Midterm Review Questions

Note: I will not provide solutions to these questions. Some of these questions are drawn
from previous years’ exams.

1. Events M and N are said to be mutually exclusive provided that M NN = (.
Suppose that P(A) > 0 and P(B) > 0. Show that if A and B are independent, then

they cannot be mutually exclusive.

2. Consider two events A and B such that P(A) # 0, and P(B) # 0. Show that
P(A|B) > P(A) <= P(B|A) > P(B).
(Here, <= means “if and only if”.)

3. Suppose that the continuous random variable X has PDF

f(a:)z%(l—x?’), O<z<l,

and 0 otherwise. Determine the values of the following probabilities:
(a) Pr(X <1/2).

(b) Pr(l/4 < X < 3/4).

(c) Pr(X >1/3).

4. Suppose that Y has PDF f(y) = 3y? for 0 < y < 1 and 0 otherwise. Find the median
of Y.

5. Consider the following pdf:

1
fX(a:):wx?’eXp{—Z}, 0<z< o0, 0<6<
a) Obtain the moment generating function of this pdf.

b) Use the moment generating function you obtained in (a) to find F(X) and V(X).
¢) Check if this pdf is a member of the exponential family of densities.

6. Suppose that a random variable has mean 12 and variance 2. Using the Chebyshev
inequality, provide a bound on the probability that the variable is between 10 and 14.

7. Consider the following experiment. A fair coin is tossed. If a head appears one point
is recorded. If a tail appears two points are recorded. The coin is tossed repeatedly
(independently) each time recording the points. The experiment stops as soon as the
total number of points (from all tosses) is greater than or equal to three. Let X be
the random variable denoting the number of times the coin is tossed.

(a) What is the PMF for the random variable X7 What is the CDF of X7
(b) What is Pr(X > 2)? What is Pr(X > 3)?
(c) What is E(X)?



10.

11.

12.

13.

14.

15.

(d) What is the moment generating function Mx(¢) for the random variable X7
Check that M’ (0) is equal to your answer in (c).

. Suppose that Y has a gamma distribution with parameters a and 3, and suppose that

the conditional distribution of X given Y = y is exponential with parameter y (i.e.
the conditional mean of X given Y = y is 1/y). What is the conditional distribution
of Y given X = x?

. Suppose that X and Y have a continuous joint distribution with joint PDF

flz,y)=z+y for0<ax<1,0<y<1,
and 0 otherwise. Find E[Y|X].
Let X1, X9 and X3 have joint pdf:

fX1X2X3(x17x27x3> - exp{_(xl +$2+$3)}
0<a1 <00,0< a2 <00,0<23<00

Are X, X9 and X3 independent? Show carefully how you reached your conclusion.

Suppose that Y has PDF fy(y) = %1@ > 4), and suppose that the conditional

distribution of X given Y = y is Uniform on [0,y]. Find the conditional PDF of Y
given X = 5.

Suppose X is a continuous random variable that describes the amount of time (in
days) that a person is unemployed. Suppose X has a PDF

1 _
fX(l') — %8 ;r/50.
(a) Find the probability that the person is unemployed for less than 30 days.

(b) Let Y =24- X. What is the interpretation of Y? Find the PDF of Y.

Suppose that the joint PDF of X and Y is

(a) Find the marginal density of X.
(b) Find the conditional density of Y given X.

for0<z<20<y<l.

Suppose Y and X are independent binary random variables, with P(X = 1) = p and
PY=1)=q Let Z=X+Y.

(a) What is the PMF of Z7 What is E(Z)?
(b) Find the conditional PMF of Y given Z = z.

Suppose that X is distributed Uniform on [0, 1] and that Y is a random variable with
ElY|X = 2] = a+ f2°.

(a) Calculate E[Y].
(b) Let U =Y — a — 3X?2. Calculate the covariance between U and X.



