Economics 522A, Spring 2007
Lecture Note 16: Modifications to OLS (corrected 03/27/07)

1 Example: Weighting to Improve Precision

We have seen so far that if the data are heteroskedastic, then ordinary least squares will be
unbiased and consistent, but its variance will have a more complicated form. So, we can
still use OLS, but we have to modify the standard errors, test statistics, and confidence
intervals to take this into account.

Since the Gauss-Markov theorem assumed homoskedasticity, it is not necessarily the case
that OLS is minimum variance among linear, unbiased estimators. There may be other
estimators that have lower variance. In this note, we explore how to modify OLS to improve
its efficiency.

First, let’s start with a very simple case with heteroskedasticity. Suppose that we have a
sample of size 2 for y;. Assume that

Elyp] = p
Ely] = p
Vip] = of
Viye] = U%
Cov(y1,y2) = 0

Letting y = (y1,y2)" we can write this compactly as

(). wama- (3 4)

Assume that () is known. Usually, of course, we would not know 2, but we start with
this idealized case to get some intuition.

Let /i be the sample average i = ¢, = (y1 + y2)/2. As an estimator for y, it is unbiased:
Elji] = El(y1 +y2)/2] = p.
Its variance is

VI = Vi +2)/2) = 5 (0 + o).

Now consider an alternative estimator for u, a weighted average:
fow = W1 - Y1 + w2 - Yo.

Note that the sample average is a special case, with w; = wy = 1/2, and also note that we
can think of this estimator as a linear function of y:

fiw = (w1, w2) < o ) :

Y2

1



The mean and variance are:

Bliw] = pp- (w1 +wz),  Vljin] = wiof +wio.
So, if we want the estimator to be unbiased, we clearly need wi + wo = 1, and if we want
to then pick the weights that give the lowest variance, we would need to solve:

min wio} + wios  s.t. wy +wy = 1.
w1,w2

This is easy to solve with basic calculus. The solution turns out to be:

1 1

2 2
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This is actually pretty intuitive: suppose that o; < o2, so that observation 2 is “noisier”
than observation 1. Then the optimal weighted average puts less weight on observation 2
and more on observation 1.

Note that the optimal weights give the minimum variance linear unbiased estimator of p.
All linear estimators (that is, estimators that are linear functions of the vector y) must have
the weighted average form, and to be unbiased the weights also must add to 1.

There is a different way to motivate this estimator. Suppose we assume in addition that y

is multivariate normal:
y—<y1>NN<[ :|,SZ).
Y2 %

Then the likelihood function (again, assuming 2 is known) is

o= 3o (3] (- [1])

and the log likelihood is

o -3 - [£]) o (o= [ £]).

So the MLE for p solves:

e (o [2])e (-[])

Equivalently, we can solve:

Yy — / 5 0 Y1 — p 2,1

. 1 o 1 2

min 1 , ) 1
I (yg—,u) ( 0 01%><y2—,u> .:1(,—12(3/1 0 (

Again, using calculus, we can solve this to get:

~—

1 1
;%3/1 + ;gy2
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fiyvr =

So the MLE is identical to the optimal weighted average estimator we derived above.



2 Generalized Least Squares

We can generalize the weighting idea to models with regressors, and with more general
covariance matrices.

Suppose that y is n x 1 and X is n X k, and assume that
Ely|X] = X5,

ViylX] =9,

where €2 is a known, positive definite symmetric matrix. In addition we will assume that
X has full column rank k.

Consider the estimator Bgls which solves the following minimization problem:
min(y — XBYQ7 (y - XB).

By the same logic as before, this estimator will be the conditional MLE if we were to assume
that y|X ~ N(Xg, Q).

The solution to this generalized least-squares minimization problem is:
Bas = (X'Q71X)1X'Q 71y
We call this the generalized least squares, or GLS, estimator.

3 Weighted Least Squares

It’s useful to consider the special case where 2 is diagonal:

o2 0 - 0
0 0 o3
0 o2
Then
L0 0
a7
0o L
Qfl — o—%

0o --- ULQ

Multiplying out the expression for Bgls, we can express the estimator as:

n 1 -1 5 1
Bgis = <Z ol 371332) Z PR

i=1 1% i=1 1%



which is a weighted version of the usual least squares estimator.

If we form
1 1

Yi = —Yi, Ti= —Ti
O Oi

(notice we are using the standard deviations!) then we can write

n -1 n
A - o
ﬁgls = E iy E TilYi-
i=1 =1

So one way to implement this estimator is to construct the modified variables, then run
ordinary least squares.

4 Properties of GLS

Return to the general version of Bgls. What properties does this estimator have? It is
unbiased:

ElBus|X] = E[(X'Q7'X)7 X' y|X]
= (X' ' X)X’ E[y|X]
= X'o'x)'x'a'xp

= p
Its conditional variance is:
V[Bglqu = V[(X/Q_lX)_lX/Q_ly|X]
= X'o'X)'X'oQlvyxo 't xx'otx)t
= (X' tx)"L

Finally, let us consider the issue of efficiency. Our intuition is that the GLS estimator should
be a “better” estimator than OLS in general. It turns out that it is in fact efficient:

Theorem 1 The GLS estimator Bgls 1s efficient relative to all other linear unbiased esti-
mators for [3.

The proof of this result is worth understanding. We first use the Cholesky factorization of
the variance matrix €:

Q=Ccc,

where C' is a lower triangular matrix. This is a version of a matrix “square root” of €2 — see
Ruud, 7.6.1. Consider the linear transformation C~ly:

E[CTy|X]=C"'Xp,

Vic y|X]=c'0cY = I,



So, if we set § = C~ 1y, and X = C~1X, then
E[j|X) = X3,
V[gIX] = I

Since we have a homoskedastic model, the conditions for the Gauss-Markov theorem hold,
and the estimator o .

(X'X) ' X'y
is minimum variance among linear estimators. But this is equal to

1

[(Cx) (1)) HETIXY () = (X X) Xy = G

5 Feasible Generalized Least Squares

In practice, we usually do not know €2, so the GLS estimator cannot be used. But in some
cases, we might be able to estimate €2, if we can make some assumptions about its structure.

Suppose for example that we assume that (y;, z;) are IID, with

Viyilz:) = Z;%

where z; could be equal to z; or could be a subvector of z;. So

dy 0 - 0

0 zby 0
o= . 7

O DY Z;’L’y

We could estimate 5 and ~ jointly by conditional MLE (if we assume conditional normality
of y;). However, there isn’t a simple formula for the MLE in this case, so it will require a
numeric solution method.

A simple alternative is a two-step estimator. Consider the following procedure:

1. First, estimate § by OLS, to get a preliminary estimate B. Form e; = Yi — $;B, and
regress 622 on z; to get A.

2. Form Q by using the estimate 4. Run GLS of y on X using Q in place of €.

The intuition is that if we observed €; = y; — 23, then since E[e?| X] = V[e;| X] = V]y:| X] =
iy, we could regress e? on z; to get a consistent estimator of v. We do not know 3, so we
cannot form ¢;. Instead, we first estimate § using an inefficient, but consistent estimator.
Then we use e; in place of ¢; to get an estimate of 4. Then we plug in this estimate to get
an estimated version of €2 to use for GLS.



This two-step estimator is called the feasible generalized least squares estimator, or FGLS.

Provided that Q = Q, it turns out that this estimator has the same asymptotic distribution
as the infeasible GLS estimator that uses the true variance matrix ). However, in finite
samples, it may have different behavior from the GLS estimator.



