Lecture Note 2: Extremum Estimators and GMM
(Based on Newey and McFadden 1994)
Extremum Estimator: § maximizes Q,,(0) over 0 € ©.

Here O is the set of possible parameter values. We use a “hat” in Qn to indicate that the objective

function can depend on data, and the n subscript indicates that it can depend on sample size.

It turns out that many estimators can be viewed as extremum estimators. We’ll look at a number

of examples next.
Maximum Likelihood Estimator

Let 21, 22, ..., 2, be IID with PDF f(z|6y) for 6y € ©. Then the MLE solves
1
max — ; log f(2;]0).
So this is an extremum estimator with
R 1 <&
Qn(0) =~ ;log f(il6).

We can also handle conditional MLE. Suppose z; = (y;, x;), and let f(z;|0) denote the conditional
density of y given x: f(y;|z;,0).

Example: logit regression

Suppose y; is binary with
exp(z;f3)

P(y; = 1]z;) = T+ exp(@f)

Then the conditional likelihood function is

B n exp(z;3) v 1 1=yi

=1
The MLE B maximizes the likelihood. Equivalently, we can maximize the log likelihood:

exp(z} )

_t 1—y;)1
1 4 exp(z}3) +( vi)log

n
IOgP(yla"'7y |.Z'1,...,.Z’ aﬁ): leg T I
" " ; ‘ 1+ exp(z}3)

We can also multiply the log-likelihood by 1/n to get

n

Qn(B) = %Zy tog —22EB)_ (1 _ iy iog

— P 1+ exp(zlf) 1+ exp(z}8)’



and

BMLE = arg mgux Qn(ﬁ)

Although in most cases we cannot solve for the value of 3 by hand, the log-likelihood function can
be shown to be globally concave, so relatively simple numerical methods can be used to find the
MLE.

Nonlinear Least Squares

Let z; = (y;, x;), and suppose that
Elylz] = h(z, bo).

For example, we might have

Ely|z] = exp(2/6h).

The nonlinear least squares (NLS) estimator  minimizes

This is equivalent to maximizing

S|

Qu(0) = == > (i — h(w:,0))*.
=1

LAD estimator

Suppose that y is a random variable. The median of y, denoted Med(y), is any number ¢ such that
Ply<c)>1/2, Ply=c)>1/2

The idea is that half the probability mass of y is above ¢, and half the probability mass is below c.

A useful result is that the median of y solves
min By — cf.
Suppose that the median of y given x has the form
Med(y|x) = m(z,0),
for a known function m. For example, if the conditional median is a linear function of x,
Med(y|z) = 2'6p.

A natural estimator based on a random sample of (y;,x;), i = 1,2,...,n, is the least absolute



deviations estimator, defined as
1 n
0 = arg min — ; —m(x;, 0)|.
g - z; |yi (w4,0)]
—

(or maximizing the negative of the sum of absolute deviations).
GMM Estimator
Suppose we have a “moment function” g(z,6) such that, at the “true” 6,

E[g(za 00)] =0

Here g(z,0) is a k-vector valued function so that the preceding display should be interpreted as k

equality restrictions.

Let W be a positive semidefinite matrix. So for a vector m,
(m/Wm)l/Q

can be thought of as a “distance” of the vector m from 0. The GMM estimator maximizes
1 1
Qu(6) =~ [n >z 9)] W [n > 9 0)] .
i=1 i=1
The interpretation is that 6 tries to minimize the distance of

1 n
=1
from 0; that is, the GMM estimator tries to set the sample version of E[g(z,0)] as close as possible
to 0.
Example of GMM: Linear IV

Suppose z; = (y;, xi, v;), where

yi = 200 + €,

but x; may be correlated with ¢;. The variable v; is an instrumental variable:
E[viei] =0.

Rewrite this as
Elvi(y; — }60)] = 0.



So we can take
9(2,0) = v(y — 2'0).

Suppose that both v and = are k—vectors. Then g(z,0) is k x 1, as is 6. So we can typically find a

value 0 that exactly solves
1 n
- 2 ) = 0.
- ;g(z )=0

Then, this will be the solution to the GMM problem for any matrix W. If dim(v) > dim(z),
however, it will typically not be possible to choose a 6 to set %E?Zl 9(zi,0) exactly equal to 0.
Different choices for W will lead to different solutions to the GMM problem.

A popular choice for W is
-1
. 1 —
W = <n Z ’Ui’Ul/-) .
i=1
The solution for this weighting matrix turns out to be the two-stage least squares (TSLS) estimator.
Exercise: show that this choice for W leads to TSLS.

Another example of GMM: Euler Equations (Hansen and Singleton, 1982)

Suppose a consumer is choosing a consumption stream ci,...,cr to maximize expected utility,

under a constant relative risk aversion utility function

-1

u(c) = 5

The consumer’s maximization problem is

max F
Cly..5CT

T
Z ﬂtlu(ct)]
t=1

subject to a dynamic budget constraint. Here (3 is the rate of time preference.

The firsr-oder (Euler) conditions for a maximum are

1)
B <> — 1|7
Ct

for all ¢, where Z; denotes the information available to the agent at time ¢.

E =0,

Let 6 = (5,v) and

So we have



Now, suppose z; are variables that are included in the information set at time ¢. For example, it
could include lagged values of the consumption variable and other lagged variables such as income.
Then

Elzp(z,0)] = 0.

So we can define

g(zt) 9) = xtp(zt) 9)3

and we have that
E[g(zta 00)] = 0

This is a nonlinear version of the previous instrumental variables problem.
Consistency of Extremum Estimators

Heuristic example: consider the maximum likelihood estimator,
1 n

0= — 1 10).

argmax ;_1 og f(zi|0)

The criterion function has the form of a sample average, and by a law of large numbers converges

in probability to
Q(0) = Ellog f(x:]6)] = / log f(210) f (2]60) dz.

You may recall from Econ 520, that Q(0) = E[log f(z;|0)] is maximized at the true value of 6.
When the parameter is identified, 6y is the unique maximizer of Q(0), i.e.

0y = arg max Q(0).

So it seems plausible that the maximizer of Qn(G) would converge to the maximizer of Q(6). For
this to hold, we need some further conditions, in particular a “uniform” notion of convergence in

probability.

Uniform convergence in probability: the function Qn(Q) converges uniformly in probability to Q(0)

if

sup |Qn(6) = Q(8)] == .

Theorem: if there is a function Q(€) such that

(i) Q(0) is uniquely maximized at 6y,

(ii) © is compact,

(iii) Q(#) is continuous,

(iv) Qn(6) converges uniformly in probability to Q(6),
then § — .



Proof: see Newey and McFadden.

Remark: in some cases, particularly simulation-based estimators, it is not always feasible to find

’

the true maximizer of Q),,. Suppose we instead have a “near-maximizer,” in the sense that 6 satifies

Qn(0) > sup Qn(0) + 0p(1).
0cO

Then the previous theorem’s conclusion continues to hold.

Some of the conditions in the theorem above are straightforward to check (for example, compactness
of the parameter space is usually assumed). Others require more work. To show conditions (iii)

and (iv), the following “uniform law of large numbers” is very handy:

Uniform Law of Large Numbers: suppose that z; are IID, © is compact, and we are given a function
a(z,0) such that

(i) for each 6 € O, a(z,0) is continuous in z with probability one.

(ii) There is a function d(z) with ||a(z,8)|| < d(z) for all § € O, and E[d(z)] < cc.

Then Ela(z,0)] is continuous and

n

1 P
sup ||— a(z;,0) — Ela(z,0)]|| — 0.
eeg\ln;:l (2i,0) — Ela(z,0)]]|



