Economics 520, Fall 2008

Lecture Note 17: Large Sample Properties of Maximum Likelihood Estimators,
CB 10.1.1-10.1.3

Previously, we showed that if there is an Minimum Variance Unbiased Estimator with vari-
ance equal to the Cramer—Rao bound, then the MVUE is equal to the Maximum Likelihood
Estimator (MLE). However, the conditions were fairly restrictive. In models which do not
satisfy those conditions, the MLE is not unbiased in general, so it cannot be the MVUE.
Nevertheless, it turns out that in a certain approrimate sense, the maximum likelihood es-
timator is unbiased and minimum variance. The approximations hold when the sample size
is large, and we refer to these as asymptotic or large sample approximations.

Example

Let X1,...,X, be a random sample from an exponential distribution with arrival rate A*:
fx(z; M) = M exp(—x)\*). The Cramér-Rao bound for the variance is \*2/N. The log
likelihood function is

N
L(A) =) In -z,
i=1
and the maximimum likelihood estimator is A = 1 /Z. What can we say about the large
sample properties of this estimator? Using the law of large numbers we have
5 B[X] =1/)%,

SO
A=1/z 2L 1/E[X] = A"

Using the central limit theorem we also have
VN - (7 — 1/0) -5 A0, 1/072).
Then we can use the delta method to establish that
VN - (g(2) = g(1/X)) == N(0,9'(1/X")2/A"2).
Applying this with g(a) = 1/a, and thus ¢'(a) = —1/a?, we get
VN - (1/) = A*) =55 N(0, A4 /A*2) = N(0, A*2).

Hence, approximately,

A~ N(A*, X2/N).

So, approximately, in large samples, this maximum likelihood estimator is unbiased, and
has variance approximately equal to the Cramér-Rao bound. This is true in general for
maximum likelihood estimators. O

Result 1
Let Xi,..., X, be a random sample from fx(x;6*). Assume that the regularity conditions
in CB 10.6.2 hold, and let 6 be the maximum likelihood estimator:

N
0 = argmax, Z In fx(x;;0).
i=1
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Then 6 is consistent for 6*:
6 - 6%,
and 6 has asymptotically a normal distribution:

VN - 0) -4 N(0,Z(6%)7Y),

where Z(0*) is the single observation information matrix:

T(6") = E[(alan (X;G*))Q] = —E[fﬁ In fx (X;H*)].
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First let us interpret this result using the Cramer—Rao bound. The CR bound implies that
no unbiased estimator has a variance smaller than

Z(6*)"'/N.
The maximum likelihood estimator has a limiting normal distribution
VN6 —67) L N(0,Z(6%)7Y),
implying that for fixed, large N,
VN - 6%) =~ N(0,Z(6%)7Y).
This in turn implies that
Opie ~ N(07,Z(6%)7/N).

Now, if this was the exact distribution of the MLE, it would be the minimum variance
unbiased estimator. Although this is only the approximate distribution in large samples, it
seems reasonable to think of the MLE is “approximately optimal.”?

Example

To illustrate what this means consider an example we have looked at before, where the
maximum likelihood estimator differs from the minimum variance unbiased estimator. Sup-
pose Xi,..., Xy are a random sample from a normal distribution with unknown mean p
and unknown variance o2. We are interested in the variance ¢2. The minimum variance

unbiased estimator is N
1 o\ 2
1=
The maximum likelihood estimator is

N
1 _ N-1
Wo =) (Xi— X)? = —— W
2 Ni_l( ) N !

As the sample gets large, the two estimators get close to each other. They are both consistent
and have the same large sample distributions.

VN - (W1 — 0?) -5 N(0,2 - oY),

!This reasoning can be made more formal. One such result is a statement that any other estimator that
is asymptotically unbiased has higher asymptotic variance, at almost all points in the parameter space.



and

VN - (Ws — 0%) -5 N(0,2 - 0%,
O

Sketch of Proof of Result 1:
For each value of 8, we can apply a law of large numbers so that

N
NHO) = o (6 0) £ Bl (X0

In addition we know from Jensen’s inequality that
0" = argmaxFlln fx(X;0)].
To get the result that

1 1
argmaxNL(G) = argmaxF {NL(H)} =0,

we need that the convergence is not just pointwise, but uniform in 0, that is,

sup
0

This implies that the convergence to the limit is not much weaker for some values of § than
for others. It requires stronger regularity conditions than pointwise convergence. (Sufficient
but not necessary is that In fx(z;6) < k(z), with E[k(X)] < co.) In large samples at the
maximum likelihood estimator the derivative of the log likelihood function must be equal
to zero:

oL -
EHORY

Now expand the derivative of the log likelihood function around the true value of theta:

oL,.. OL,. 0L, . .
0=5500)= 550+ 5550 - (6 - 0"),

for some 6 between 6* and . In large samples 6 — 6*, and therefore § — 6*. Rearranging

this gives
R 9L -1t oL, ,
G

VN (6—8) = [229’;(5)/1\1]_1- B’;(e*)/\/ﬁ}

O°L 9% In fX 0 P, *
5@ /N -—}j TN (026) 2270,

converges in probability to the information matrix Z(6*). The second part,

* alan X * d *
oL ) /vﬁ ¢f§: (2::6%) % N(0,2(6)),

or

In large samples




because it satisfies a central limit theorem with variance equal to the information matrix.
This completes the argument.

Random Vectors and Multiple Parameters

In many models, the parameter 6 may be a vector. For example, in the normal model with
2 we can think of the parameter as a 2-vector § = (u, o). It turns
out that everything extends to the case with a vector parameter. Suppose that our model

mean p and variance o

f(z;0) now depends on a vector parameter § = (01, ...,0;)". Result 1 extends to this case
as follows:

Result 2 R

Let Xq,..., X, be arandom sample from fx (x;6*), where 6* is kx 1. Let  be the maximum

likelihood estimator:

N

6 = (01,...,0r) = argmnglan(xi;H).

i=1

Then @ is consistent for 0*:
6 -2 6%,

and 6 is asymptotically normally distributed:
VN - 6%) L N (0,2(6%)7Y),

where Z(0*) is the single observation information matrix:

n . O* n . O* 2n . O*
(0% — p [OIX07) 01 f(X,G)}:_E{a 1 f(X,H)].
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(Note: the term % is k£ x 1 and the information matrix Z(6) is k x k. )



