Chapter 3:
Computing Endogenous
Merger Models.
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Section 1: Introduction

In Chapters 1 and 2, I discussed a dynamic model of endogenous mergers and
examined the implications of this model in different industry settings. As the model
incorporates dynamic exit, entry and investment decisions by firms and endogenizes
the merger process, I am able to obtain many surprising results that have not been
shown in the literature to date. The discussion and results from Chapters 1 and 2
underscore the importance of endogenizing firm choices and using dynamics when
evaluating mergers and many other economic phenomena. However, because of the
complexity involved in modeling the dynamics, the model can only be solved
computationally. While I discussed the model in detail in Chapter 1, I have thus far
not discussed the techniques necessary to compute the model. The goal of this
chapter is to discuss the technical reasons underlying the choice of model, the issues
of computation and the computational methods used.
In order to understand the results of the model presented in the previous
chapters, is it only necessary to understand the specifics of the model (as discussed
in Chapter 1, Section 2); and not how to compute the model. That is the reason why
the computation of the model is not discussed in Chapters 1 and 2. Given that the
computational methods are not necessary to grasp the details of the model and
evaluate the effects of mergers with the model, the reader might wonder why it is
important to understand the computational issues at all. While understanding the
model is not one of the reasons to comprehend the computational issues, there are
many other reasons; I detail some of them below.
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First, a reader may want to understand techniques necessary to compute the
model in order to use the computational model. As I have only examined a handful of
policies, other economists may want to use the model to investigate antitrust
implications in different settings. Many issues that have been previously studied by
industrial organization economists, such as appropriate market definitions,
multimarket contact and costly antitrust enforcement, can be considered with this
model. In addition, this model can serve as a basis for examining the implications of
mergers in particular industries, both with calibrated and empirically estimated
data. In order to use the model to examine different policies or different industries,
it is necessary to change the specification of the model. Thus, one must understand
the choice and implementation of the algorithm to do this.
Second, the techniques that are discussed illustrate some of the issues
involved in solving models of endogenous mergers. While there is a wide literature
that discusses solutions to coalition formation games, the focus of this literature has
been on theoretically evaluating possible coalitions and not on predicting the
probability of occurrence of particular coalitions. In contrast, the techniques
discussed here illustrate when coalition formation games can be solved numerically
and what assumptions are necessary to do this. In addition, the processes discussed
here can be applied to static merger models in order to compute solutions for these
models. This is useful in order to evaluate the effects of mergers in cases where
dynamics are too cumbersome or not essential.
Third, the results presented here are of general interest to economists who
are interested in computing models of firm interactions in order to characterize
many different economic phenomena. In addition to the effects of mergers,
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computational methods are necessary to analyze many other economic questions,
which are too complex to be examined theoretically. In this chapter, I discuss the use
of randomness as a method of ensuring convergence to an equilibrium, techniques
for solving models with non-differentiabilities and issues of existence and
uniqueness of equilibrium. Furthermore, I discuss in detail the computation of
auction games with externalities. While auction externalities are often very
important theoretically, they have rarely been analyzed because of the difficulty in
theoretically examining these externalities. This chapter provides a basis for
computationally examining the equilibria of auctions with externalities, including
auctions unrelated to a merger process.
In order to answer the above questions, I discuss the choice of merger process
and the computational methods necessary to solve the merger process and general
industry game. The remainder of this chapter is organized as follows: Section 2
formally describes the industry model including the models of endogenous mergers;
Section 3 discusses how to solve models of endogenous mergers; Section 4 illustrates
the dynamic programming solution concept that I have used and examines existence
of an equilibrium of the model; and Section 5 concludes.

Section 2: Modeling Endogenous Merger Processes

In this section, I discuss the choice of processes for the different components
of the model. While the focus of this model is mergers, in order to examine the
effects that mergers have on other dynamic industry variables, it is necessary to
specify the processes for these other variables. However, as the industry model is not
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the main focus of this paper, I have taken a version of an existing model of industry
dynamics, that of Ericson and Pakes (1995), and added an endogenous merger
process to the industry game. The basic framework of the model is that there are
infinitely many periods, where a period corresponds to a year. Every period,
mergers, exit, investment, entry, and production occur. In this section, I first briefly
discuss the industry framework and then detail the choice of merger processes and
the specifics of each merger process. The reader should consult Ericson and Pakes
for more specifics about the industry model.
Assumptions regarding the static production model:
At any given period:
(a) Every firm is producing the same homogeneous good; demand for the good is
linear and the same every period.
(b) Each firm i in the industry has some capacity level
, where
,
,
. Each firm faces no fixed costs, and a constant marginal cost mc
of production up to production level u. At production level u, the marginal cost of
additional production is infinite.
(c) Firms set their levels of production simultaneously, and choose these levels in
order to form a Cournot-Nash equilibrium.

Thus, the quantities produced will be the Cournot-Nash quantities. Existence
and uniqueness of this equilibrium and hence of the quantities is guaranteed by the
weakly increasing marginal costs and the linear demand curve.

Definition: A state of the industry is an element
;

; and

such that

;

.

A state here represents the firms active in an industry. The first component
of the state represents the capacity of each firm (where capacity is αwi) and the
second component represents the firm that is being considered. A state where some
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R < N firms are active can be represented in the above framework, with
. In the following discussion, I will use R as the number of active
firms. As an example, if

, then a state of

represents an industry

where there are four firms active, the firm we are considering has a capacity of 9,
and its competitors have capacities of 10,7 and 7.
Assumptions regarding entry, exit and investment processes:
This model follows the investment, exit and entry processes specified in Ericson and
Pakes, Pakes and McGuire and P-G-M. In this model, the industry exists forever,
but firms enter and exit. The reader may consult these works for details. In brief:
(a) At any time period, every firm chooses actions in order to maximize the EDV of
its net future profits, conditional on the information that it has available at that
time. There is a common discount factor β.
(b) A firm’s capacity evolves from period to period as a stochastically increasing
function of its level of investment. If a firm’s capacity at period t is
, then its
, where

capacity at period t + 1 is

, where τ is the

(random) depreciation of firms current capital that is common to all firms in the
industry, and ν is the (random) return to the firm’s own investment.1
Specifically,

,
where x is the amount spent on investment by the firm, and δ and a are
constants.2
(c) Firms may exit at any period and receive a scrap value of Φ when they exit. Any
firm with capacity level 0 will always choose to exit.
(d) At each time t, there is a potential entrant to the industry, who may enter at
time t + 1, by paying an entry fee at time t. The entry fee that the new firm must
pay is a draw from some uniform distribution

, known to the

potential entrant before it has to make the decision. The entrant enters with a
1

The maximum is specified because it does not make sense for firms to have negative
capacities.
2 In order to make the algorithm less computationally burdensome, I imposed a maximum
capacity on the model. Thus, in the computation, firms cannot obtain a capacity higher
than ; the capacity increase from mergers or investment will be truncated at . The reader
will see in Section 4 that there is a theoretical maximum capacity; however, for the
parameters used, this theoretical maximum proved to be too high to allow for computation.
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capacity

(depending on the industry-wide realization of τ at time t), for

some fixed value

Assumptions regarding the timing of industry processes:
At every time period t, the following happens, in order:
(a) Firms merge, according to the merger process;
(b) Firms simultaneously decide whether or not to exit immediately;
(c) Firms simultaneously choose levels of investment for this period;
(d) A potential entrant decides whether or not to enter;
(e) The incumbents simultaneously decide on levels of production and production
takes place.

From the assumptions, one can see that the endogenous merger process
occurs every period in this industry. The idea of this section is to discuss possible
ways of modeling this merger process. From a game theoretic point of view, a merger
is the same as a coalition that cannot be broken. Hence, the endogenous merger
process is often called a coalition formation process and I use these terms
interchangeably. In designing the merger formation process, the methodology that I
use is to consider future payoffs from any final coalition that is present at the end of
the merger process to be a fixed value. Since these future payoffs depend upon
actions in future coalition games, the payoffs are actually not fixed. However,
because of the dynamic programming solution concept, one can think of them as
fixed - this is proved formally in Section 4. Thus, although I am solving the coalition
formation process for a dynamic game, the analysis of this section and Section 3 is
static, and would apply equally well to static endogenous merger models.
As I am computing the model numerically, the design of the coalition
formation process for this model is influenced by the need for the model to generate
a unique solution that calculates which mergers occur at any state. Because there
are often many possible profitable coalitions, previous papers on coalition formation
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have not been able to uniquely predict the occurrence of mergers. In general, the
difficulty occurs in trying to define what is a profitable merger, as the reservation
price from not merging depends on other merger decisions. Thus far, these papers
have tackled this problem using one of two basic approaches, reduced-form and
structural.
An example of the reduced-form approach to coalition formation is shown in
Hart and Kurz (1981). This work uses a variant of Shapley values to examine which
mergers have the potential to increase the surplus accruing to participants. Another
example is tried by Bernheim, Peleg and Whinston (1984) who use a refinement of
Nash equilibrium that recursively defines and prohibits unprofitable joint
deviations. The strategy profiles that are not eliminated by this solution concept
form the set of potential mergers in this model. With both of these models, the
equilibrium is very unlikely to be unique, and with Bernheim, Peleg and Whinston’s
model, equilibrium may not exist. Thus, although these solution concepts are useful
in many cases, the lack of uniqueness or the ability to discern between different
equilibria make them unusable for this model.
The structural approaches to endogenous coalition formation have generally
used an ordering scheme to enumerate how coalitions can form. Structural
approaches have been used in the literature because they can eliminate some of the
many equilibria that occur in a reduced-form solution, and because they can mimic
reality more accurately. For these reasons, a structural approach is also preferable
for this model. An example of a structural model of coalition formation is given in
Bloch (1995 and 1995). His model uses a multi-player variant of the Rubinstein
bargaining model together with a Markov-Perfect solution concept. In his model,
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there is some fixed order of players; each player in order proposes a coalition and
then other players agree or disagree with the coalition. Bloch is able to obtain
unique solutions to the coalition formation process for some special cases, such as
symmetric Cournot-Nash equilibrium. While the structural approach of Bloch is
appropriate for this model, the fact that symmetry is required to obtain meaningful
results and that the division of payoffs is fixed and not a choice variable of the firms
are troublesome for using his model in this context. Another possible structural
model of the coalition formation process is a random token model. Here, each pair of
firms would receive a token randomly, and would merge if the firms in the pair both
wanted to; the modeler can again use a Markov-Perfect solution concept. Although
this model is also appealing, there may not be a well-defined end to this process. In
addition, as I will show in Section 4, in order to be able to prove the existence of and
compute the dynamic equilibria for these models, I need for the reduced-form beforemerger values VBM of the firms to be continuous in the inputted post-merger VPM
values. Without some type of randomness neither of these models will satisfy this
condition. But, adding this randomness destroys the easy solution that the MarkovPerfect solution concept yields for the types of games used above, as these games
then do not have a definite stopping time. This suggests the need for a well-defined
end to the process.
Because of the problems in using one of the previous coalition formation
processes for my model, I develop my own process. For my coalition formation
process, I use a structural approach and split the problem into three parts. First, I
impose structure on the model, and define an acquisition process where firms can
make offers to buy smaller firms, in descending order by size. This ordering is
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similar to the process used by Bloch, but less general. Second, within each offer set, I
use bidding processes to determine which merger occurs. As discussed in Chapter 1,
I present results for two different bidding processes, an auction and a take-it-orleave-it (tioli) process. Third, I add randomness to the model, in order to ensure
existence of the dynamic equilibrium. In my model, recall that there is some
ordering of firms (generally by capacity level). I now formally define the overall
merger process in any period.
Assumption regarding the structure of a merged firm:
When firms
and
merge, the resulting state, before
. Immediately after the

reordering, is

merger occurs, the merged firm pays/receives a one-time cost/synergy s, which is
drawn from some uniform distribution

.

The assumption states that when two firms merge, they combine their
capacities, but have to pay/receive some cost/synergy. Because firms are
differentiated by their level of capacity, there is a natural conception of a merged
firm, which is that it has the combined capacity levels of the two individual firms. It
is because of this conception that I chose to examine capacity-based models. For any
state

, one can define the state resulting from the merger as
; I use this notation later. Note that if the kth element of

before resorting

is the same as some other element, there is a potential ambiguity as to what
should be. I resolve this ambiguity by allowing the sorting to be done without
displacing the relative position of like elements. I now define the overall merger
process.
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Definition: Consider any state
define the merger process

with R firms active. For this state, I
, where

,

, to

be a process whereby wi ‘the potential buyer’ can acquire any one firm wj ‘potential
sellers’ such that
. As there is one cost/synergy variable for each potential
seller, in each MM game there are

different cost/synergy variables, where

refers to the order or number of elements in a set. I label these synergy draws
and assume that each of them is an independent draw from the above
distribution and that the values of these draws for any merger game MM are known
to the potential buying firm at the start of this merger game MM.

From the definition of the merger game MM, one can see that the potential
buying firm can buy any one firm that is smaller than it. Thus, it is not necessary to
, since

list M as one of the parameters of

. However, I

list M in order to explicitly state the set of potential selling firms. In addition, as I
discuss later, the outcome of the MM merger game (in terms of which merger occurs
and what price is paid for the merger) will be random and will depend on whether I
use a tioli or auction process for the merger.
I now define the full merger game, illustrating when firms are sellers and
when they are buyers. I am treating the merger process MM as a black box for the
time being. Figure 1 of Chapter 1 provides a graphical representation of the merger
game for the case with three firms active with capacities A, B and C, where
and B + C > A.
Assumptions regarding the merger game: For any state w, with R firms active, the
merger game proceeds as follows:
(a) The first firm can buy any other firms. Thus, the first merger process to occur is
. The synergy draws between w1 and every other firm are
; at this point, these synergy draws

unknown until the start of

are all known to the potential buying firm.
(b) If no firm was bought, then the next biggest firm can buy any firm that is smaller
then it. Thus, the next merger game would be
. At the start of
this MM, the synergy draws between w2 and all smaller firms are known. This
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process will repeat itself with the buying firm being 3, 4, …, R - 1, unless some
merger occurs. If no merger occurs, the merger process will be finished.
(c) If some firm
was bought then the merger process starts all over again, with
the new biggest firm being the buyer. Thus, the merger game is now
, as there is one less firm active, and I then repeat (b) for
the new MM game. At the start of this MM, the synergy draws between
every other firm are known to the potential buying firm.

and

One important property about this merger process is that, given any starting
state, the industry can end the merger process with any arbitrary partition of the
original firms into merged firms, provided that this is the merger chosen by the
firms at appropriate MM games. The intuitive reason for this property is that firms
are given a chance to merge with any other firm, in order. I prove this property
below.
Proposition 2.1: Given any state w, if I can assign any outcome that I want to each
MM merger game, then it is possible to achieve any arbitrary partition of the firms
into merged firms.

Sketch of Proof: Consider the state w as a set
partition of w can be written as a collection
represents a merged firm. Then, I can construct

. Then a merger
, where

, and each vi

as follows: find the largest firm

that has merged (i.e. find wk such that the vi that satisfies that

has more

than one element, and for any other wl that satisfies this property, l > k. Then,
define the outcome of MM for this state to be the merger between w k and the next
largest element of vi with probability one; define the outcomes of all previous MM
games to be no merger with probability one. Now, reconsider the problem with vi
redefined to have one less element, with one element representing the newly merged
firm. Repeat the process of finding the new largest firm which is involved in a
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merger and allowing that merger to occur. As I am always allowing the merger with
the largest firm to occur and the merger process ended, all the mergers must have
occurred: if any one did not transpire, it would be the largest firm that was involved
in a merger at some point in this process, and so this merger must have occurred at
that point. As this is a contradiction, any feasible partition of existing firms into
merged firms can be achieved given the process specified.

All of the merger models that I have used incorporate the basic structure
above. The differences between the models are in terms of the underlying structure
of the MM games. Within this framework, I have computed two different
mechanisms for the MM game: a take-it-or-leave-it mechanisms and an auction
mechanism. In Sections 2.1 and 3.1, I discuss the tioli model, and in Sections 2.2 and
3.2, I discuss the auction model. In addition, recall that in Chapter 1, I discussed
quantitative results for both of these models, and discussed how these change
depending on the size of the synergies, and the mechanism and ordering of the
firms.
Before examining the auction and tioli structures separately, I detail some of
the notation needed to examine these structures. There are two types of variables
that I define: value functions (parts (a) - (c) below) and reservation prices (parts (d) (f) below). Value functions represent the EDV of future profits at different stages,
while reservation prices represent the option value from a particular action. Thus, in
general, reservation prices can be expressed as weighted sums of different value
function elements.
Definition:
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(a) Let

be the EDV of firm wn’s net future profits when

is

the merger game that is about to begin play; these values are evaluated before
the synergy draws of the players are revealed to them.
be the EDV of firm wn’s net future profits when the merger
(b) Let
process has just finished.
(c) Let
be the EDV of firm wn’s net future profits at the start of the period
(i.e. before the merger process has begun); again these values are evaluated
before the synergy draws of the players are revealed to them.
(d) Let
be the combined EDV of net future profits to firms wi
and wj not counting their cost/synergy payment, if they choose to merge, when
is the merger game that is being played.
(e) Let

be the EDV of net future profits to firm wi if firm wi does not acquire

any firm, when

is the merger game that is being played.
be the EDV of net future profits to firm wk

(f) Let

if firms wi and wj decide to merge, when

is the merger game that is

being played. This notation can also be used with j = 0, in which case,
refers to the value from no merger occurring.

In Section 4, I enumerate the values for VBM and VPM and tie them in with the
overall value function. For now, the reader may think of VPM as being fixed values,
and VBM as being derived from these. Thus, the reader may think of the VPM values
used here as being analogous to the reduced-form static profits from some Cournot
game. In addition, note that, by definition of the merger process,
;

(2.1)

this equality is used when evaluating the V value function in Section 4.
I now explicitly define the manner in which reservation prices can be
expressed as weighted sums of value function elements.

Lemma 2.1: Let
that the starting state is

be the state the results from a merger between i and j given
. Then, the reservation prices defined above satisfy:
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(2.2)

Proof: Given the assumptions regarding the merger process, if a merger between wi
and wj occurs and there are more than two firms in the industry, the merger process
MM that is about to begin play is that with the new largest firm as the potential
buyer and all the smaller firms as the potential sellers. If there are only two firms in
the industry, the merger process will be over. Thus, by the assumption regarding the
merger process and because VBM and VPM are defined as being the EDV of profits in
these cases, the expression for the combined value C is correct. For the same
reasons, the expressions for B and S are correct as well.

I will now discuss both of the structural models for the merger game
separately.

2.1 A Take-it-or-Leave-it Coalition Formation Process

The simplest possible model for the merger game

is to have

wi pick one firm in M and make a take-it-or-leave-it (tioli) offer to that firm. The
specific details of the MMtioli game are given below:
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Assumptions regarding the MMtioli Game:
(a) The synergy draws
are announced to wi, the potential buyer.
and price p and offers to buy wj for
(b) Firm wi then chooses any one firm
p.
(c) Firm wj then decides whether or not to accept the offer from wi. If it accepts the
offer, wi receives/pays the cost/synergy draw and acquires wj for price p. Either
way, the merger game
is over.

Because of the simple nature of the take-it-or-leave-it model, it is possible to
determine its effects quite easily. In the remainder of this subsection, I define the
equilibrium strategies of the players, prove that there exists a unique equilibrium to
this merger game conditional on VPM values, and prove that the process satisfies the
continuity properties necessary to ensure the existence of a dynamic equilibrium for
the overall model.
Proposition 2.2:
The Bayesian Perfect Equilibrium solution to the

merger is as

follows:
Let
(2.3)
If

then wi will make an offer of

which will be accepted.
If

to

then wi will not make an offer that is

accepted, so no merger will happen.

Proof: Working backwards, for any firm wj (in the potential selling set) that has
received an offer, if it turns down an offer, then no other merger will occur in the
merger process. By definition of S then, if wj turns down an offer, it
will receive a payoff of

. Firm wi, then, must offer at least

to any

firm wj to get it to sell. By the tioli offer scheme, it is never optimal to offer more. As
the total value of the merged combination of wi and wj is
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, the net value

of the merger to wi, after paying for wj, is
acquiring a firm is

. As the value of not

, wi will make an acceptable offer if and only if the

conditions stated in the Proposition hold.
Corollary 2.1:
(a) With probability one, there will be a unique equilibrium payoff for each player
from this merger game
.
(b) The structure of knowledge of the current synergies is unimportant: so long as w i
knows all the current synergies, the same equilibria will hold.

Proof:
(a) Because the synergies are iid draws from a uniform distribution, the probability
that two different firms will satisfy the condition of

is zero. Thus, with probability

one there will be a unique reduced form payoff to this game.
(b) If additional parties know the current synergies, this would not change the
reaction function of any firm wj in the potential selling set, as the different values of
the synergy do not affect wj’s payoff from that point. As this knowledge does not
affect wj’s decision, it will not affect wi’s offer structure.
Proposition 2.3:
Given post-merger values VPM for every state, there exists a unique pre-merger V
value for each state, where the merger game being played at each stage is
and where the solution that I am using is the Bayesian Perfect
Equilibrium.

Proof: I can prove this by showing that there exists a unique VBM value conditional
on the VPM value. Then, V values are just particular elements of VBM values, so it
will be true for them as well. To prove this property for VBM values, I use double
induction on the state space, in the number of active firms R and within that, on r,
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the number of firms in the set M. The order of the first few elements in the induction
are: R = 2 and r = 1; R = 3 and r = 1; R = 3 and r = 2; R = 4 and r = 1; R = 4 and r = 2;
R = 4 and r = 3; R = 5 and r = 1; etc.
First, for any state w in which R = 2 and r = 1, for the buyer:
(2.4)

while for the seller,
(2.5)

Now by the Corollary, the probability (over the synergy space) that both having the
merger and not having the merger will form a Bayesian Perfect Equilibrium is zero.
So, for R = 2 and r = 1, VBM are uniquely defined in equilibrium.
for all

Now, assume that there is a unique equilibrium value

states with less than R firms in, and for all states with R firms active but less than r
firms in the potential selling set M. Then, for any state

and merger process

with R firms active and r firms in the potential selling set, the premerger value can be written as:

(2.6)

.3

As future values from merging depend on games with less than R firms active and
future values from not merging depend on games with less than r firms in the
potential selling set M, each of these values is well-defined by the inductive

3

I define the exact values to each of the possible players (buyer, seller and non-participant)
in Section 4, when discussing computation. For now, it is sufficient to know that these values
are well-defined for each of these cases.
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hypothesis. Again, by the Corollary, the probability (over the synergy space) that
any two mergers will form a Bayesian Perfect Equilibrium is zero. So, elements of
VBM for this R and r are uniquely defined in equilibrium. By induction, all elements
are uniquely defined in equilibrium. As shown in (2.1), V is just equal to particular
elements of VBM, and so it too is uniquely defined.

The following corollary is needed in Section 4, to ensure existence of the
dynamic equilibrium of the model.
Corollary 2.2: The values resulting from the equilibrium strategies of the merger
game
are continuous in the reservation prices C, B, and S.

Proof: By Proposition 2.2, a small change in one of the reservation prices C, B, or S
will only change which acquisition the buying firm decides on for a small measured
space of the cost/synergy draw distribution. Additionally, a change in the reservation
price

will cause the buying firm to change its bid to its chosen partner to

match the new value of

. Thus, the merger that occurs, the prices that are

paid, and the values to non-participants will only change a small amount.

2.2 An Auction Coalition Formation Process

For reasons discussed in Chapter 1, I developed the auction model as an
alternative to the tioli model, in order to address some of its deficiencies. In general,
the easiest auction model for game theorists to solve is the second-price sealed-bid
auction. With a standard symmetric private independent valuations framework it is
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a dominant strategy to bid one’s true valuation for this auction mechanism.
Unfortunately, the MM model does not conform to the symmetric private
independent valuations framework. In particular, there is a public component to the
valuations (namely the C, B and S prices) and some private component (namely the
synergies). Thus, even though the valuations might have overlapping distributions,
they would not necessarily be symmetric. While the non-symmetry might lead to
some obstacles in computing equilibria (because of the difficulty in computing one’s
true valuation), even more daunting for computation is the fact that the valuations
are not independent, because of the externality mentioned above. In the standard
model, a firm’s reservation price from not bidding does not depend on other firms’
bids, because given that the firm does not win, it does not matter to the firm who
wins. In this model, a firm’s reservation price depends on other bids, because of the
externality. If the reservation value for a firm depended on other firms’ bids but not
on its own bid, then conditional on other firms’ bids, it can be shown that it would
still be optimal to bid one’s true valuation. This is the basis behind the result shown
in Milgrom and Weber (1982) where with correlations of tastes, bidding one’s
valuation is still optimal in a second-price sealed-bid auction. In this case, optimal
reaction functions for the second-price auction could be found quite easily, though
finding the equilibrium bids would perhaps be more difficult.
Unfortunately, in the merger model, though, a firm’s reservation price
depends not only on other firms’ bids, but also on its own bid. This is because, in this
model, for different bids, the distribution of the bid for the winning firm, conditional
on the firm that is being considered not winning, will be different. Thus, suppose
that the algorithm is able to find a ‘true valuation’ for a firm, i.e. a bid where the
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conditional distribution of values if the firm loses generates a reservation price that
leads to this bid as the true valuation. Then, in this model, if the firm bids
differently from this supposed ‘true valuation’, that will change its reservation price
and through that its ‘true valuation’. As changing one’s bid will change one’s
marginal reservation price, it is no longer a dominant strategy to bid one’s true
valuation.
To illustrate this algebraically, note that in the auction model for the merger
process, the valuation to any firm from bidding βj given that other firms are bidding
β-j is:

(2.7)

.

In the private independent valuation model, or even in the model of Milgrom and
Robert’s, where there are externalities but one’s reservation prices do not depend on
one’s own bid, the expression in (2.7) is still valid, but it simplifies, as the value if
wins is the same across k. Thus, in these models, the valuation is:

some

(2.8)

As there are several extra terms in (2.7) the analytical solution for the dominant
strategy equilibrium that applies in (2.8), of every firm bidding its true valuation,
does not hold.
Because of the externalities, the second-price auction is no longer easier to
solve than the first-price auction, for the coalition formation game. For this model,
the only way to solve the optimal policies for either auction is with numerical
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methods. Using a gradient search method with the second price auction, one must
keep track not only of the derivative of the winning bid with respect to the bid price,
but also of the derivative of the second highest bid. Thus, a second price auction is
actually harder to compute than a first price auction for this model. In addition,
there are two other reasons why a second price auction is not appropriate for this
model. First, there are often only two firms (one buyer and one seller) and a secondprice auction does not give appropriate answers unless there are more than two
parties, as the trading price would be zero always without another party. Second, in
this model, there are multiple sellers and one buyer, which is the reverse of normal
auctions. Thus, the price that each seller is stating is the price that it is willing to
sell itself for. However, different sellers may be worth different amounts to the
buyer; for instance a firm with a large amount of capacity would probably be worth
more than one with a small amount. Thus, in the context of a second-price auction,
one may want to look at the difference between the price and the value (in some
sense) rather than just the price. As this may not be possible to do, the second-price
auction mechanism may not make any sense for this model.
In spite of the difficulties in using a second-price auction, using a first-price
sealed-bid auction is relatively straightforward. Here, there is no necessity to have
more than one bidder for the results to make sense. In addition, there is no need to
compare across bids in order to determine the winning bid and amount to be paid to
the seller; the buyer can just choose the bid that it wants. In spite of the simplicity of
the first-price auction relative to the second-price auction, it is still necessary to
appropriately specify the information for the synergy draws with the first-price
auction. There are several possible assumptions that can be made regarding the
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information structure: one can assume that the synergy draws are known to both
the potential buyer and seller prior to the merger, to either party, or to neither. If
the draws are not known to the potential buying firm before the merger decision is
made, then the merger decisions will not be stochastic, and the reaction functions
will not be smooth in the post-merger value functions. If the draws are known to
both parties, then computation becomes very difficult. The reason for this is that
although the equilibrium actions may be computable conditional on a realization of
synergy draws, the algorithm would potentially have to store actions for the selling
firms for each realization of the synergy draws, which would be impossible.
However, if the synergy draws are known only to the potential buying firm, then the
selling firm chooses only one bid, but the reaction functions will be smooth in the
post-merger values, because the buying firm will choose different mergers depending
on the draws. Accordingly, I choose this information structure for the auction merger
model. The specific details of the MMauction game are detailed below:
Assumptions regarding the MMauction Game:
(a) The synergy draws
are announced to wi, the potential buyer.
then simultaneously announces prices
which
(b) Every firm
they would be willing to sell themselves for.
(c) Firm wi then decides which one, if any, of the offers to pick. If it accepts an offer,
wi receives/pays the cost/synergy draw and acquires wj for price βj. Either way,
is over.
the merger game

In general, the solution concept used to solve first-price auctions has been to
express the first-order condition for the firm’s maximization problem as a
differential equation and then to solve this differential equation, parametrically.4

4

See, for instance, Fudenberg and Tirole (1992), Chapter 6.
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Again because of the externality, standard differential equation techniques do not
work - in fact, the valuations, as defined in (2.9) are not even differentiable
everywhere. However, it is possible to evaluate first-order conditions and solve the
model numerically; this is the technique that I adopt. In the remainder of this
subsection, I enumerate the optimal strategies, given some equilibrium vector of
bids. Because the bids are made simultaneously, this is not a sufficient
characterization of the solution; I must instead discuss the properties of an
equilibrium vector of bids. Accordingly, I provide conditions under which reaction
functions exist and are continuous in competitors’ valuations, and discuss when this
would ensure existence of an equilibrium vector of bids. I also provide
counterexamples showing why an equilibrium might not exist or even if one exists,
why it might not be unique. Finally, I provide sufficient conditions for the model to
satisfy the continuity properties necessary to ensure the existence of a dynamic
equilibrium for the overall model.

Proposition 2.4: The Bayesian Perfect Equilibrium solution to the
merger game is as follows:
(a) For the buyer, given a vector of bids

submitted by the sellers, let

(2.9)
Then, if
If

then wi will accept the offer of firm

.

then wi will not accept any offer.

Before stating when any bid will be accepted, I need to introduce some notation.
Definition:
.

(a) Let the normalized bid

(b) Let the value-bid function Wl be the potential seller’s value from bidding some
bid, given that the potential buyer plays its reduced-form equilibrium strategy, as in
(2.9). Because the normalized bid is just a one-to-one mapping of the actual bid, I
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can redefine strategies to be in terms of the normalized bids. Accordingly, Wl can be
written as:

(2.9)

Now, I proceed to part (b) of the Proposition.

Proposition 2.4: The Bayesian Perfect Equilibrium solution to the
merger game is as follows:
submitted will satisfy:

(b) For the sellers, the vector of bids

,

(2.10)
given the definitions in (2.9).

Proof: I work backwards from the second stage. At the second stage, the buyer must
pay βj in order to acquire firm wj. By the same logic as shown in Proposition 2.2 for
the tioli game, the buyer’s strategies will be as stated above. For the sellers, the
strategies are defined in terms of the bids. By backward induction, the winning
probabilities used will be correct, and by definition of S, I am using the correct value
for the seller if another firm merges with wi. Thus, (2.9) is the true valuation from
any bid. Finally, (2.10) is just the definition of Bayesian Perfect Equilibrium, given
that the valuations are correct.

Now that I have enumerated the conditions necessary for strategies to form
an equilibrium, the next step is to try to show that an equilibrium exists for this
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model. My general strategy of proof is to solve for the buyer’s strategy, conditional
on bids and synergies, and treat this in its reduced form. Using this reduced form,
the model becomes a simple simultaneous game. A Nash Equilibrium of this simple
game, using the correct reduced-form buyer’s choices, will be a Bayesian Perfect
Equilibrium of the auction game. The problem with this strategy of proof is that an
equilibrium to the model does not always exist, because, with the externalities the
optimal bid correspondence is not always convex-valued. Accordingly, I provide a
counterexample that illustrates than an equilibrium might not exist and sufficient
conditions for an equilibrium to exist.
To show existence, the first step is to show that a firm’s value function is
continuous in the firm’s bid, conditional on the other bids.
Lemma 2.2: The value-bid function Wl is continuous in αl.

Proof: All of the probabilities in (2.11) are evaluated over uniform distributions. As I
will show in Section 3, each of the expressions on the left side of the probabilities are
independent random variables. Increasing a bid by a small amount will change the
distribution of the random variable only by a small amount, because of the
properties of uniform random variables. Hence, the probabilities are continuous in
αl. The expression is composed of constants multiplied by these probabilities, and
hence is also continuous in αl.
I would like to be able to prove existence for the model, by proving that the
model satisfies all the assumptions required to apply Kakutani’s Fixed Point
Theorem, and by then applying this theorem. However, in general, the model does
not satisfy all the assumptions of Kakutani’s Fixed Point Theorem. In particular, it
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is not possible to prove that the optimal bid correspondence is convex-valued. The
following counterexample shows that it is not possible to prove the existence of
equilibrium for every set of reservation prices.

Example of non-existence of equilibrium:
Suppose that there are three firms, i, X and Y, and i is the potential buying firm and
X and Y are the potential selling firms. Suppose that there is a large negative
externality to X if Y merges, and a large positive externality to X if no one merges,
while to Y there is a large positive externality if X merges and a large negative
externality if no one merges. Accordingly, let the seller’s reservation prices be:

Let the buyer’s mean value be 0, i.e. let
.
.

Finally, let the synergies be distributed

Lemma 2.3: For this example, there is no equilibrium.

Proof: Consider the following:

Claim: In any equilibrium, it is not possible for a normalized bid range for either X
or Y (defined by

) to always be negative.

Reason: If X’s normalized bid range is always negative and Y’s normalized bid range
is not always positive, Y will find it optimal to switch to an always positive bid
range, so this is not an equilibrium. If X’s normalized bid range is always negative
and Y’s normalized bid range is always positive, X will find it optimal to switch to an
always positive bid range. Now, if Y’s normalized bid range is always negative and
X’s normalized bid range is not always negative, X will find it optimal to switch to an
always negative bid range. But, if Y’s normalized bid range is always negative and
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X’s normalized bid range is always negative, Y will find it optimal to switch to an
always positive bid range. Thus, none of the possible cases are equilibria.

Claim: In any equilibrium, it is not possible for a normalized bid range for either X
or Y to always be positive.
Reason: Suppose X’s normalized bid range is always positive. Then, Y will find it
optimal to have its highest normalized bid no greater than X’s lowest normalized bid
(i.e. Y will set αY such that

), thus any possible equilibria

must be of this form. But, if X’s lowest normalized bid is higher than Y’s highest
normalized bid, then X will find it optimal to lower its bid range to overlap with Y’s
, then by lowering

at least a little: if X’s bid is
its normalized bid by some small ε, it loses with probability

(and receives -1000

in this case) but gains ε with probability almost one from its higher real bid. Thus, if
X’s lowest normalized bid is higher than Y’s highest normalized bid, this is not an
equilibrium either. Now suppose Y’s normalized bid range is always positive. Then,
if X’s normalized bid range is strictly positive and not completely higher than Y’s bid
range, Y will lower its bid, or if X’s normalized bid range is strictly positive but
completely higher than Y’s normalized bid range, then it is optimal for X to lower its
bid range, as discussed earlier. Thus, X’s normalized bid range is not strictly
positive, in which case, Y’s normalized bid range must be no higher than touching
X’s. In this case, X will gain by increasing its bid range so it is the same as Y’s.
The only possible remaining equilibrium is for both X and Y to have
normalized bid ranges that are overlapping 0. Now, it must be the case that X, Y and
0 each have very close to one-third probability of winning, or else either X or Y is
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earning much less than 0, and it will increase its normalized bid so it will always
win, and achieve a payoff very close to 0. Thus, the normalized bid ranges for both X
. But, if these are the normalized bid

and Y must be approximately

ranges, then if Y chooses to increase its normalized bid by ε, it will increase its
probability of winning by ε, and decrease the probability of no one winning by
and decrease the probability of X winning by

. Thus, Y will stand to gain

from a small ε increase in its normalized bid
range, and so the proposed equilibrium is not optimal. (In order to have satisfied the
criterion that a marginal change by either party does not increase its payoff, the
normalized bid ranges would have to be approximately

.) Since it was

the only possible equilibrium, there is no equilibrium for this model.

While the above counterexample shows that an equilibrium does not always
exists, I can prove that an equilibrium exists if the size of the seller’s externality is
sufficiently small. The reason for this result is that as the size of the externality
becomes smaller, the model approaches a standard auction model without
externalities.
Proposition 2.5: Provided that the difference between sellers’ reservation prices
is sufficiently small, an equilibrium to the
merger game will exist.

Proof: I would like to apply Kakutani’s Fixed Point Theorem. In order to do this, I
must show that the optimal bid correspondence is upper semi-continuous, convexvalued, non-empty-valued, and defined on a compact, convex and non-empty set. If
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the bid correspondence satisfies all of these conditions, then I can apply Kakutani’s
Fixed Point Theorem to the vector of optimal value-bid functions Wl. As the model
has been reduced to a simple simultaneous game, a fixed point of this function will
be an equilibrium of the model.
Because the value/bid function is continuous, and the bid correspondence is
defined implicitly from this, a standard theorem establishes that the bid
correspondence is upper semi-continuous, and non-empty-valued. It is easy to define
the normalized bid function to lie in a compact space. In particular, if some
normalized bid has a probability one of winning, then it would never be optimal to
bid higher than it. Similarly, if a normalized bid will never win, then decreasing it
will not change the value. Thus, every property except for being convex-valued holds
trivially.
A sufficient condition for the bid correspondence to be convex-valued is for
the value/bid function to be strictly quasi-concave. Now, for a model without
externalities (i.e. where it does not matter to the selling firm which firm, if any, is
acquired, if it is not itself), then restricting the strategy space so that the lowest
possible normalized bid is the highest bid which has no probability of winning, the
value/bid function is strictly quasi-concave, since a standard result establishes that
there is a unique optimal strategy in that case.
I illustrate the implications of quasi-concavity for the model without
externalities as follows: define the mean seller’s reservation price to be
. Now, consider some firm wj. and assume that
instead of receiving a different value S depending on who wins, the firm always
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receives

if it does not win. Then, the strict quasi-concavity of this model

implies that

, if

,

(2.11)

.

Thus, for the model without externalities, it follows that:

(2.12)

Since this property holds for all possible normalized bids αj and these normalized
bids lie in a compact set, it follows that there is some

such that the left side of

(2.12) is always at least ε more than the right side.
For the regular model (with externalities), quasiconcavity holds if and only if:

(2.13)

Differencing (2.12) with (2.13), it follows that a sufficient condition for
quasiconcavity for the model with externalities to hold is that
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(2.14)

Thus, provided the externalities are small enough, an equilibrium to the model
exists, by Kakutani’s Fixed Point Theorem.

Although I have shown that an equilibrium to this model exists, if the size of
the externalities is small enough, this is not a particularly useful result, since the
sizes of the externalities are not primitives of the model. In the example given that
showed that an equilibrium might not exist, it is not clear if these reservation prices
can even be generated by primitives of the model. More useful would be to
characterize whether an equilibrium exists depending on the primitives of the
model. However, it is not possible to answer this question: because of the complexity
of the model, one cannot solve it algebraically, or characterize its solution or lack
thereof. Thus, it is possible that an equilibrium exists for all parameters of the
model, but it is not possible to prove it. However, in the numerical algorithm, I know
if I have reached an equilibrium, so, it is not vital to prove the existence of one in
general, because the algorithm proves the existence for specific cases. Furthermore,
I can characterize existence depending on the size of the cost/synergy random
variable, which is a primitive of the algorithm.

Corollary 2.3: There exists
(i.e.

) is at least

such that if the size of the cost/synergy distribution
, then an equilibrium to the

game will exist.
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merger

Proof: As long as bids are bounded, as

grows large, the probability of each merger

happening will converge to some fixed value that is independent of the bid. But even
as

grows large, the bids will be bounded, because the reservation values are fixed.

Now, let

be defined as above, but with the limit probabilities taken as

grows large. Then, the expression in (2.13) will approach the expression in (2.12) as
becomes larger. For large enough

, the difference will be below the

limit.

The following corollary is needed in Section 4, to ensure existence of the
dynamic equilibrium of the model.

Corollary 2.4:
For the merger game

, the optimal bids and resulting values,

taking the other sellers’ bids as fixed, are continuous in the reservation prices C, B,
and S and in the other sellers’ bids, provided that the externalities are small enough
to satisfy the conditions of Proposition 2.5.

Proof: As shown in Proposition 2.5, if the externalities are small enough, the
value/bid function is strictly quasiconcave and the optimal bids are upper semicontinuous and convex-valued in the other bids. As changing the reservation prices
has exactly the same effect as changing other bids, the value-bid function is upper
semi-continuous and convex-valued in the reservation prices. These properties
together ensure that the optimal bid is a continuous function of the reservation
prices and other bids given. In addition, note that by Proposition 2.4, small changes
in the bids will only change the probability that the buyer buys any firm over a
small measured space of the cost/synergy distribution, and thus they will only
change the probability a small amount; the change in the price paid, of course, will
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be exactly the change in the bid. Because of this, the values to the buyer, sellers and
non-participants of the merger resulting from an optimal bid will be continuous in
the reservation prices and competitors’ bids.

Finally, it would be useful to prove that given that an equilibrium exists, it
has a unique outcome to each firm. However, this is not necessarily the case.
Because of the externalities in the model, it might be an equilibrium for two firms
not to merge, or for them to merge. This is so because not merging for one firm
might yield a much higher value to the non-participant than if the firm merged.
Thus, it is possible to have a “tough” equilibrium of low bids and a “nice” equilibrium
of high bids. The following example illustrates this fact.
Example of non-uniqueness of equilibrium:
Suppose that there are three firms, i, X and Y, and that i is the potential buying
firms and that X and Y are the potential selling firms and are identical. Suppose
that there is a negative externality to a firm if the other firm merges. Accordingly,
let the seller’s reservation prices be:

Allow the buyer’s mean value to be somewhere in between the high and low
reservation prices for the sellers. So, let
.
.

Finally, let the synergies be distributed

For this example, there are two possible equilibrium outcomes. One possible
equilibrium outcome (the “nice” one) occurs when the bids are given by
. Then, even with the highest synergy draw, the net value to the buyer from buying
either firm will be no greater than 0, so no merger will happen. By raising its bid, a
firm will not change what happens. By lowering its bid, a firm can only be bought
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with some positive probability and would then receive less than its reservation price
of 10, so that would never be optimal. Another possible equilibrium outcome (the
“tough” one) occurs when the bids are given by

. For this strategy

profile, the value of acquisition to the buying firm will always be greater than 0,
thus the buying firm will always buy the selling firm which has the higher synergy
draw. Thus, if a firm chooses to raise its bid by a small

, it will lower its

probability of winning by ε and receive 4 instead of 5, with probability ε more, which
translates to a first-order loss of ε. However, it will receive an increased value of ε
from its higher bid with probability

, which translates to a first-order gain of ε.

Therefore, the first derivative is zero for this bid, which implies that bidding 5 is the
optimal bid given that the other firm is bidding 5, and so

forms an

equilibrium as well.

Section 3: Solving Endogenous Merger Games

I have now characterized two possible structural models for the MM merger
game. Given these characterizations, I discuss how to compute the equilibria for
these two models. The solution techniques that I describe involve taking post-merger
VPM values as given and finding the pre-merger VBM values that would ensue given
that firms are choosing equilibrium strategies. Thus, just as in Section 2, the
computational solution concepts that I discuss can be applied as mechanisms for
solving static computational models of coalition formation, by allowing the VPM
values to be the static reduced-form Cournot profits. In addition, in Section 3.2, I
discuss the computation of the auction process with externalities, which can be of
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use to economists who are interested in adding externalities to auction models. In
Section 4, I discuss the mechanism used to solve the overall dynamic equilibrium of
the model, which is a modified form of dynamic programming.
In order to compute the VBM values from the VPM values, I use backward
induction on the MM merger games. The ordering for the backward induction is
chosen in order to ensure that values that are currently being computed will depend
only on values that have been previously computed. One can determine the
dependence of the values by noting that for both the auction and tioli models, every
merger game

depends for its values on the reservation prices C, B and

S. From the definitions of these reservation prices, given in (2.1), it follows that they
depend only on post-merger VPM values or pre-merger VBM values for games with a
lesser number of active firms or a lesser number of firms in the potential selling set,
which is true precisely because the process ensures that merger games that follow
the current merger game must have less firms active or less firms in the potential
selling set. Let R be the number of active firms and let r be the number of firms in
the potential selling set (i.e. for a merger game

, let

).

Then, because of this dependence structure I can use backward induction to solve for
the VBM values, with the following ordering: first, I solve the VBM values for all MM
games with R = 2 and r = 1, then for R = 3 and r = 1; then for R = 3 and r = 2, etc.
Given this ordering, the VBM values that I compute at each time will be the true
valuation (i.e. the actual EDV of profits), given that the VPM values are correct.
The computer algorithm solves for the optimal decision rules and reducedform valuations for each state, using the backward induction ordering structure
listed above. With this ordering, the reservation prices C, B, and S are weighted
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sums of value functions elements that have already been solved, because of the order
of the backward induction process. Thus, the algorithm computes these values by
simply adding and weighting the appropriate value function elements. Apart from
the reservation prices, the particular solution mechanism for VBM within each
merger games depends on which merger game I am using. Accordingly, I split the
rest of this discussion into two subsections, one for the tioli model and one for the
auction model.

3.1 Solving the Take-it-or-Leave-it Model

Thus far, I have discussed the dependence structure for the
merger games and the computation of the reservation prices C, B and S within each
merger

merger game. I would like to compute the solution for the

game, which can be encapsulated by the VBM value for this game. As the VBM value is
the ex-ante payoff from the game, it is the value to firms when the cost/synergy
draws are still a random distribution and have not yet been realized. Thus,
computing the VBM values involves integrating over the cost/synergy draws joint
distribution.
In order to illustrate the derivation of VBM, recall that Proposition 2.2
game in terms

discusses the structure of the solution that occurs in the

of these reservation prices. Let us examine the VBM values for the buyer, seller and
non-participants

in

each

merger.

First,

for

the

potential

buyer,

define

. Then, using Proposition 2.2 and noting that
the synergies are iid, the value function can be written as:

169

(3.1)

Converting the integrals of expectations into probabilities, I get

(3.2)

Note that netgainj are all fixed values. Thus,

is a uniform

random variable of the same length as sj, but with different starting and ending
points. Furthermore, note that

will be independent, although not

identical, across j. The distribution of these random variables
represented by horizontal bars over

can be
that are

potentially overlapping. As shown in Section 2, the highest one of these
, if it is greater than zero, will be the merger chosen. Figure 2 from
Chapter 1 represents a particular case of these random variables graphically. In
Figure 2 from Chapter 1, any firm and no firm can potentially be bought, with the
largest probability event being that firm 4 is bought.
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As shown from (3.2), in order to evaluate VBM for the seller, the algorithm
requires the probabilities that these uniform random variables

are the

highest and greater than zero, and the conditional expectation for each one, given
that it is the highest. Because these variables are overlapping and not identical,
analytic expressions for these values are very difficult to obtain, but numerical
evaluation of these values is possible. I compute these values by separating the
probability space into regions, corresponding to the lower and upper limit of each of
the random variables

and 0. Then, the algorithm cycles through all of

the potential regions for each random variable, in order to calculate these values.
Within each region, I can easily calculate both the probability of winning and
the conditional expectation given that a firm wins, because, conditional on being in a
region, the variables are identical. Then, the overall probability of winning and
conditional expectation are the sum over all the regions of the values within each
region. I illustrate the calculation of the conditional expectation; calculating the
probability of winning is similar but easier. Using the regions approach, the
conditional expectation from (3.2) is equal to:

(3.3)

The problem now has been reduced to finding out the probability of each
random variable being at each region, and of finding the conditional probability of

171

winning and the conditional expectation of the value of the winner given each
region. The probability of any variable being in a particular region is simply the
length of that region, if the random variable is active in a given region. The
conditional probability and expectation can take one of three forms, depending on
three events: first, if the highest region is less than 0, the conditional probability is
0. Second, if there is one firm in the highest region, the conditional probability is 1,
and the conditional expectation is the midpoint of the region. Third, if there is more
than one firm in the highest region, then note that conditional on restricting these
random variables to regions, they are still independent and now they are also
identical. Thus, I can use the standard properties of uniform random variables. In
particular, if there are γ random variables in the winning region, then the
probability of winning for any one is
region to be

and

. In addition, defining the boundaries of the

, the conditional expectation is just

(3.4)

With this algorithm for computing the probabilities and conditional expectations of
these random variables, I have reduced an infinite expectation problem into a finite
one. This allows for easy computation of the buyer’s VBM value function.5

In the tioli model, the seller’s and non participant’s problems are similar to
the buyer’s problem, except that their values depend only on the probability of any
5

As with all computer algorithms, it is important to check that this algorithm is free of
programming errors. For this algorithm, it is easy to do this: the above probability and
conditional expectation can be easily approximated by simulation and thus checked against
the results from this algorithm.

172

merger taking place, and not on the synergy conditional on that merger taking place.
Recall that if a potential selling firm is acquired by the buying firm, the expected
value for this firm is the same as if no merger happens: it is paid

. Using

this fact, I can write the seller’s or non-participant’s ex-ante value as:

(3.5)

Again converting the integrals of expectations into probabilities, I get

(3.6)

In order to compute the VBM values, the algorithm potentially has to store all
of the VPM values and the VBM values for states that have already been computed. As
the functions C, B, and S are defined in terms of these VBM and VPM values, the
algorithm does not have to store them. In addition, note that for any state w, the
reservation prices C, B and S (and hence the VBM value) depends only on VBM values
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for other merger games in w and for games where i = 1 (i.e. where the new largest
firm is the potential buying firm). Thus, by computing all the values for a given w at
once, it is only necessary to store the VBM values for when i = 1, which is the same as
the V values, as shown in (2.1). This saves a great deal of the storage space
otherwise required.

3.2 Solving the Auction Model

The computation of the auction model is similar to that of the tioli model,
although more complicated because the auction mechanism involves bids, which
occur simultaneously. In order to compute an equilibrium for the
model, the mechanism I use is to fix a bid for each of the potential sellers, and to
find out what the buyer would do conditional on these bids. Applying backward
induction, this then implies a value to each seller for the vector of bids. I use the
optimal strategies for the buyer conditional on the sellers’ bids (as defined in
Proposition 2.4) in order to examine how changing its bid would affect a seller’s
value. I then find new optimal bids for each of the sellers conditional on the vector of
previous bids. The process, of finding new optimal bids for each seller conditional on
the other sellers’ bids, can iterate until convergence.
In order to use the above process, the algorithm needs to evaluate the buyer’s
policies conditional on a vector of bids. Given a vector of bids, the policy for the buyer
is very similar to that of the tioli model. The main difference in policies is that here
the buyer must pay the seller its bid, rather than the reservation price
Given some vector of bids

.

, I use again the normalized bid, defined as
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.6 Then, I can write the VBM value for the potential buyer
in exactly the same way as in the tioli model:

(3.7)

Given the sellers’ bids, the choice of the buyer will be the same as in the tioli model.
Thus, I can again represent the bids by overlapping uniform random variables, and
examine the probabilities of each one being the highest one and greater than 0,
using the same methods.

I now examine the potential seller’s bid, which is more difficult to compute
than the buyer’s strategy because the bids are made simultaneously. Recall that, in
equilibrium, the seller’s bid must maximize its value, conditioning on all the other
bids. The seller’s value function VBM is just the EDV of future profits, given that the
firm is choosing maximizing behavior, conditional on the other firms. Using the
definitions of maximizing bids given in (2.11), and using once again the value-bid
function Wl, it follows that:

(3.8)

6

Note that the normalized bid is similar to netgain, as defined for the tioli model, in that it
enumerates the likelihood of any bid being successful.
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where

satisfy the equilibrium condition
.

The expressions in (3.8) describe the equations that the sellers’ bids must satisfy,
but they do not describe how to compute them, because of the simultaneous nature
of the bids; I discuss the computation shortly.
First, I note that the valuation for the non-participant is similar to that of the
seller, except that there is no special value if the non-participant wins. The value to
the non-participant is:
(3.9)

where

satisfy the equilibrium condition
.

I have now discussed how to compute the VBM values given that the value/bid
function Wl satisfies the equilibrium conditions. The remaining part of the
discussion focuses on the computation of this value/bid function. Since analytical
solutions for Wl do not exist, even conditioning on other firms’ strategies, the
strategy used is to find the equilibrium solution by solving the first-order conditions
for all the firms simultaneously and then applying a Newton step method to iterate
to an equilibrium.
The Newton step method is a gradient search method designed to find the
root of a function, that is based on the first-order Taylor expansion of the function.
In one dimension, the problem that the Newton step method can attempt to solve is
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to find

starting with some
where

. Taylor’s theorem ensures that

. Solving for x, this becomes

(3.10)

.

The Newton step method attempts to find the root of the function by successively
solving (3.10) for x given

and approximating

obtained, the algorithm replaces

by

. Once a value of x is

with this x and repeats the process until

convergence. For the purposes of this algorithm, the function that I attempt to solve
is

. As this function is the vector of first-order conditions, a root of this

function is an equilibrium of the model, provided that second-order conditions are
met. Given this function, I then want to approximate

by

, and iterate

until finding the equilibrium β vector.
As the Newton step method requires

and

to obtain a solution, one

can see that in order to use the method for this problem, I require first and second
derivatives of the value/bid function. While simple in principle, applying a Newton
step algorithm to this auction problem is complicated somewhat by potential nondifferentiability of the value/bid function and other problems. I will discuss these
problems and the solutions I used to fix them shortly. For now, however, I note that,
as I showed in Section 2, the value/bid function is continuous everywhere.
Accordingly, left and right derivatives for this function exist everywhere. I can write
the right derivative of the value/bid function in the following first-order condition:

(3.11)

The left derivative is the same, except for the derivative of the probability of
winning, which is taken in the left direction. This first-order condition in (3.11) can
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be evaluated analytically. As all of the values except for the derivatives of the
, are fixed, these are the only values

probability of winning, namely

which I must evaluate. I compute these derivatives using the same method of
regions that I illustrated in the Section 3.1, there in order to compute the conditional
expectation. Within each region, the value of the derivative can be found by the
properties of the uniform distribution.
In addition to the first-order condition, I can compute the second-order
condition for this problem. Similarly to the first-order conditions, I must compute
separate left and right second-order conditions. The right second-order condition can
be expressed as:

(3.12)

The second-order condition is computable using similar methods to the first order
condition. Again, the only value which must be computed is the derivative of the
probability of winning, and this can be computed using the same method of regions.7

Now that I have discussed the basic application of the Newton step method to
solving the auction game, I detail some of the problems that I encountered in using
this method and the associated solutions below.
The first problem with evaluating the equilibrium numerically is that, as
discussed above, the value/bid function is not differentiable everywhere. In

7

I omit the details of evaluating these expressions within each region. While the expressions
are complex, their computations are easily checked using simulation methods, similarly to
the conditional expectation from Section 3.1.
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particular, the value/bid function may not differentiable at either of two points,
. The following example illustrates this:

when

Example of non-differentiability of value-bid function:
There is one selling firm wj,
, and
,

when

and

are such that

.

With this example, if the firm’s bid is

, then by decreasing

firm will win with the same zero probability, and so it will get
increasing
receive its bid

. By

to some ε, the firm will win with the probability
with this probability. Thus, at

of the value-bid function with respect to

, and
, the right derivative

is

while the left derivative is 0. Similarly, at
value-bid function will be

, the

,
, the left derivative of the
, while the right

derivative will be -1. Because of the randomness imposed by the cost/synergy, the
value-bid function is always differentiable for every

which can

be seen by the derivative expression in (3.11).
Although this non-differentiability might seem trivial, since the function is
differentiable almost everywhere, it is not trivial: exactly because the function has a
kink at each of these points, the optimal value will be one of the kinks for a nonmeasure zero set of reservation prices. At the kinks, the derivative will not exist,
and at points close to the kinks, the derivative will not necessarily equal 0.
The second problem is that while the first-derivative of the value/bid function
(from (3.11)) is differentiable almost everywhere, it is likely non-differentiable (but
still continuous) at some points. These points are the stopping and starting points
for other firms normalized bids, i.e. whenever
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.8
Although this might also seem like a measure zero event for one bid to line up in
exactly this manner with another bid, this is not true, because some firms are
symmetric, and would naturally bid the same amount.
The third problem is that if a normalized bid α is low enough that it does not
have any probability of winning given other bids, then the value/bid function will be
flat at this point. Because of this, the first derivative of the value/bid function will be
0 at this point. This would lead the Newton step algorithm to (correctly) assume that
it has reached a local maximum, but (potentially incorrectly) assume that this is a
global maximum.
In order to solve these problems, I use the following techniques.
First, although the first derivative of the value/bid function is undefined at
two points, the left and right derivatives at these points are defined, as stated
earlier. Thus, in the Newton step iterative process, I compute the left and right
derivatives to decide in which direction the normalized bid should move. There are
three possibilities: either the left derivative is negative, in which case the
normalized bid should decrease; the right derivative is positive, in which case the
normalized bid should increase; or the right derivative is negative and the left
derivative is positive, in which case the current bid marks a maximum of the
value/bid function and a kink of this function.
Second, in order to deal with the second derivative, I use the same approach
that I do for the first derivative: I compute right and left second derivatives, and use
these in deciding how much to move each bid in the Newton step algorithm
8

I do not prove the above assertion. However, it follows from the properties of the second
derivative of the probability of winning given the uniform distribution.
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depending on the direction to move in, as indicated by the first derivative. More
importantly, because the second derivative can change discretely when moving to a
different bid range, I do not allow the normalized bid to change past the end of a
given bid range, but instead fix the maximum increment so that the new normalized
bid is at the changing point. Additionally, in order to have more control over the
movement of each bid in this manner, I do not do a Newton step search on the whole
vector of FOCs. Instead, I individually iterate on each FOC taking the others as
fixed.
Third, in order to deal with the fact that the value/bid function is flat for
normalized bids below the amount that never wins, I ensure at every iteration that
each normalized bid is at least high enough that increasing the normalized bid by
any ε would make the probability of winning greater than 0. Thus, given some
normalized bid αl, this bid will have a 0 probability of winning if the highest net
value that this bid could give to the buying firm is less than 0, or if it is less than the
lowest net value that some other potential selling firm could give to the buying firm.
Accordingly, I set:
.
Then, at this point, the value/bid function will have a non-zero right derivative, even
if it may have a zero left derivative. Note that, if the normalized bid is sufficiently
high that the selling firm always wins, then the value/bid function will have a
derivative of -1, as the firm simply gets less for each increase in bid. Thus, the
computer algorithm does not need to ensure that the normalized bid is below a
certain amount, as the firms will never find it optimal to increase their normalized
bid beyond a certain point.
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In the discussion in this section, I have explained the computation the
auction model as though it were the equilibrium of a static game. For my purposes, I
compute the equilibrium of this model with constantly changing VPM values, as these
are derived from the dynamic Markov-Perfect equilibrium. There are only two
differences between the computation of the merger game for the static and dynamic
cases. The first difference is that in the static game, I would use the Newton step
merger game.

method to solve for the equilibrium in bids of every

In my model, I do not solve for the optimal solution at every iteration. Instead, I take
one Newton step for every bid at every iteration. The rationale for this procedure is
that it saves time: it makes each iteration proceed much faster, and has proven to be
quicker than solving for the optimal bids at every iteration. Second, because I am
not solving for the optimal bid vector at every iteration, it is necessary to store the
bids of all potential selling firms at every state, in order to refer to them in
subsequent iterations. Thus, in computing the auction model, there is more storage
required than in the tioli model. However, similarly to the tioli model, I do not have
to keep track of the VBM values for merger games where i

> 1.

Finally, I discuss two general points regarding the computation of the auction
model. First, note that the information structure of the cost/synergy draws is
important in being able to solve the equilibrium for this auction game numerically.
If the cost/synergy draws were known by the selling firms, then any algorithm to
compute the equilibria of the auction game would have to keep track of the
equilibrium actions conditional on each realized vector of synergy draws, which
would render computation much more difficult. Thus, the algorithm presented in
this subsection shows that while introducing randomness may be necessary to allow
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for the computation of the model, allowing the proper type of randomness is equally
important. Second, note that the problems encountered in computing the auction
model exist because there are externalities present in this model, and are not
directly related to the fact that the auction process is used to determine the
occurrence of mergers. As significant externalities are present in auctions in many
different settings, the problems and solutions discussed here are of use in computing
auctions with externalities for different economic models.

Section 4: Solving the Dynamic Equilibrium

I have developed a process which attempts to find a MPNE of this model for
fixed parameter values, using a computational algorithm with discrete time dynamic
programming as a foundation. The technique used is based on the algorithms
developed by Pakes-McGuire (1994) and extends them to examine mergers.. In this
section, I enumerate the value functions of firms, define a MPNE for this model,
prove that such an equilibrium exists, and briefly outline the computational strategy
used, which is based on the proofs given. The reader may consult P-G-M for details
on the computational strategies used to solve for MPNE of dynamic games with
entry and exit. In the interest of brevity, I am not proving the ergodic properties
(such as that there is some unique recurring class of states and a fixed ergodic
distribution over this class) about this model that Ericson and Pakes (1995) show for
their model. Although I have not proved these properties, I strongly suspect that
they are also true for my model.
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In Section 2, I defined the value functions, VBM, VPM, and V as EDVs of net
future profits at various stages, while in Section 3, I discussed VBM and V in terms of
VPM. Here, I detail VPM, and tie together these variables, in their dynamic context.
Value functions are the central tool used in this solution algorithm. The premise of
the algorithm is to repeatedly iterate on the value functions and policies until a set
of equilibrium value functions is achieved.
The VPM value function is dependent on firms’ perceptions about competitors’
entry and exit decisions and investment levels, all of which affect a firm’s
competitors’ efficiency levels at the start of next period, given that the algorithm is
at the point in a period just after the merger process has ended. I define x to be the
investment level and Π to be the reduced form static Cournot profit functions for
each state. Then, given that V is the true EDV of net future profits at the start of
any period, I can write VPM as

.

(4.1)

The reader may consult P-G-M for details about (4.1).9 In particular, note that the
use of the reduced-form Cournot profits Π follows from the Markov-Perfect
assumption. The VPM value function is the same as the value function described in PG-M as it is a function only of entry, exit and investment.
Recall that the VBM values are defined for the different merger models
(auction and tioli) and different states in Section 3. Additionally, the value function

9

Note that in the case where a firm's position is tied next period, there is an ambiguity as to
how to reorder the firm's position. I resolve this ambiguity by saying that firms which have
the same capacity levels next period have an equal probability of being at any of these tied
positions.
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V is just defined as particular elements of VBM. In Section 3, I defined VBM for
arbitrary continuation values VPM. Here, I am explicitly defining the continuation
values to be the equilibrium values from the dynamic equilibrium game.

Now that I have enumerated the value functions, I want to define a MPNE
for the model. First, I need a couple of preliminary definitions.
Definition:
(a) Let

be the probability that a potential entrant has of entering when the

firms currently in the industry are given by w.
be the probability of exit for the incumbent firms
(b) Let
be a set of actions for the merger game

(c) Let

.
given some set

model, these actions specify a

of reservation prices. For the

buyer’s offer and sellers’ responses for each realization of the cost/synergy vector,
model, these actions specify bids from each seller
while for the
and a buyer’s response for each realization of the cost/synergy vector. With the
set of actions, the probability of occurrence for each potential merger is then
defined.
(d) Let the partial transition matrix Q be the transition matrix describing the
probabilities of any state occurring, given any state structure that exists after
the merger process has just finished (i.e. at the VPM stage).
(e) Let ∏MAX be the maximum one-firm profits that can be achieved by a firm in the
industry. Because of the nature of the static problem, this profit level will be
realized by a monopolist in the industry with a sufficiently high capacity to
satisfy all the demand.

Recall from Section 2 that an entrant signals its intention to enter after
receiving an amount xE that it must pay to enter; the amount is drawn from a
uniform distribution. Thus, EP represents the probability of entry before this draw
is received and can be written as
.

(4.2)
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Also as illustrated in Section 2, a firm signals its intention to leave at any period
and receives a scrap value Φ. Thus, XP is a binary variable. However, when I prove
the existence of equilibrium, I prove it for a model where each firm receives a

(

)

MIN
MAX
simultaneous draw U Φ ,Φ
, as otherwise I cannot guarantee existence due

to discontinuities. Let Φ now denote the mean fixed cost. For this variant, then, I
can define XP in a similar fashion to EP as
.

(4.3)

Note that the partial transition matrix Q describes the probabilities of
different states occurring given a state that exists at the conclusion of the merger
process. From the fact that the merger process occurs at the beginning of the period,
one can see that Q is dependent on firms’ investment, entry and exit decisions, but
not on merger decisions, except indirectly through their effect on the above
variables.

I now define an equilibrium of the model. The definition treats the number of
firms N as fixed. As I will show in Lemma 4.1, there is a maximum N that will ever
be reached. Thus, N is really an endogenous function of the other parameters below.
However, I prove that an equilibrium exists for arbitrary N, from which is follows
that one exists for the maximum N which occurs in equilibrium as a function of the
other parameters.
Definition: Given a set of parameters
,
a MPNE for the merger model is a 11-tuple:
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(1)

is the EDV of net future profits of firms at the point in the period just
after the merger process has ended, given that:
(a)
are the chosen investment and exit decisions,
respectively;
(b) Q is the partial state transition matrix; and
(c)
are the parameters that will be used by all future merger games
MM.
is the optimal probability of entry (i.e. it satisfies (4.2)) given (b) and (c)

(2)
above.

is the optimal choice of investment (i.e. it satisfies a Bellman equation

(3)

analogous to (4.1) but with random scrap values), given (b) and (c) above. The
new version of (4.1) is
Φ MAX

V

PM

( w, n ) = ∫

Φ MIN

{

{ ( )

max Φ,sup Π w, n − x + β

(

x ≥0

)

⎛ State next period being w ′, n′ given x and percep-⎞
Pr
∑ ⎜
⎟ V w ′, n′
( w ′ , n ′ ) ⎝ tions about competitors' investment, entry and exit ⎠
(4)

(

⎫

)⎪⎬ dPΦ.
⎪⎭

is the optimal choice of exit (i.e. it satisfies (4.3)), given (b) and (c)
above.
is

(5)

the

true

partial

state

transition

matrix

implied

by

.
is the true EDV of net future profits from merger, as specified in its

(6)

definition, given (b) and (c) above.
is the true EDV of net future profits from no merger to the buyer, as
(7)
specified in its definition, given (b) and (c) above.
is the true EDV of net future profits from each merger to non(8)
(9)

participants, as specified in its definition, given (b) and (c) above.
form equilibrium strategies for the appropriate underlying MM game,

given that C, B and S represent the true EDV of net future profits as defined.
(10)
is the EDV of net future profits at the stage in the merger game
(11)

indicated by the variable, given (b) and (c) above.
is the EDV of net future profits at the beginning of the period, given (b)
and (c) above.
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Finally, I provide a set of assumptions on the entry, exit and merger
processes which are sufficient to ensure the existence of an equilibrium.
Assumptions necessary to ensure existence of equilibrium:
(a) The distribution of entry and exit costs is not degenerate (i.e. it is not a fixed
value).
(b) For each firm, holding competitors’ simultaneous strategies fixed, the values that
result given the optimal strategy for the merger game RR are continuous in the
reservation prices
and in the competitors’ simultaneous strategies.

Recall that in Section 2, I discussed conditions under which assumption (b)
below will hold for both the tioli and auction models, in Corollary 2.2 and Corollary
2.4 respectively. Additionally, the parameters I choose ensure that (a) holds.

Given this definitions and assumptions above, I now prove that an
equilibrium to the model exists, provided that the entry and exit costs are not a
degenerate distribution and provided that each underlying merger game is wellbehaved. I proceed to prove this as follows: First, I show that the investment
decisions lie in a compact space provided that the value functions do. Second, I show
that I can rewrite the definition of equilibrium using dynamic programming
methodology and functional equations. Third, I define a function which maps from
the above 11-tuple to itself, and show that this function is continuous on a compact,
convex and non-empty set. Fourth, I show that a fixed point of the function is an
equilibrium of the model, and that as such a fixed point exists, the model has an
equilibrium.
Lemma 4.1: The following functions can be bounded:
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(a) If there is a fixed bound
lies, for every

within which the equilibrium value function
, then there is a fixed bound,
lies, for every

equilibrium investment function

within which the
.

, then there is a fixed maximum capacity
(b) For any number of firms N, if
that any firm will ever choose to reach, no matter what are its perceptions of
be this maximum capacity and let
be the space
other firms’ strategies. Let
.
which includes all the combinations of N firms with capacities from 0 to
(c) Provided the minimum entry cost is greater than the scrap value (i.e.
),
there exists a number N, such that whenever there are N firms active in the
industry, no additional firms would want to enter the industry, no matter what
are the potential entrant’s perceptions of other firms’ strategies.

Proof:
(a) First, investment can never be negative, by assumption. Now, let v1 be the EDV
of profits to a firm starting next period if its investment is successful (which leads to
some distribution of competitors’ capacity levels), and let v2 be the firm’s EDV of
profits starting next period if its investment is unsuccessful. Then, as detailed in P, where

G-M, the optimal investment level for the firm can be written as

xx is an increasing function. Then, as I am assuming that V is bounded, there are
some maximum and minimum EDV of profits. Thus, the highest value of xx will be
obtained if every state in v1 has value

and every state in v2 has value Φ.

Therefore, the optimal investment level can be bounded by

.

(b) Note that the total EDV of profits that a firm can achieve is bounded by

,

because of discounting and the maximum static profits. Thus, for any ε > 0, no
matter what are one’s competitors’ capacities there exists a capacity level k high
enough such that the difference in values between the value from not investing (i.e.
v2 (from (a)) and the maximum value achievable is less than ε. Now, as can be seen
in P-G-M, if the difference between v1 and v2 which is less than the above difference
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is sufficiently small, then a firm will choose to invest nothing. Thus, at capacity level
k, a firm’s capacity will never rise from investment, because of the choice of
investment function together with the fact that it is investing nothing. The other
possibility is that the firm will acquire another firm and increase its capacity that
way. However, for

, the firm will not choose to acquire another firm for

the following reason: the possible gain in EDV of profits not counting the
cost/synergy payment is ε as detailed above. The maximum gain from the synergy
payment is SMAX. Now, the potential acquired firm can receive an expected value of
at least Φ if it is not acquired, no matter who else is acquired, which means that it
will not be willing to be acquired for less than Φ. Thus, the price paid to acquire the
firm must be at least Φ and so the additional profits from the merger are at most
. By the assumption then, for this capacity level, acquiring another firm
will result in lower profits than acquiring no firm regardless of the synergy draw,
and so no merger will take place.

(c) This argument is the same is in Ericson and Pakes, so I will only briefly outline
it. The argument is as follows: the total EDV to firms in the industry is no higher
than the maximum EDV of profits that a firm can achieve (i.e.

). Thus, as the

number of firms in the industry increases, the value to each firm drops, and
asymptotically approaches zero. When the value to the firm is less than

,

firms will no longer enter, as they will not earn a positive EDV from entering.

Part (a) of Lemma 4.1 shows that the MPNE X matrix will be bounded
provided that V is bounded. Parts (b) and (c) of Lemma 4.1, by showing that the
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number of firms and each firm’s highest capacity are bounded shows that the MPNE
value functions and policy functions can be defined on a finite-dimensional space.
Proving that these variables are finite-dimensional is important for two reasons:
first, it shows that numerical evaluation of the equilibrium by examining the value
at each point is possible; second, it shows that in order to examine the compactness
of the value and policy variables within each space (which is necessary to apply the
fixed-point theorem), it is only necessary to check for closedness and boundedness.

I can express the value function

as the fixed point of a functional

equation. In order to do this, I define an operator, T, which maps a value function for
the state space onto itself, conditional on the vector

of beliefs about the

merger process and the investment, entry and exit processes. I can write
, and then define T by:
.

(4.4)

In this definition of T, I am implicitly using the definitions of all these value
functions in Section 3 for the appropriate static merger model.
Lemma 4.2: Part (11) of the definition of MPNE is equivalent to (4.4). In other
words, given that
satisfy the equilibrium conditions, V is the EDV of net
future profits (as above) if and only if V satisfies (4.4).

Sketch of Proof; Part (11) specifies V as a maximization problem given the
parameters

, where firms choose an optimal path of investment and exit,

conditional on their perceptions, and V is the value of this optimal path. This is
equivalent to V satisfying the functional equation conditioning on perceptions; see
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Stokey, Lucas and Prescott (1989) Theorem 9.2 for details.10 Now, (4.4) specifies the
expected value of future returns as a function of V, and the present returns as the
maximizing choice over investment and exit of the value that will accrue to the firm
this period. Thus, (4.4) is the functional equation for the above maximization
problem, and so the solution to (4.4) solves the maximization problem.

Now I define an operator f which generates the equilibrium. I will show that f
is a continuous function on a compact, convex, non-empty set whose fixed point is an
equilibrium of the merger model.
Definition: Let the MPNE generation operator f be a function from the 11-tuple of
actions/values to itself, satisfying

Although their definitions look similar, the MPNE generation function f
differs from the earlier operator T. To evaluate T, the value function is computed for
fixed values of the perceptions of competitors. In f, these perceptions are not held
fixed, but rather are updated, so that f is a function from the 11-tuple of
actions/values to itself, instead of just from the value function to itself. The
perceptions are updated in the following manner: first,
computed using

and (4.1). Then,

10

are
in turn imply a new

For this results to be true, Stokey, Lucas and Prescott (1989) require measurability of the
one-period return function, the stochastic state transition function and the investment
function. By the discreteness of the state space in my model, these requirements all hold.
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Q1, namely the partial state transition matrix that is generated by their actions. As
in T,

is computed by applying the merger game strategies RR together with the

mechanism of the game form of the chosen process. The difference lies in the values
that are used for the perceptions in computing these variables. Here, for all merger
games with R = 2,

are computed using

merger games with R = 2,

and

are computed using

merger games with R = 3 and
and

,

values. Recall that these

. Then, again for all the
. For all

are computed using

values are for games with R = 2 and hence

because of the order of computation, they will already have been computed. Then,
is computed as the optimal strategies using

for competitors’ simultaneous

strategies, whenever the decision process is simultaneous. This process is then
repeated for merger games with R = 3 and r = 2, R = 4 and r = 1, etc. Note that at
each stage, the

values used will already have been computed. Finally, V1 is

evaluated as the appropriate

values.

Thus, as the reader can see from the definition of the MPNE generation
function f, the function is defined inductively over the merger process. The order of
the induction is for R = 2 and r = 1, R = 3 and r = 1, R = 3 and r = 2, R = 4 and r = 1,
R = 4 and r = 2, R = 4 and r = 3, etc. It is necessary to choose this order because of
the structure of the acquisition process. With this ordering, the

values

are function only of elements that have already been calculated. The following proofs
of continuity, compactness, and finally existence of equilibrium all use the same
inductive structure, as well.
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I now prove that f is continuous on a compact, convex, non-empty set, and
apply Brouwer’s Fixed Point Theorem to prove existence of equilibrium.
Lemma 4.3: Given the assumptions and definitions above, I can define f to be a
continuous function on a compact, convex, non-empty set.

Proof: I split the proof into two parts. In order to avoid endless notation, I simply
discuss each point informally.

Claim: f is continuous.
First, note that in the definition of f,

are

not actually used. I include these variables as arguments to f in order to define f as a
mapping from some space to the same space. As these values do not affect the value
of f, f is automatically continuous in them. Thus, I must only examine whether f is
continuous in the variables

. I will first examine the continuity of

in the above variables. These values do not depend on
it suffices to look at their continuity as functions of

so

. These variables are

defined so that they are continuous functions of some weighted sum of different
elements of V0, where the weights are specified by Q0. To illustrate how these values
change with a change in V0, consider the case of EP1. For EP1, one can see from (4.2)
that a change in the value will only affect the indicator function on a small interval,
and thus will affect the integral only a small amount. In particular, if the value
changes by ε, then
.
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Continuity of XP1 follows in a similar fashion from (4.3), and continuity of X1 follows
from P-G-M.11 Thus, a small change in

entails a small change in the

weights and a small change in the values associated with each weight and hence
is continuous in
weighted sum over
change in

. Now, recall that

, where the weights are given by
entails a small change in

change in

is defined as a

,

is continuous in

. As a small
and hence a small

. Similarly, a small change in

entails a small change in the partial state transition matrix Q1, as
maps continuously onto the probabilities of investment, entry and
exit that can cause a change in the matrix. Thus, Q1 is continuous in
I

now

want

to

examine

the

continuity

.

of

in

. I use induction to prove continuity for these variables. As outlined
above, induction is done for the basis case of R = 2 and r = 1, then for R = 3 and r = 1,
R = 3 and r = 2, etc. First, the basis case: I prove that those elements where R = 2
are continuous in
of

. For these elements,

, and thus are continuous in
cause small changes in the decisions in

are fixed elements
. Now, by assumption
and small changes in

the probability of the (unique) merger happening, and small changes in the
payments to the acquired firm conditional on it happening; thus for R = 2,
is continuous in

.

Now, the inductive step: consider the continuity of

for

games where R > 2 and some r, assuming that the same variables are continuous in

11

I use this same logic again when I prove the continuity of the variables that involve the
costs/synergies. Essentially, I am stating if I define f(a) by
where
, then f(a) continuous in a.
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for all games where

and for all games where the number of

active firms is R - 1. Recall that
elements of

are defined as weighted sums over

that have already been shown to be continuous in

and that the simultaneous components of
using

are calculated for each individual

as the strategy for its competitors. By assumption,

are continuous in
continuous in

. By induction, then,

is

for any r and R.

Finally, V1 is just defined to be a particular element of
continuous in

and thus

as every element of

is continuous in

, and so is
.

Claim: I can define the domain and range of f to be the same compact, convex and
non-empty space.

I will show that I can find some compact space such that for any element in
the space, f evaluated at that element will also always be in the space. I examine
whether each component of the space is compact. First, Q is compact, because it is a
simplex, XP and EP are also compact because each element is a probability and RR
is compact because, as discussed in Section 3, the strategy space of the MM merger
game can be defined to be compact. Additionally, if I can limit V to be in a compact
interval, then X will also be in a compact interval, by Lemma 4.1.

Now, I claim that if I limit V0 to be in the interval

, where

,
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then

will all be in this interval. The reason is: suppose V0
is the maximum of the scrap value Φ and the

. Then,

is in some interval

value of not exiting. The value of not exiting is given by β times some distribution
over different V values plus whatever is earned (which is at most ΠMAX). Thus,
will be in the interval

. Then, I proceed by induction on the number of

active firms R and the number of potential acquired firms r, in the same order as
must be in

before. If R = 2 and r = 1, then
weighted sums of various

, as they are

values. Additionally, for R = 2 and r = 1, the potential

acquirer gets at most some value in

plus the maximum synergy draw, even

assuming that it could pay the seller nothing. Similarly, the potential acquired firm
gets at most some value in

plus the maximum synergy draw if it sells itself,

even assuming that the seller gains nothing from the merger. Neither the seller nor
the buyer can get less than Φ, by definition of the merger game. Thus, for R = 2 and
to be in the interval

r = 1, I can limit

. Now,

must be in

for R = 3 and r = 1,
weighted sums of values in

as they are now

for R = 2 and r = 1 and for

(even though for

the buyer the weights are determined by S0). Again similarly to the R = 2 and r = 1
case, for R = 3 and r = 1, an acquiring or acquired firm can get at most something in
for R = 2 and r = 1 and for
bound
stage

, plus the maximum synergy draw. Thus, I can

for R = 3 and r = 1 to be in
(which

includes

inductive

to be in

. Thus, for the last
steps

if

R = N),

I

can

bound

. But, by definition of b,
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Thus, if the domain for each component of
range will be in

is

, the

.

The above arguments show that I can define f as a function:
,
where Δ is the simplex, and A1, A2, A3, A4 are positive integers indicating the number
of elements of each type. As this space is a finite Cartesian product of compact,
convex and non-empty finite-dimensional spaces, it is compact, convex and nonempty.

With Lemma 4.3, I can apply Brouwer’s Fixed Point Theorem to show that
the function f has a fixed point. All that remains is to show that this fixed point is in
fact an equilibrium of the merger model. This is done in Proposition 4.1.

Proposition 4.1: Given the necessary assumptions above, a MPNE for the merger
model exists.
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Proof: By Lemma 4.3, the function f is a continuous function on a compact, convex
and non-empty space. Using Brouwer's Fixed Point Theorem, I find that f has a fixed
. I want to show that the fixed point of f

point
is an equilibrium of the model.

First, note that

is a solution to the functional equation given the fixed

point. In other words,
.
The reason for this is because f is the same function as T, except that in T
perceptions are held fixed, while in f, perceptions are updated. But, at the fixed
point, the perceptions used to generate V1 in f are the same perceptions that are
specified in the function call. Thus, at the fixed point, the same perceptions are used
to generate the values in f and in T, and thus their values will be the same, so

Now, by my choice of Q that I have used in f,
matrix, implied by

is the true partial transition

, so part (5) of the equilibrium definition holds. In

addition, by definition,

will characterize future play of the game, and

will form an equilibrium of every MM merger game given
By Lemma 4.2, part (11) holds, and the value function

, so part (9) holds.
that I have computed is

the true value function. Given that part (11) holds, it follows that parts (2), (3) and
(4) hold, because investment, entry and exit are calculated in such a manner that
they are true if the value function used in computing them (i.e.

) is the true EDV

of net future profits, which it is, by part (11). Since parts (11), (2), (3) and (4) hold,
(1) holds, since

is computed as the EDV of profits after the merger process has
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completed given that the computation is done using the true values, which it is, as
the above parts hold.

To prove that the remaining assumptions hold, I again use induction on N
and r in the same order as above. For games with R = 2 and r = 1, parts (6), (7) and
(8) hold, as

are all computed to be the true values, given that

is

correct, which it is, by (1), and part (9) holds, as stated above. Additionally, part (10)
holds for games with R = 2 and r = 1, because

is chosen as the correct value by

f, given that parts (6) through (8) hold. Now, assume that parts (6) through (10) hold
for games with less than R active firms and for games with R active firms and less
than r potential acquired firms. I want to examine whether they hold for games with
R potential sellers and r potential acquired firms. By the same logic, parts (6)
through (10) will hold for all these merger games. Thus, for all R, assumptions (6)
through (10) hold.

As discussed earlier, I cannot analytically solve for an equilibrium for this
model, conditional on parameter values. Instead, I can numerically solve for an
equilibrium for fixed parameter values, using computational methods. The
algorithms are very computationally intensive.12 The process by which I solve for the
equilibrium is essentially to repeatedly apply the function f to some initial starting
value, until the function converges to a fixed point. Thus, the algorithm stores value
functions, the partial state transition matrix and strategies. Since f is not a
contraction mapping, f is not guaranteed to converge to a fixed point. However, since
12

For instance, the C version of this program on a Sun Sparcstation 10 takes about 5 hours
to converge for the 5 firm equilibrium.
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f is similar to contractions used in dynamic programming, it generally converges, for
most of the parameter values that I have tried. With the equilibrium policies, I
simulate the industry for a large number of time periods, feeding the firms the
random draws to their investment and entry processes and their random
cost/synergy draws. The program keeps track of the industry structure at every
period, as well as other variables of interest, such as welfare indications,
concentration measures, and investment levels. The mean equilibrium values of
these variables were reported and discussed in Chapter 1.

Section 5: Conclusions

In the results presented here, I have defined the merger model and
illustrated how to solve the model computationally. The results show that
endogenous merger processes that use either the take-it-or-leave-it (tioli) or auction
processes can be defined and computed. For the tioli model, it is possible to prove
uniqueness and existence of the static equilibrium. For the auction process, the
choice of information structure and type of auction is important, as the model is too
time- and memory-intensive to compute for many different information structures
and auction types. For the specification chosen, which is a simple first-price auction
where only the buyer knows the realization of the synergy draws, computation is
possible, and using some techniques that I discussed in Section 3, it is not much
more cumbersome than for the tioli model. However, counterexamples show that
neither uniqueness nor existence is assured, unless the size of the randomness is
sufficiently large. Because of the randomness that I have introduced, the results
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show that, provided an equilibrium to the static merger model exists for every state,
a dynamic equilibrium to the overall model will exist. However, as is common with
this type of model, uniqueness of the dynamic equilibrium is not guaranteed. As
uniqueness is required in order for the results to be sensible but uniqueness cannot
be proven, this is a shortcoming of this model and other papers in the literature.
In addition to the above conclusions, the results presented in this chapter
demonstrate a few general properties. First, they show that even with a dynamic
model such as this one, most of the computational techniques used can be static in
nature. The reason for this is that with dynamic programming methods, future
events are encapsulated as value functions and thus optimal decisions are computed
using these value functions, which can be treated as analogous to reduced-form
static quantities. While the dynamics largely do not affect the algorithm solution,
they indirectly affect the choice of algorithm and solution method: because of the
large amount of memory and time needed to compute the dynamic equilibrium, the
choice of static processes and number of agents is constrained. Second, the results
demonstrate that introducing a source of randomness may be necessary in order to
ensure the existence of equilibrium and allow for computation. In this model,
random entry and exit costs, investment realizations and merger synergies allow for
the computation of the equilibrium. Many models have not been computable or
solvable because the lack of randomness makes computation impossible or results in
the lack of existence of an equilibrium. The results here show that appropriate
structural randomness may be a solution to this problem, however, as discussed
earlier, the choice of randomness is crucial to being able to compute the model.
Third, the results here show that it is possible to examine the effects of auctions
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with externalities. While previous auction models have focused largely on auctions
with identical bidders and no externalities, many real-world auctions involve
substantial externalities and asymmetries among the bidders. The results presented
here examine the development of an auction model with externalities and
differentiated bidders and the computation of such a model. Both of these
discussions can be used to theoretically and empirically examine auctions with
externalities and differentiated bidders. This can in turn allow economists to develop
a richer framework with which to empirically analyze auctions in the future.
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