Economics 520, Fall 2005
Lecture Note 18: Large Sample Tests, CB 10.3

In the previous lecture we discussed an example where we had a random sample from a
normal distribution with unknown mean p and known variance o2, and we wished to test
the hypothesis

Hy: p = po,
against the alternative

Hy o p# po.

The optimal test at the 5% level corresponded to the critical region

CX:{ﬂzl,...,J:N

N (% — po)?/o? > 3.84}7

which uses the fact that the square of a standard normal distribution has a x?(1) distri-
bution. In practice, we would take the data and calculate the test statistic, in this case
N - (% — pp)?/o? which under the null hypothesis is known to be x2(1), and compare it to
the “critical value” 3.84.

The key to doing this, was that the sufficient statistic £ had a known distribution under
Hy. However, in many other settings, the exact distribution of the sufficient statistic is
not easily calculable, and finding exact critical regions is practically infeasible. One way to
deal with this problem, similar to what we did in point estimation, is to use large sample
approximations. Recall that for the maximum likelihood estimator

VN - (B — 00) ~5 N(0,Z(60) ).
In large samples we can therefore approximate the distribution of éml by
Ot~ N (60, [N - Z(0)] ).

for some estimate of the information matrix. Suppose this approximation is exact. In that
case we could test the null hypothesis

Hy: 60 =0,
against the alternative
Hy: 0#06,

by an unbiased most powerful test using the critical region

CX:{:U

where C,, is the critical value of a Chi-square distribution with one degree of freedom,
satisfying Pr(Y > C,) = a if Y ~ X%(1), e.g., Co.1 = 2.718, and Cp 05 = 3.84. This type of
test is known as a Wald test. The test statistic is

N- (éml - 90)2 j(éml) > Ca}>

WALD = N - (01 — 00)? - Z(0,1).



Again we reject the null hypothesis if the test statistic is larger than the critical value
coming from the chi—squared distribution with one degree of freedom.

There are two other tests for the same null and alternative hypothesis that give very similar
results in large samples, and in fact are large sample equivalent. Indirectly all three tests
are based on the likelihood function. If the null hypothesis is correct, the log likelihood
function should be close to the expected log likelihood function, which is maximized at 6.
Therefore its maximum should be close to the 6y (the Wald test), the maximizing value
should be close to the value at 6 (the likelihood ratio test), and the derivative at 6y should
be close to zero (the Lagrange multiplier test).

The likelihood ratio test is based on the maximum value of the log likelihood function under
the null and under the alternative hypothesis. Define

maxgpeeg [x (;0)

maxgee, fx (2;0)

In our case the only value consistent with the null hypothesis is 8y, and the value that
maximizes the likelihood function under the alternative is the maximum likelihood estimator
(except if the maximum likelihood estimator is exactly equal to 8y, but that is very unlikely).
Therefore: .
\ = Ix (@3 Oie)

fx(x300)
In addition we have N independent and identically distributed random variables so,

~

,C(:El,. . .,IN;emle)
£($1,~-‘ ,.’BN;GO) '

CX:{m
C'X:{az

LR=2-Tn\ % x2%(1),

A=

The critical region is

2-In(\) zca},

or

LR > C’a}.

In large samples,

a chi—squared distribution with one degree of freedom.

To see the connection with the Wald test, expand L(6p) around O

5 oL - N 10%L  ~ N
L(GO) - L(le) + %(le) : (00 - eml) + iw(e) . (90 - eml)
N 10%°L - A o
= L(Opu) + 5@(9) (0o — Op1)”,
for some 6 between éml and 6y. Note that %(éml) = 0. Substituting this into A gives

%L - .

2. InA=2- (L(éml) - L(90)> =~ 2 (0) - (0 — 6

2



Note that
Y a2 D) = —Z(0h).

Hence X
2-InA—N - (6g — O)* - Z(6) =~ WALD.

The Lagrange multiplier or score test, the third test in the trinity of tests works off the fact
that the expectation of the score function is zero: if the null hypothesis is true, then

Oln fX . .
E[ 70 (X700)}—0.
The variance of the score is
. Oln fX . Oln fX
2(00) ~ B 25X (xson) - L x|

Hence, using a central limit theorem,

1

Vi

Given that we do not know the exact information matrix, we use an estimate. Typically
we use the test statistic

(&K omfx, N\ /s
LM = N<i:1 80(1'“90)> /I(ao)

To see that this is again similar to the Wald test expand the sum of the derivative of the
log of the density around 6,,,;:

Z dIn fX (Xi:00) 2 N(0,Z(60)).

N
81 01 A 6%1n ~ A
PRI (4::60) -5 BIX (0 00) +Z T i) (00— )
i=1 i=1
621an . A
~ —N-I(HO) - (B0 — Or),
so that
N 2 2
1 OJln A 1 N N
war = (S T ) 700 = (V700 =) 00

~ N -Z(0) - (0 — 00)*> ~ WALD.



Example
Let us consider an example. Suppose X1, ..., Xy are independent with a Poisson distribu-
tion with parameter 6,

0% exp(—0
fx(@;0) = 7,( 3
x!
We wish to test the null hypothesis
HO 0= 6,
against the alternative hypothesis
Hl : 0 75 6,

at the 10% level. Tt is given that N = 100 and Y.~ | x; = 500.

First consider the maximum likelihood estimator. The log likelihood function is

N
LO)=> x;-In6— 0 —Inx,!.

i=1
The score function is Oln fy .
20 (x|0) = i 1.
The maximum likelihood estimate is
Oy =T = 5.
The second derivative of the log of the pmf is
Ents =,

The single-observation information matrix is therefore
I(0)=V(X)/0?=0/6>=1/6,
using the square of the first derivatives, or
Z(0) = E[X]/6* =0/6* =1/6,

using the second derivatives. The information matrix is estimated by evaluating it at the
maximum likelihood estimate,

Iy =1/0,y =1/5,
or at the value of the parameter under the null:

T =1/6p = 1/6.

Now consider the likelihood ratio test. The value of the log likelihood function under the
null is

N
L(6o) = ) @i -Infy — fp — In ;!
=1



N
=500-1n6— 100 -6 — Zln:ﬁi!.
=1

The value of the log likelihood function at the maximum likelihood estimator is

N
L(éml) = sz -In éml — éml — lnxz'
i=1

N
=500-1n5—100-5 — Zln:ﬁi!.
=1

Twice the difference is

LR=2. (L(éml) - L(eo)) —2. (500 In5 — 500 — 500106 + 600) ~17.6

Next, consider the Wald test:

WALD = N - (0,1 — 00)% - Z(0,n1) =100 - (6 — 5)2-1/6 = 16.7.

Finally, consider the Lagrange multiplier test. The sum of the derivatives is

N
X
> (24 6) ;1: i 500/6 — 100 6.7

The Lagrange multiplier test statistic is therefore

1 /Lol f 2 1
X 5 2
LM = — ——(x;0 Z(6p) = — - (—16.67)=/(1/6) ~ 16.7.
¥ (X T ) /10 = g5 16007170
Note that with the Lagrange multiplier test we typically use the estimator for the informa-
tion matrix based on the value of the parameter under the null hypothesis, as a key benefit
of the Lagrange multiplier test is that it does not require estimation of the model under the

alternative hypothesis.

In all cases the test statistic exceeds the critical value for a chi-square one distribution at
the 10% level, which is 2.728. Typically the test statistics are close enough that the result
(rejection or acceptance) does not depend on the actual test choosen, although this does
happen occasionally. O

If we are willing to make large sample approximations, then we have three basic tests that
are approximately equivalent, and have different practical advantages and disadvantages.
The Wald test is easy to calculate once the maximum likelihood estimator and its large
sample variance have been calculated. The likelihood ratio test has the advantage of not
requiring an arbitrary choice for the information matrix. The Lagrange multiplier has the
advantage of not requiring estimation of the model under the alternative hypothesis.

The large sample equivalence of the test can be seen most easily by considering the case
where the likelihood function is quadratic with known curvature, that is, in the normal case
with known variance. In that case all three tests are exactly identical.



