Economics 520, Fall 2007
Lecture Note 19: Confidence Intervals

When we looked at estimation so far, we have looked at point estimation. Here we will look
at interval estimation. We are trying to find intervals that contain the true parameter with
high probability. At the same time we would like the intervals to be narrow.

Definition 1 Let X ~ fx(z;0%). An interval estimate of a scalar parameter 6* is a pair
of functions L(z) and U(x), with L(x) < U(x). The random interval (L(X),U(X)) is an
interval estimator.

Definition 2 For an interval estimator (L(X),U (X)) the confidence level is

where

Let us consider two examples.

Example 1

Let X ~ N (p,1), for —co < p < oo. Consider the three interval estimators, CI; = (0,1),
CI; = (x,00), and CI3 = (x — 0.674, 2+ 0.674). In the first case the confidence level of the
interval is zero: for values of p outside (0,1) the probability of the interval including u is
zero. For the second interval the confidence level is .5, because for any value of p,

Pr(X < u<oolu) =0.5.
For the third interval, the confidence interval is also .5. To see this, note that

Pr(X —0674<pu<X+0674|p) = Pr(—0.674<p— X <0.674|p)
— Pr(—0.674 < Z < 0.674),

where Z is standard normal, since p — X is standard normal. This probability is equal to
0.5, so the confidence level does not depend on p and is equal to 0.5. The third interval is
much narrower than the second, so it is a better confidence interval. O

Example 2
Let X1, Xo,..., Xn ild with common density fx(x;\) = Aexp(—zA). The maximum like-
lihood estimator is A = 1/z. In large samples, we have that
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and

VNG =N % A(0,02).



A confidence interval with asymptotic level 0.95 exploits this normal distribution:
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To see how this works, note that by Slutsky’s theorem,
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In general a way of finding confidence intervals with good properties is to invert test statis-
tics.

Result 1 Let X ~ fx(x;0). Suppose C(6y) is a critical region for a test of the null hy-
pothesis Hy : 0 = 0y against the alternative H, : 0 # 0y with level a. Then the region

CI(x) = {6 € Ol ¢ C(6)},

is a 1 — « level confidence interval.

To see what this means in practice, let us return to the previous exponential example.
Consider a Wald test for the hypothesis A = Ay against the alternative A # A\g. A possible

test statistic is R R
WALD = N - (At = 20)? - Z(ma),

which under the null hypothesis has a chi-squared distribution with degrees of freedom
equal to one. The critical region for a 0.05 level test is

C()‘) = {xla s 5$N|N : (j‘ml - )\0)2 I(S\ml) > 384}

={x1,.. 2NN - Ot — X0)? - T(N2) > 3.84}).



Inverting this leads to the 95% confidence interval we derived before
CT = (A — 1.964/1/72 Xyt + 1.964/1/22))).

Example 3

Suppose X1, ..., Xy are IID A (u,0?). Note that here we have two unknown parameters,
p and o?. Suppose we have 100 observations, with z = 1 and 22 = 6. We will find
the maximum likelihood estimator for o2, obtain a 95% confidence interval, and test the
hypothesis that 02 = 4 against the alternative that it differs from 4 at the 0.10 level.

(a) ML estimates
The log likelihood function is

ou ~ o
and the first derivative with respect to o2 is
N
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Solving for the maximum likelihood estimators by setting both first derivatives equal to
zero leads to

and

(b) information matrix estimates
The matrix of second derivatives of the log of the density function is
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Taking the expectation leads to
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At the restricted estimates fi,, = 1 and o = 4 this is equal to
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At the unrestricted estimates fi, = 1 and 4% = 5 this is equal to
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The normalized asymptotic variance is
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(c) 95% confidence interval
A 95% confidence interval for o2 is based on the normal approximation to the sampling

distribution. The variance for the 2 x 1 vector v/ N (fi — p, 62 — ?) is V, so the variance for
VN(6?% — 02) is V2,2 = 20?, estimated at 02 = 5 to be equal to 50.

CI = (62, — 1.96 - \/50/N, 62, + 1.96 - ,/50/N) = (3.61,6.39).

(d) Wald test
The Wald test statistic is

WALD = N - (6% — 0°) V252 = 2,
so at the 10% level we do not reject the null hypothesis that 0> = 4. (the cutoff point for
the chi-squared one distribution is 2.71.)

(e) Lagrange multiplier test
The Lagrange multiplier test is
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So, here we reject the null hypothesis, though only barely.
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(f) likelihood ratio test
The log likelihood function is
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At ji, = 1 and 02 = 4, this is equal to -131.81. At fi, = 1 and &, = 5 this is equal to
-130.47. Hence

LR =2 (L(jiy,5%) — L{jiy, 6,)) = 2.69,
and so we (barely) accept the null hypothesis.



