2p a0 (u, v)dudv.
UpXVn

Poos (o (G — )| > H) < Py ( in
IIs,t]|>H

There exist numbers 79,71, 0 < rg < r1 such that for n large enough

lo = sup{l(u,v): (u,v) € Uy x Vo N (||u,v| < ro)}

< Iy = inf{l(u,v) : (u,v) € Up x Vi N (|Ju,v] > r1)}.
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2
)) e e~ 4k+§d+29”(H’J) + B(1+ Hb) eXp(CJ)eiag"(H’J)
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Assume all integrals are taken over U, x V.
Ynao(0) = /l —(u,v)) 2 a0 (u, v)dudv

0/ Zn,a0 (U, V)dudv
[|u,v]| <ro

+/ (u,v))2n,a0 (U, v)dudv.
[, vH>7“o

IA

Take H large. Suppose H > 2ry and ($H)¢ > ry. For |lu,v[| < (%)C,

I(—(u,v)) — inf I(a,v) <0.

1a,3]1> 5
If [|s, ¢ > H, |lu,vl| < 3H, then
1 .
(s —u,t —v)|| >=-H >r; and inf  I(u,v) > 1,
2 [ERES
inf > inf l(s —u,t — v)2n,a0 (0, v)dudv
s> mao (5:1) s> H o] < 2 ( e
> inf / inf l(s —a,t — )| 2n,a0(u, v)dudv
s tI>H Jjuw|| < ||(s—it—0)]|>Z >r

= l1/ Zn,a0 (U, v)dudv
llu,v][<ro

+/ inf (@, D) | zn,a0 (u, v)dudv.
ro<lluvll<(£)¢ [na,w% ’

Also note that after the second inequality we could conclude

inf  p.a0(s,t >l1/ Zn,a0 (U, V)dudv.
lls,tll>H o(5:1) lluo|| < & ’

So,

mn,00 0 - f n,o
Vna0(0) HsltI||1>H¢ o(s,t)
< —(ll—lo)/ Zn, (U, V) dudv
[|u,v]| <rg

—i—/ ”>(£)Cl(—(u,v))zmao(u,v)dudv

by equation (2).
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| has a polynomial majorant, so I(—(u,v)) < B'(1 + |ju,v[|") < B(1 4 |Jul|®)(1 + ||v]|%).

/ l(_(u7v))zn,ao(U,U)dudU
= I(—(u, v))zn,a0 (0, v)dudv
= /| (= (1y0)) 2 (1,0)

* /” > (ﬂ)c (=(u, v))zn,ao (u, v)dudv.

= Z Z En,ao/ U(—(u, v))2n,a0 (0, v)dudv
7=0 m=0 TIL%-H'XFU’"

< Z Z B+ (R+j)")(1 +m)Fn.aoQn.ao.rijm by Assumption 7
j=0m=0

,(R =+ j)b/ eXp(Clm)e_ag"(RH’m) by Lemma 8

M
(]
o

7=0 m=0
_ oagn(R0)/2 V20+2) (2 (¢ —ga(R+j,m)
= ZZB (R+j) exp(a(c + 1)m)e
7=0 m=0
N4 2 a

(R+j) a exp(—am)]2

< e RORBIN TN (R + )2 exp(—m)
=0 m=0

S Be_agn(Rvo)/Q_

Similarly,
En oo / I(—(u, v))2n,a0 (0, v)dudv
lvl>R

oo o0

IN

B(1+ (R+m)")(1+ 59 Ern 0o @n,a0,j,R+m
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So,

E, o / I(—(u, v))2n,a0 (0, v)dudv
" ll> ()¢ ’

< Be*(l/gn(R,O) + Blefalgn(ovR)
< BR2N/C

< B'H?V,
Now,
P00 (/ ; U(—(u,v)) Zn,00 (u, v)dudv > H_N> <BH?NHN =B'HN.
luvll>(5)

Below we will need Paq([ Zn,ao(u,0)7(00 + 5,70 + J=)dudv > HN?) < CH-N/*, which

follows from

/Zn,ao (u, U)W(QO + 27 Yo + %)dudv

- ZZ/ Z o (u aU)W<90+%,’yo+%)dudv

1 XTI

j=1g¢=1 q-1
< sup Zn,ao (U, 0)T(00 + —, 0 + —=)mesjq
Z;(uv)ef‘] 1 X0y o n’ \/ﬁ ’

where we define mes;, = mes(I'}_; xI')_;). Since the parameter space is assumed finite dimensional
mesjq has a polynomial majorant in j and g.

Also, the prior has a polynomial majorant, so

u v
Pn,ao (/ Zn,ao (ua 0)7‘—(00 + E7'YO + ﬁ)dudv > HN/2>

o [o.¢]
< Paao (200 Sw Znag(wu)n(fo + =90+ —=)mesj, > HY/?
=1 g—=1 (uw)ely_ xTy_y \/_
o u v
S 1-— Pn,ao ﬂ =1 ﬂ sup Zn,ao (’LL, U)7T(90 + —5 70 + —)mequ
( uw)elt_ xTY_ n Vn
HN/2
for M > 1
< gryiig! .
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IN

IA

IN

IN

IN

IN

IN

IN

(] v
P00 / Zna 007 (B0 + 70 + = )dudv > 1)

46

(1:0) < H )
1-P N2, NS sup Z U, v —_—
meo \ st el (uv)ely_ xT0_, o Cr M gM
HN/2
Pray | U2 U2 sup Znao (U, 0) > — = }
n,a0 =1 (u,v)eF“ IxIY_, n,aQ C”]M qM
>y o
Py, sup o (U, 0) > =y
pa n,00 @ v)EF“ Ty n,a0 C”jM qM
e} [e.e] . !
C”]M /2qM /2
> — N Lo sup Zy3 (u,v)
j=1 q=1 (u,v)eF <y
i i M [2gM' /2 onli-1a1)
N/4
j=1g=1 HN/
(o, ¢] [o¢] )
C" N/ Z Zj2+M /2q2+M /2e—gn(3—1,q—1)j72q72
j=1q=1
o0
C//H—N/4 e—gn(0,0) + Z q2+M /26_9”(0’q_1)q_2
q=2
oo ) o0 [o.¢] )
i Zj2+M /26—gn(]—1,0)j—2 i Z Zj2+M /2q2+M /20=9n(i—1a— 1)j=24-2
j=2 =2 q=2
oo
C//H—N/4 e—gn(0,0) + 92+M /2 Z(q _ 1>2+M /Qe—gn(D,q—l)q—Q
(0.)
492+M'/2 Z(j — 1)2HM/2=gn(j=1,0) ;=2
j=2
[o.¢] o )
4odtM Z Z(] _ 1)2+M /2(q _ 1)2+M /Qe—gn(]—l,q—l)j—Qq—Q
=2 q=2
o o (o] [o¢]
C///H7N/4 + Z q72 + ijZ + Z ij2qf2
q=2 =2 =2 q=2
CHNA,
P | (1 — lo Zn.ap (U, v)dudv < H™N
|u v||<ro
< P, f||UUH<T0 Zn o (1, 0)7 (00 + 2,70 + ﬁ)dudv _ 1
- HN/? = (Iy = lp)HN



u v
< Pha / Znoo(u, )0y + —,v0 + —=)dudv < ————— + COHNA
| O( iy et OO 00+ ) (ZI_ZO)HN/Q)
u v
= Paa / a0 (u, v)w(00 + —, 70 + —=)dudv
’ ( full<ro n NG
[ 1
= g (Z’YO) 1 ird | T CHMH
[((1110)2(907’70)> k+d Hﬁ]
[(11*10)2(90170)HN/2}*%H [(l1flo)z(9oﬁo>HN/2}*k%ﬂj
S Pn,ao / vaao(u,v)
0 0
-m(0p + %, Yo + %)dudv
) 1
= o (Z%) 1 ira | T CHN
{((ll—lo)zwoﬁo))m Hg(k—%]
_ 1
< 2AM2(RV1 4 qV/2) [((ll - lo)ﬂ(9o,70)HN/2> 2(k+d)
- 4
_ 2
n ((ll — ZO)Z(HOv'VO)HN/2> 20kt d) S OHNA
< C/HftN
where ¢ € (0,1) and does not depend on N.
Finally,
Pn,ao(H‘Pgl(dn —ao)|| > H)
< Pn,oz()( inf ¢n,o¢0 (S’t) < wn,ao (070))
|s,tl|l>H
< Prao((lo — ll)/ Zn,a0 (U, V) dudv —i—/ ) U(—(u,v)) 2n,a0 (1, v)dudv > 0)
l[uvl|<ro l[uwl|>(£)
< Pooo((l —1o) / e (1, 0)dudv < HN)
l[uvl|<ro

+Pn’a0(/|| 1>( )¢ [(=(u, )z a0 (u, v)dudv > H)

IN

B"(H™N + H™N),
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Lemma 10 The distributions of the integrals |,

]| <M l(s —u,t — v)Zp o (u,v)dudv and

f”u oll<M Zn,a (U, v)dudv converge uniformly for ag € Ny to the distributions of the integrals fHu oll<M I(s—

u,t — ) Za, (u, v)dudv and |,

uvl| <0 Zao (U, v)dudv.

PROOF: Note that sup,, ,, , En,agZn,ae(U,v) <1 < 00, 50

sup En, a0 / (s —u,t — v)|| Zn,a0 (u, v)|dudv < co.
n [uvl|<M

Also,
Enaol Z2/2 (w1, v1) + ZY2 (uz, v2))?
1/2 1/2

< 2sup E",CVO Znﬂo (U, U) +2 [En,ao Zn,ao (ub U1 )] [En,ao Zn,ao (U27 'U2)]
U,

< 4sup EnagZn,ag (U, 0)
U,

and

En,ao |Zn,010 (ulv 'Ul) - Zn,ao (u27 1)2) ’

< 2[Epa|ZM2

n,oo

(u1,v1) — AT (u2, UQ)‘Q]UZ[SHP En.00Zn,00 (u, U)]l/Q-

n,oQ wa
)

For fixed M, ||Jui,v1|| < M, and ||ug, ve|| < M,

sup En ool Zn,a0 (U1, V1) — Zn aq (U2, v2)]
n

< B'(lur — wol|'? + |Jor - va)).

By marginal convergence of Z, ., the above conditions also hold for Z,,. Partition RF+ into
cubes with edges of length § parallel to the coordinate axes. Let A; be the intersection of the gth
cube with the set {(u, v) : ||u,v| < M}. Choose a point (uj,v;) in each A;. Consider characteristic

functions,
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Ey o €xp [z)\/ (s —u,t —v)Zp a0 (u, U)dudv]
luwl| <M

— E,exp i)\/ l(s —u,t —v)Za, (u, v)dudv]
luvl| <M

IN

Ep a0 €xp |iA Z o (U, 05) / I(s —u,t —v)dudv

j J

— E,exp |iA Lo (U, V5 (s —u,t —v)dudv
0\Uj> V5

j J

+ En,ao exp |iA Z Zn,ao (uj7 Uj) / Z(S —u,t — U)dUdU
- A
7 J

— Ep o €xp i)\/ l(s —u,t —v)Zp a0 (u, v)dudv]
luv|<M

+ |Eqexp i)\ZZao(uj,vj)/ I(s —u,t —v)dudv
j i

— E,exp i)\/ l(s —u,t —v)Za, (u, v)dudv]
l[uvl|<M

The first differenced term on the righthand side approaches zero by (uniform) marginal conver-

gence of Z,, o, in Corollary 4. For the second differenced term, note

Ena €xp |IA Z Zn, o (U, 05) / l(s —u,t —v)dudv
J j

— Ey o €Xp i)\/ l(s —u,t —v)Zp a0 (u, U)dudu]
luvl| <M

< Al Z/ (s = u,t = 0) Enag| Zn,aq (1, V) = Zn,aq (ug, v5) | dudv

~ JA;

J J

Noting e/ — ) < | [ |e™dy < [tlc ~ 3
b
< BN sup (s =yt —0)|((k6)"/2 + (d8))mes{(u,v) : [[u, v]| < M}
lluvl|<M
— 0,
as 6 — 0.
Similarly, the third differenced term converges to zero. a
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Lemma 11 For any {h1,..., hm} CRETL (W00 (h1), - - - Yn.ag (hm))

~ (woéo(hl)v s ’¢a0(hm)) umformly fOT Qo € NO-

PROOF:

From lemma 9, P, o, (|5, (6 — a0)|| > M) — 0, uniformly for n large enough as M — oc.

Let L > M,
s (5,1) Juwpcar s = st = 0) Znag (w, )7 (00 + 3,70 + J57)dudv
n,ao\S, 1) — — = K v
' f||a 17||<L Znao (U, D) (00 + 57,70 + ﬁ)dudv
B Sjussar 10s = st = 0) Zn o (u, )7 (00 + 3,70 + ) dudv "
- onao @, 0)7 (0o + 3,70 + 5 )dado
f||u,v||§M (s = u,t — ) Zn,a0(u,0)7(00 + 77,70 + ﬁ)dudv -
fllﬁ,ﬁHgL Zn 0 (U, D)1 (00 + %, Yo + %)dadﬁ
Sz Zrao (1, 0)7(00 + %50 + =) dudv o
f Zn,ao ('{L, 6)77(00 + %; Yo + %)dﬂdi) '
Term (4),
E fHu,vH>M I(s — u,t —v) Znao(u,v)T(00 + %, 70 + ﬁ)dudv
o I Znag (1, 0) (B0 + 2,70 + %)dﬁdﬁ
= En7o¢() / l(S —u, t— ’U)anlo (U, U)dud’l)
[[w,v]|>M
< Enag / l(s —u,t — v)zn,a0(u, v)dudv
[[ul|>M/2

+En, a0 / l(s —u,t —v)zy,a0 (u, v)dudv
|v]|>M/2

< Befagn(M/Q,O)/Z +B/€—agn(0,M/2)/2’

as in (3) in the proof of lemma 9 (for fixed s,t).

Now, consider term (5),

f||u v||[<M vaao( )77(00 + %7 o+ ﬁ)dudv
JSiasi<r, Zniao (@, 0)m (80 + &, 70 + %)dadﬁ

<1

)
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SO

f||u,v||§M (s = u,t = ) Zna0(u,v)T(00 + 7,70 + ﬁ)dudv
Jjasi<r Znoo (@ D)7 (00 + 3,70 + J5)didd

f||u,v||§M Zn,ao (uv ’U)W(QO + %, Yo + ﬁ)dudv]

< sup (s —u,t—v) — - .
f\m,ﬁngL Zn 0 (U, D)7 (00 + w0+ %)dudv

llu,vl| <M

IN

B(1+ MP).

Now consider terms (5) and (6).

E f\|u,v||§M (s = u,t = v) Zn o (u,v)m (00 + 770 + ﬁ)dudv
o i< Zniao (@ 0)m (80 + 570 + %)dﬂd@
Jjwfs 1. Zrsao (s 0)m (00 + 2,70 + %)dudv]
J Zna(@,0)7(00 + 72,70 + ) dadd
< B(1+ Mb)En,ao fHu,v||>L Znoo (0, 0)7 (00 + =, 70 + ﬁ)dudv]

J Zno @0, 0)m (00 + 2,70 + ) dadd
fHu||>L/2 Zn,a0 (U, 0)m(00 + 3570 + %)dudv]
J Zna (@, 0)m (80 + 270 + ) dudd
f||v||>L/2 Zino (w,0)m (00 + 5,70 + ﬁ)dudv]
J Znao (@ 0)m(00 + .90 + ) didd
< Be ®9n(M/2,0)/2 | po—agn(0,M/2)/2

IA

B(1+ M%) E, 4,

+B(1+ Mb)En,aO

again as in (3) in the proof of lemma 9.

It follows by Markov’s Inequality that uniformly for oy € Ny

Sjuo<nr 10s = st = 0) Zy o (u,0)7 (00 + 3,70 + ) dudv
f||12,6||§L Zna (U, 0)7 (00 + 7,70 + ) dudo

Unao(8:t) =

as M — oo uniformly for large enough n.

The prior 7 is positive and continuous at «g, so

U 0]

U
(6 + 20 + \/ﬁ) — 7(6o,70)

uniformly on ||u,v|| < M and ag € Ny as n — o0. So,

o1



u v
Uy ti — V) Lo (U, v)m(0g + —, Y0 + —=)dudv
Z et = )+ 0+ )

v
—|—f/ Zna 0 + o + —)dudv
o R L UR R

- Z / U, tj — ) Zn a0 (U, v)w (0o, 0)dudv
uvH<M

+ & / 00 (w, 0)7 (00, Y0)dudv
Ju,v|| <M

u v
< sup |7(0o + —, 70 + —=) — 7(0o,70)
lul|<M | n vn
Z / Uyt — V) D a0 (U, v)dudv
[Ju v||<M
—1—&)/ Zn a0 (U, v)dudv
[Ju,v|| <M
P, 0,

since the second term is Op(1).

From Lemma 10, we have that for arbitrary &g, &1, ..., &m,

Z / U, tj — V) I oo (U, )7 (6o, 0)dudv
uvH<M

+§0/ Zn a0 (u, v)m (00, v0)dudv
[Ju,v|| <M

~ Z@/ l(sj —u,t; — v)Zay(u,v)m (0o, v0)dudv

|| <M

j=1

+§0/ Zay (u,v)m (00, v0)dudv
[Ju,v|| <M

So using the Cramer-Wold device it follows that

u (¥
l(s1 —u,t1 —v)Zn,ao(u,v)m(0g + —,v0 + —=)dudv
(/u,ng( 0100700+ 50+ )

U v
. U(sm — Uyt — 0) Zn a0 (u, ) (0o + —, Y0 + —=)dudv,
/u v||<M ’ n \/ﬁ)

u v
Z oo (1, 0)7(0 + —, — Vdudv | .
/’Uq’USM 7 O(u /U)ﬂ-( 0 + n 0 —"_ \/ﬁ) " v)
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~ (/ l(s1 —u,t1 — v) Zay (u, v)m(00, v0)dudv
luvl| <M
- ,/ U(sm — Uyt — 0) Zoy (u, 0)7 (00, v0)dudv,
luwl| <M

/ 1< Zao(U»U)W(Qo,%)dUdv) .

It follows that for M, L < oo, the marginal distributions of

Sul<nr 10s = st = 0) Zn o (u, )7 (00 + 3,70 + ) dudv

Jjas<z Znsao (@, 0)7 (00 + Lo + %)dadﬁ
converge uniformly in ag € Ny to the marginal distributions of

Jiwaear 15 =t = 0) Za (u, v)dudv
fHﬂHﬁHSL ZOCO (ﬁa 6)dﬂd’i}

Thus,
fF“H Iy Zn o (1, 0) (60 + 73,70 + %)dudv

f||11,6||§L Zn,00 (U, D) (6o + %,’Yo + %)d&dﬁ

converges uniformly for g € Nj to the distribution of

fl“;{xl“jf] Zog (u, v)dudv
Jjasj<r Zao (@, 0)dudv’

and so for L > H + 1,

fFuer‘zj Zao (U, 'U)dudl}
[ Zao (0, 0)dadd
< lm E frg, xI'Y Zna0(u, v) (0o + %, Yo + \/Lﬁ)dudv
T oo U L ser Znao (8, D) (00 + 5,0 + ) dido
< B(1+ HP)exp(CJ)e bon i),

As a result, we can use the proof method above to show that

Jiwlgar 15 =t = v) Zay (u, v)dudv
Jjas1 <1 Zao (@, D)dudv

p

Yao(s,1) =

as M — oo, just as we showed that

flluvaSM (s = u,t = v) Zn oo (u, v)m (00 + 37,70 + ﬁ)dudv
f||ﬁ,ﬁH§L Zino (1, 0)7 (00 + 5570 + ﬁ)dﬂdﬁ

_>0

Un,ao(8:t) =
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as M — oo uniformly for large enough n.

The conclusion of the lemma follows.

O
Lemma 12 For every €,n > 0, there exists § > 0 such that:
lim sup sup Pﬂ,ao sup W)n,ao (81, tl) - d}n,ao (527t2)’ el <mn
n—00 ag€Np lls1—s2,t1—t2[|<6,l|s1,t1 | <M || s2,t2]| <M

PROOF:
Note that the part of the proof of Lemma 11 that shows v, ,(s,t) can be approximated
by a ratio of integrals on a compact space can be straightforwardly extended from fixed s, t to

{(s,t) : ||s,t]| < M}. Uniformly in ag € N

wollen (8 =1t —=0) Zp op (u, ) (00 + =, 70 + —=)dudv
Sup wn,a0(37t) _ ‘[‘H ) HSN — 0 = = — \{ﬁ L) 0
lls,tll<M fHa,f;HSL Znao (U, ) (0 + 31,70 + ﬁ)dUdU

as N — oo uniformly for large enough n.

Hence, it suffices to show that for every £, > 0, there exists § > 0 such that:

lim sup sup Py, sup
n—00 ag€Ny lls1—s2,t1—t2[|<3,[|s1,t1[| <M, || s2,t2 || <M

fHu,vHSN[l(Sl —u,t; — 1)) — l(SQ — U,y — U)]Zn,ao(uy"l))ﬂ'(eo + %770 + ﬁ)dudv
fua,ﬁ”gL Zpsoo (0, D) (0 + L, 0 + %)dﬂdﬁ

>e)<n.

En,ozo sup

[ls1—s2,t1—t2||<6,|Is1,t1 | <M, |[s2,t2 || <M

‘f||u7U<N[l(31 —u,ty —v) — (52 — U, 2 — )] Zn,ap (u, v)7 (00 + 2,70 + ﬁ)dudv

|

fua,ﬁ”gL Zp o (@, D)7 (00 + L, 70 + %)dﬂdﬁ
= sup [[(s1 —u,t1 —v) —l(s2 — u,ty — v)]
lls1—=s2,t1—t2]| <3, [|s1,t1 | <M, |[s2,t|| <M, ||lu,v|| <N

f||u,vH§N Z"ﬂo (u’ U)TF(GO + %, Yo + ﬁ)dudv

f||ﬂ,ﬁ||§L Zno (U, D)7 (00 + %,70 + ﬁ)dﬂdﬁ '

'En7ao

By Assumption 7, (s —u, t—v) is uniformly continuous on ||s, t|| < M, ||u,v|| < N, so we can choose

¢ small enough to make SUp|s, g, 1, —to|<8, 151,41 (| <M, |[s2.tal| <M, [uv] <N (81—, t1=v) =1(s2—u, t2—0)]
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as small as desired. Since

sup  FEp a —
ao€No Jjasi<z Zniao (U U)W(Qo + L+ %)dudv

< 00,

we can use Markov’s Inequality to arrive at the conclusion of the lemma.

O

Lemmas 11 and 12 establish weak convergence of the stochastic process 1y, q, to ¥,. They are
also sufficient to ensure that almost all sample paths of v, are continuous. Then by Lemmas 9
and 9’ (below), we can apply an argmax theorem, such as Theorem 3.2.2 in Van der Vaart and

Wellner (1996), to establish the limiting distribution of the Bayes estimator.

Now we turn to showing asymptotic efficiency. Define the limiting risk function
L(a) = limn%ooEn,a[l(%;l(dn —a))l.

We want to show that the convergence to this limiting risk function is uniform in o € Nj. Note that
conditions given in the first part of this proof are sufficient for uniform convergence in distribution

of the Bayes estimator for ag € Ny. Also, using Assumption 7 and Lemma 9,

Enaoll(pr ! (@ — a0))1{]l0n " (Gn — ao)|| > H}]

< ZB 1+ G +DY)Pr(j < |lon(@n —ao)| <j+1)
j=H

= ZB’ PPr(len (@n — ao)|| > 5)
= Z B3 2 Pr(lley ! (Gn — ao)ll > )i
j=H
< 0> (7)
j=H

By choosing H large, we can make this bound as small as desired. Let M = B(1 + H®) and

Ipr(h) = min{M,l(h)}.
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sup |En,aol(§0;1(dn —ap)) — anl(Tao)|

aOGNo
< sup ‘En,aol(%;l(&n —ap)) — En,aolM(ng(dn — ap))|
aoe/\/o
+ sup ‘EmaolM(‘P;l(&n —0)) = Eaglm (Tag)l + sup [Eaglar(Tag) = Eagl(Tag)|-

ap€Np ap€Np

Since | En,aol(7, " (G —0)) —Enaolir (@' (@n—0))| < Enaoll(¢n ! (Gn—a0)) H[len ' (Gn—ao)| >
H}], equation (7) is sufficient to make the first term as small as desired by choosing H and n
sufficiently large, and a similar argument can be made for the third term using Lemma 9’. Since
lpr is countinuous and bounded, the second term can be made as small as desired by the uniform
convergence in distribution of the Bayes estimator.

Next we establish weak convergence of 7,/ to 7o, when o/ — «. To show the weak convergence,
we follow a similar argument to the one used to establish the limiting distribution of the Bayes
estimator. Corresponding lemmas are denoted with a prime. This result is used to show continuity

of the limiting risk function, which will lead to the desired efficiency result.

Lemma 5 There exists a, b, ¢ > 0 such that
Bl Z42(ha) — ZY2(h) < e(1 + Ru)* exp(bR) (luz — wi]| + vz — vy ]2)
for all hy,hg € {h: ||u|]| < Ry, ||v]| < Ry} and any ap.
PROOF:

Ea|Z3*(ha) = Za)*(h)?

< BIZa) (he) = 2,3 (ha) P + B|Z,/3 (ha) — Zy/2, ()|

n,a0 n,aq n,oo

+EB|ZY2 (hy) — Z2 (hy)]?

n,aq

+2(E|ZY2 (ha) — ZY2 (ho) P E| ZL2, (ha) — Z)2 (1) )2

n,oo n,oQ n,oQ

+2[E|Z3 (he) — 2,3, (h2) P B 2,3, () — Za)2 (ha) ]/

n,xo n,xo

+2[E1 2,5, (h2) = Zy/ay (M) PE| 233, () = Za? (ha) ]/

< o1+ Ry)*exp(bRy)(|lug — url] + ||va — v1||2) + e.
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The last inequality follows by

Enaol Zlay(h2) = Zy/ay(h1)* < e(1+ Ru)® exp(bRy)([|uz — wal| + [Jvz — va]|?),

n,oo n,ao

and the finite dimensional convergence in Corollary 4 which implies that we can choose n large
enough so that the remaining terms are less than € > 0. Since this holds for any € > 0 the

conclusion of the lemma follows. O

Lemma 6’ For all (u,v) and ap € N,

Eoao 237 (u,v) < exp[=G(|lul, [[v]})],

a0 “ag

where G is a sequence of functions from [0,00) x [0,00) into [0,00) such that:
(a) G is increasing to infinity in each of its arguments.

(b) For any N, N, >0, we have

lim ™™V exp[~G(x,y)] = 0.
max{z,y}—oo

PROOF:

1 1
EaOZc%Q(U7U) = exp ( - gvll’yv - EEozo [f(g(:ﬂ, 90)|x,a0)|V99($, GO)IUH )

By Assumptions 4 and 6, there exists a > 0, so that we can set

G(z,y) = alll=] + Ilyl*)

to satisfy the conclusion of the lemma.

a

Lemma 2' The finite dimensional distributions of Za/(h) converge to those of Zu,(h) as o/ — «y.

PROOF: Let Ty, (Dot pys---> Dot b )y Tag, and (Dag pys- - - s Dag by, ) be the normal and joint

Bernoulli random variables corresponding to (Zy, ./ (h1), - - - s Zp,at(hm)) and (Zn,a0(h1)s - - - s Zn,ag (hm))
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as given in Corollary 4. The conclusion of the lemma will follow by the continuous mapping theorem
and noting that for {ji,...,5i} C {h1,...,hm}, Po(Darj, = 1,..., Do j, = 1) — Puy(Day,jy =
1,...,Dqyj, = 1) and var(T,) — var(Ty,) as @’ — «ap. The variances converge by Assump-
tion 3. The probabilities converge by the continuity of

1{max{Vyg(z,0) uj,,...,Vog(x,0) uj} >0} f(g(x,8)|z,a)

max{Vyg(z, 9/),Uj1; ., Vag(z, el)lujz}])

with respect to o’ at ap and Assumption 5. O

Lemma 7' For all § and n small enough,

(/ // / o(u, v)dudv < 5“)

< 2A1/2 RYZ d1/2)(51/2 ).

PROOF: By the same argument as the proof of Lemma 7. O

Define
Iomg =/ Zo(u,v)dudv
Y xTv

Ia,HJ
| Zp o (u,v)dudv’

Qa,HJ =

Lemma 8 There ewist constants B,C,b > 0 such that
Folomy > e D) < B(1+ HP) exp(C7)e ¢ H)
Eo[Qamg) < B(1+ HB) exp(CJ)e M¢UH:D),

PROOF: By the same argument as the proof of Lemma 8. O
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Lemma 9 Suppose ¢, (ay, — o) ~ 1,. For any N
lim HYP,(||ra| > H) = 0.
H—o0

PROOF: The result follows by the Portmanteau Theorem, Lemma 9, and noting that the H-

bounds in the proof of Lemma 9 are uniform in n for large enough n. O

Lemma 10’ The distributions of the integrals f| l(s —u,t —v)Zy(u,v)dudv and

|u,v|| <M

f”u oll<M Zo (u,v)dudv converge to the distributions of the integrals fHu oll<M l(s—u, t—v)Zy, (u, v)dudv

and [, Zoo (u,v)dudv as o — ap.

lu,v||<M

PROOF: By the same argument as the proof of Lemma 10. |

Lemma 11" (Yo (51,t1), .., Yor (Sm> tm)) —= (Vg (51,11), - -+ Yoy (Sms tm)) as o/ — ag.

PROOF:
In the proof of Lemma 11, we have already shown that

fHu U||<M Z(S —u, t— 'U)Za/ (U, U)dudv
fHﬁ,ffllgL Zo (W, V) dudv

-0

wo/(sv t) -

as M — oo, and similarly for 1, (s, t).

From Lemma 10’, we have that for arbitrary &y, &1,...,&m,

uv||<M

Z &; / l(sj —u,tj —v)Zy (u,v)dudv
=1 I

+& / Ze (u,v)dudv
l[uwl|<M
m

~> Zgj/ l(sj —u,tj — v) Zoy (u, v)dudv

j=1 luo||<M

+&o / Zay (u,v)dudv.
l[uvl| <M
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So using the Cramer-Wold device it follows that

/ l(s1 —u,ty —v)Zy (u,v)dudv
lJuvl| <M
e ,/ U(sm — Uyt — ) Zor (u, v)dudv,
lluvl|<M
/ Zy (u, v)dudv)
l[uvl| <M
~> / l(s1 —u,t1 — v) Zay (u, v)dudv
l[uvl| <M
b ,/ U(Sm — Uyt — V) Zoy (u, v)dudv,
lluvl|<M

/ Zay (u, v)dudv) .
lluvll<M

So for M, L < oo, the marginal distributions of

fllu v||<M I(s —u,t —v)Zy (u,v)dudv
flm,augL Ze (1, 0)dudv

converge to the marginal distributions of
Sjuwar 18 =t = ) Zog (u, v)dudv
Jias)<r Zao (@, 0)dado

The conclusion of the lemma follows. O

Lemma 12’ For every e,m > 0, there exists § > 0 such that:

lim sup Py ( sup |V (81,11) — ar(s2,12)| > E) <n

o' —ap [Is1—s2,t1—t2]|<,[[s1,t1||<M,||s2,t2|| <M

PROOF: By the same argument as in the proof of Lemma 12 applied to 1, rather than ¢, .

Since ¢, (@, — a) ~ To, L(a) = E4[l(74)]. Moreover, for o/ — g, Tor ~ Ta,. Thus for
ap € Ny, L is continuous. Also, using an argument similar to (7), L is bounded on oy € Np.
Continuity and boundedness of the risk function can be used to establish the following relation

for any nonempty open subset A of Nj.

liminf sup F, o[, (Gn — a)] > sup L(a)
N0 aeN a€cA
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by Theorem 1.9.1 in Ibragimov and Hasminskii (1981). Recalling the uniform convergence to the
limiting risk function shown earlier, asymptotic efficiency of &, on Nj follows. Hence for any point

ag in Ny, &, is asymptotically efficient. O
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