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1. Proof of Strict Inequalities in Lemma 3

Lemma 3. Consider the finite-horizon version of the model ¢ € {1,2,..T}, T' < co. (i)
For all t, vy (m K) > vg(m, K), if m > 0, and vy (m K) = vg,(m, K) if m = 0. (ii) For all
t, var(1, K) > muge(m, K) + (1 —m)vg(m, K), if m < 1.

Proof of (i)

We show the more general claim that for all ¢,

ve(m K) > vg(m, K), if m > 0, (a)
Uf,t(oa K) = Ud,t(oa K)a (b)
v74(0, K) < vy, (m?, K), if m®> > 0. (c)

The results from the single-period case imply that the strict inequality (a) and the equal-
ity (b) hold in the final period t = T". To see that (c) also holds for ¢ = T', observe that
when m$ > 0, the dominant firm could always choose to set mr = 0 and receive v;7(0, K)
but from Proposition 2 strictly prefers not to completely divest. We will show that if the
conditions (a), (b), (c) hold for ¢+ 1 then they also hold for ¢, so by induction the proof will
be complete.

Before proceeding further, it is useful to introduce some additional notation. Define
Vi (¢, €5 |p, pr) to be the value to a fringe firm at time period ¢ in the output/investment
stage given an output sequence gr = (¢ft, qft+1,-.-,¢rr) and a per-unit capital acquisition
sequence €5 = (€f441, ..., €f,1), conditional on p and py. Let (m’, K') be a particular state in
the investment output stage in period ¢ and vy, and v}, be the equilibrium values at that

state. Then

vy = Vi(dh el k)

= max V;S(Qfaef ’p/’p;€>
af.ef



where (q}, e’f) is the equilibrium fringe sequence given this state and the equilibrium price
sequences (p/, p,) and (q}, e'f) maximizes V; (q}, e |y, pz) It is straightforward to check that
there is a unique quantity q}i in the initial period ¢ in any solution to the above problem.
This follows from the strict concavity of the cost function c(q).!

We first prove that (a) holds for ¢. We know from the analysis in the text that the weak
inequality version of (a) holds, vy, (m K) > vgq.(m, K). Suppose for some m' > 0 and K’
there is equality, vy, = v},. Now vy, = Vi (qy, e;|p', pj,). Since vy, = v}, (g5, ey) solve the
above problem. Since q}ﬂt is the unique period ¢ output in any solution, g, = q}i, so the
current return in period ¢ is the same for the dominant firm and the fringe. Since vy, = v},
and since the current return is the same, it must be that vy, , = v},,,. Since q;, = ¢}, and
my > 0, it follows that mg\; = m; > 0. Since (c) holds for ¢ + 1 and since mg,; > 0, we
know that m;,, > 0, i.e., that the dominant firm will not completely divest. But mj,, >0
and vy, = v}, contradict that (a) holds for ¢ + 1. Thus (a) holds for ¢.

It is immediate that (b) holds for ¢ since the fact that (a) and (b) hold in future periods
implies the dominant firm’s market share remains zero in all future periods.

To show that (c) holds for ¢, we consider the first-order necessary condition of the dom-

inant firm’s merger decision problem

1 ouws, vz Ovgy o OUss
E om (Vag —vpe) +m ( am.  om +my om,.’

where for simplicity we have divided through by K;. In Lemma Al in below, we prove the

8'Ud7t 8Uf’t 82Uf,t

intuitive result that in the limit where m; = 0, >+ = - = 0 and -5 > 0. This implies

that when my > 0, the above is strictly postive for small enough m. Thus it is not optimal
to completely divest at ¢, so (c) holds.
Proof of (ii)

To prove (ii), we need to show that that the unique maximum of industry profit is

obtained at m = 1. From the analysis of the single-period model, the result is immediately

1 The quantity solving this problem in subsequent periods is not necessarily unique because if the fringe
firm chooses a complete sell-off at a later period j > ¢ so that ey ; = —1 (which it is indifferent to doing)
then subsequent choices of ¢ are irrelevant



true for t = T. So consider some period ¢t < T and consider some m; € [0,1). Suppose
the discounted industry profit beginning at (mj}, ;) at this state is equal to the discounted
industry profit at pure monopoly (1, K;). The pure monopoly problem is concave so there
is a unique solution. Since industry profit starting at (m}, K;) is the same as industry
profit starting at (1, K3), it must be that at (m}, K;) the fringe and dominant firm output
at date t are identical to the monopoly output (per unit of capital) which implies that
the future sequence of prices is equal to the monopoly sequence of prices. However, it is
straightforward to show that the fringe output in a period given pure monopoly prices in
every remaining period is strictly higher than the pure monopoly output in the period, which

yields a contradiction.



2. Proof of Proposition 5(ii)

The proof involves calculating derivatives and evaluating them at the limit of perfect com-
petition. The proof involves many calculations. We divide the proof into five parts. The
first four parts prove Lemmas Al, A2, A3, and A4 which are intermediate steps. The fifth

part proves the main result.

2.1 Lemma Al

Lemma A1l. Consider the finite-horizon version with horizon T'. For all t € {1,2,...T'},
qd,t(()?K) = qut(O’ K) (1)

ov
99440, Ky) Kig (P/ + po? f2> <0 (ii)
8mt N C;/ — Pt,Kt — 6 8U2 Kt

aQﬁt(O,K) o
o 0. (iii)

2
/ 20V 141 8‘1d ¢ 0%vg i1 [ Oiia
a2qf7t(07 Kt) (P * 60_ OKt+1 ) 2K + 6 am?+1 <8m?+1>

= >0 (iv)
om? _ ( + 8o 26”f2> K,

c%d,t((), K) . 8Uf7t<O,K) .

om N om =0 (v)
ov?,(0, K)

fit\ .
oo > W >0 (Vl)

dv3,(0,K)  0v3,(0,K)

om? - om?

m:(0,K) =0 (vii)



ov?

O (0, K) 255 (v
= — v
ome s[5k - 5]
mfmext,t (O> K) - O (1X)
Oy e00.4(0, K)
000 0

Proof.

Suppose the result is true for t + 1. We will show the result holds for ¢. Defining
vrrp1(m, K) = 0 and vgpry1(m, K) = 0, the same proof shows that the result holds for
t =T. Thus by induction we get our result.

For notational simplicity, it is useful to let period ¢ be period 1 and period ¢+ 1 be period
2.

1. The FONC from the Output/Investment Stage

We begin by deriving the FONC of the dominant firm and the fringe at the output/investment
stage

Suppose that ¢r1(ga1) is the equilibrium fringe output and p;(gq1) is the equilibrium
price as a function of the dominant firm’s choice of g;;(the dependence on m; and K; is

implicit). The dominant firm’s problem is then

max P (qa1)qa1mi K1 — miKic(qay) + pws(ms, Ks)

4d,1
where

midd,1
miqaa + (1 —ma)Gra
Ky = (migaa+ (1 —mq)Gr1) oKy

o __
my =

The dominant firm’s FONC is
dﬁl /
——qaami Ky + (p1 — Cd,l) mi Ky + 0

owg dms Owy dKy 0 (1)
dqa

ome dqq 0K dgg, o




Now

wy(m®, K) = maxmKuvga(m, K) — (m —m°)Kuvsa(m, K)

[¢]
ows

ome Kvr
ows Vg vy
— _ o © K 2 —mK ,
T muga — (m —m°)vps +m T (m —m°) Y
v . v
- m<vd72+K8[d(’2)—(m—m)(vf72+Ka[f(’2>
And
dms mi [migay + (1 —ma)Gpa] — <m1 +(1 - ml)g‘?;ﬁ) m1qd,1
dgay [migaqs + (1 — ml)qf,l]Q
dK, ( aq/fl)
= |m+{1—-—m =~ oK
de,l ! ( 1)8%,1 !
Dividing the FONC (1) by m; K; yields
d];l 1 K2 dm; 1 810(2) dK2
H = _d e 2
[deJQdJ i (pl Cd’l)] * vi’QﬂM Ky dgq N 5m1K1 0K dqq 2)
- O 1
B [ dp, wor )] s K, [(miga1 + (1 —mi)dpa] — (ml +(1- m1)8gil> qd,1
= 1 1— 27 .
dqa,1 ! d K [migas + (1 — ml)Qf,1]2
+pPo 2y +Kavd’2 _ (ma —m3) v —i—K(%f’z m 4—(1—m)aqf’1
oy \ Va2 29K, - 7.2 29K, 1 1 Ddar
The fringe FONC is
P((m1K1qa1 + (1 —m1)K1Gpa) + Bovpa(ma(ms, Ks), Ky) = ¢y (3)

This sets discounted marginal revenue p; + Sovy s equal to marginal cost.

2. Output levels at the Limit
Here we begin our look at the limit m; = 0. It is immediate from (3) that at m; = 0,

the dominant firm’s choice of ¢;1 has no effect on the fringe output ¢, or the market price.

LT

| ~ =0 4

A S (4)
I

lim P 0

m1—0 dqq 1

6



Taking the limit of (2) and substituting in (4), the third term of (2) drops out, yielding

K> qp1
m H = p;—cyy + Bupa—ill
m1—0 P d,1 6 1.2 Kl q)%,l
/ oqp1l qpa
= pl — C + /B/U 72 _
d,1 f K, qJQ‘,l

= p1—Cyy + Bovgy

Thus for m; = 0, the dominant firm’s FONC reduces to the FONC of the fringe, so that
qa,1(0, K) = q71(0, K) (proving (i)) and vg,(0, K) = vs,(0, K), which proves state (i) of
the lemma. Statement (ix) that m; ., (0, K) = 0 is immediate. To simplify notation let

@1 = q41(0, K) = ¢1(0, K) in what follows and let ¢; = ¢(q1).

3. The Limiting Behavior of the Fringe Reaction Function
In order to look at the slopes in the limit we need to calculate the limiting behavior of

the fringe reaction function. Differentiating the fringe FONC (3) with respect to g4 yields

Pl (lel + (1 - ml)Kl

8%@71) i O_avf,g 8m2 {8’”@ 8m3 8%071 (5)

04,1 Omy Om3 | O0qan  9qs1 0qa;

Ovga Omy  Ov OK. 0K, 0q aq
+B0 { 1.2 2 i f,2:| { 2 i 2 Qf,l] —0}1 dr,1
Omy 0Ky 0Ky | |0qan  0gg10q4a " 044,
=0
We are interested in the limit of 6212%;1 -. Differentiating (5) with respect to my, and evalu-

ating at the limit of m; = 0 we have,

826 1 ov 2 d 8K2 8K2 8q~ 1
P'Ky + PKym—L— + 0+ oL { ! 6
' 18Qd,18m1 & 0Ky dmy |0qan  O0qp1 0qa (©)
! 826}”,1
f’15Qd,13m1
=0
Note this result uses (1) the fact that %—2}%2 = 0 in the limit from the fact that (v) holds for
t =2 and (2) that glg =0, % =0, 252 = 0 all obviously hold at the limit.
qd,1 qd,1 qd,1

7



So we need to look at the next period capital stock,

Ky = (m1gaq + (1 — ma)Gsa) oK

The slope is

[6}(2 N 0K, acjﬂ]
an,l aC]f,l 3%,1

K K, 0g 2G
lim d la 2 4 0K, aqf’]'] = oKk ll + 76 dr1 }
mi—0dmy | 0qq1  Oqf1 0qan 0m10q4,1

96
= m10K1 —+ (1 — ml)azﬁlO'Kl
d,1

We can substitute this into (6) to get

5 ) o
PIKy + P L g 20k [H Qfll

8qd,18m1 8K2 8m18qd,1
! 62Qf L _
—on 0q4,10my
So solving we get
82
lim — 2L a (7)
m1—0 0¢410my [_p/Kl 502 vy, 2K1 + c
2
lim M +1 = a 5
m1—0 0gq,10my i — PIK; — 3025 UfzK

4. The Slopes of the Equilibrium Output Levels

N P P P
Here we calculate the limiting values of 5% and %%t To calculate Z%t, we need to

differentiate the dominant firm FONC (2). Note first that

I OH
im = —c
m1—0 9qq

/"
1

Next differentiate H with respect to m; and evaluate at m; = 0, holding ¢4, fixed.

OH d*p Ky dGy dGo
o~ dgmadm TR ey TP (8)
d2ﬁ KQ 1 82Qfl
— - ~1 (1
de,lqud’l 6Uf2K I ( " 8qd,18m)

mg 6’Uf 2 82(7]{1
K 1
+60m1 (UfQ + 2 8K2 ) < * 8(]61716777,



where

magas + (1= m)ipa] = (mn + (1= m) 222 ) gy
Mg + (1 —ma)gpa)*

mo 8vd 2 (m2 — mg) 8’1})02 8(jf1
= — K 2 — 2 — 2
Gs LTM (Ud,2 + Ko 8K2> - Vo + Ko e my + (1 m1>8Qd,1
G, R
habel 3 1 )
dm; e ( * 0qa,10m

dGy  m$ vy Pqra
— = K. : 1 ’
dm1 1 (Uﬁ2 T (9K2 * @qd@@m

and
o= P((miKigaa + (1 —mq)KiGra) 9)
Opr 0qsa
= P K 1-— K :
3%,1 (m1 L ( ml) 18%,1
82]51 826 1
o aqd718m1 ( I an,lam1>
So
OH d?p Ky 0*qra
I _ . 22 -1 f
mirilo omq dqdjlqu‘i’1 Bosa K 113 < * aC]d,lam>
msy Ovyo Pqra
K. 1 ’
+50m1 (Uf’Q T 8[(2 ) ( + 8qd718m
K, ms ov d%q
( 1451 — Burag= qfl +50m1 (Uf2+ 28K2)> ( * dq4,10m 0)
K Qv s
— (PKg. — K 1 ’ 11
< 1951 — BupaT=— qfl—i_ﬁa(vf2+ 2(9K2>>< +8€ld,13m 1
= | P’PKiqs1 — Bovss + Bo [ vsa + K 00 1+ LT (12)
1951 £2 f.2 20K, 0qa10m
8vf2 Clll
— K q]. <P, +60-2 ; ) 13
A 0K q—HKVﬂﬁ%Kl 13)
The above derivation uses (7), (9), and the fact that lim,,, o =2 = 1, which follows from,
o Mi14d,1

my = —
> maqan + (1 — ma)Gra

9



. om§ 1 (%f 1
1 2 _ - — — 4+ (1 — —=) 0| =1
mimao omy q%l [Qd’qu’l (Qd’l a1 ( m) omy )

and an application of I'Hopital’s rule (note that qq; is held fixed as we take the limit
ms

lim,,, o — here).

The slope of the dominant firm output function at the limit is then

0441 (0, K1) limyy, o 57
T TN (14)
Ty 1My, —0 Wd,l
Kigi (Pl + Bo*%2)
o / 2 vy <0
iy — PlKl —60' 8_KK1
This proves (ii).
We now look at the limiting slope of my . ,(m, K). This equals
8m0 o o d
lim next,1l _ 87n2 + a7n2 Qd,l (15)
mi—0  Omy omy a1 fized 0qq1 dmy
= 1+0
=1

This proves (x).
Next consider the slope of the equilibrium fringe output. Differentiating the fringe FONC
with respect to m; (and letting g41 be a function of m,)

8qf,1 8vf72 (9m2 dmg

d
Py <K1Qd,1 — Kiqpq +mi kG d,1 +(1— ml)Kl—) + Bo

dm1 8m1 (16)

Omgy Om$ dmy

Ovgo O 0 dK. d
480 V2 OMa Vf2 2 _ C/}l df1
amg aKQ (9K2 dm1 ’ dm1
Using the fact that statement (v) holds for ¢ = 2, evaluating the above at the limit yields,
8(]]01 8Uf2 ng anl
P K,—= —E = = ’ 1
1 8m1 + 50’ BKQ dm1 Cf’l aml ( 7)

Note that Ky = 0Q1 = 0 [m1ga1 K1 + (1 —my) g1 K4, so in the limit,

K. K
lim ks _ JKl—ﬁqf’l(O’ )

1
m1—0 dmy omy ( 8)

10



So we can rewrite (17) as

(9Qf1(0 Ki)

8m1

vy o oK 9q;1(0, K1), 0qr1(0, Ky)
1 =Cr1
8K2 8m1 aml

By looking at the perfectly competitive limit, it is straightforward to verify that in the limit

PIK

+ po

(19)

where my = 0 that avf 2 < 0. Condition (19) then implies that %OIKI) = 0 must hold,
proving (iii).

Next note that %ﬁ?fm = 0 implies that slope (18) g—fg is zero in the limit, which we
use below.

We turn now to the second derivative of vy. Differentiating (16) and evaluating at the

limit yields

dgq d“qsa d [Ovfs| Omgdms Ovy o d? K2 Y dqf1
P (2K ’ =0 (20
( 1dm1 dm1)+ﬁad 1 [8m2 8m§dm1+ﬁ 0Ky dm? fld 2 (20)
Note
i anQ . 82Uf72 de 82Uf72 dK2
d 8m2 N 8m% dm1 8m28K2 dm1
. 82Uf72 amg dmg
— Om3 Om§ dm,
82Uf72 8m2
dm3 omg
where
dmg . 8m2 dmg 1 8m2 dK2
dm]_ N 8m§ dm1 (9K2 dm]_
. dmy Omgy dms
lim =
dmy oms dmy
. 8m2
- Omg
Note the above uses the fact that lim g—fﬁ =0 and (15).

By differentiating Ky = 0Q1 = 0 [my1qa1 K + (1 — my) gp1 K] twice with respect to my
and evaluating at m; = 0, we obtain
d2K2 d d f1

li =0 2K K
M amE dm? 1dm1 T dm1

11



Substitute this into (20) yields,

/ dqaq d*qs d [Ovya| Omgdms Qugg d? K2 ,4q7
P 2K ’ K d ’ _ ;
( Ydm, + dm? +fo dmy | Omgy | Om§ dm, +fo 0Ky dm? “ dm?

dqa d? g1 82'Uf2 omy 2 vy o d? K dqj%l
" 2K, K L
( Ydm, * dm? +po om3 \ oms +po 0K, dm 2 —a dm?

P 2
2
Ov dqaq d*qs 1 omy\ dq ,
= (P +p02=L2) (2K K _ 2L
( + o 0K, 1dm1 T dm? +6 % oms “a dm?
0

Solving, yields,

ov d, 8 v m 2
9?qp1(0, K1) (P + po? f2) 2K Gy + P05t <5mz)
om? _ ( + Bo 2<9”f2> K,

The numerator is strictly positive and bounded. The denominator is strictly positive and

bounded. This proves (iv).

We next look at first-period total output, Q1 = [m1gq151 + (1 —my) g1 K]

@ 8%,1 an,l

= K — K 1-— K 21
O, 1(qa1 — qp1) +mu 18m1+( m;) o, (21)
.0
lim 2L =
miIBO 8m1
ale 8Qd1 0? df1
Iim — = 2K K .
mi 0 om? Yom, T om?

5. The Slopes of the Value Functions

We begin with the fringe value. The level is

Vi1 =piqpa + Bovragrn — c(qra)

Using the envelope theorem, the slope is

Oupa dpl

8m1 - dm1 1 + ﬁO_—Qf !

Note that dp L = ( from above. The fact that (v) holds for ¢t = 2 and d& = 0 together imply

that dvf 2 = 0. Hence 86 = 0. Analogously, 2 5=+ = 0. Thus statement (v) holds.

12



Differentiating again and taking the limit yields,

*vp1(0,K)  d’py dvi,
dm% = am 2q 1+ o mzqfl (22)

d mi
dvﬁg _ Ovpadmy  Ovpa dKy
dmy Omg dmy 0Ky dmy
lim d?vy _ {821%2 dms, N Q2 ng} dms N Qvpa d? Ky
dm? om2 dmy  OmedKydmy | dmy 0Ky dm?
O*vyo [Oma 2 Ovya d? Ky
om? L‘?m%] 0Ky dm?
D*vy 2 [Gmgl 2 Y Qvpa d*Qy

om32 | Oms 0K, dm?

Note that the first term is strictly positive. The second term would also be positive if

d Ql < 0 which intuitively should hold but we do not have a proof. Instead we show that

t —42 > 0 with the following argument. Holding K fixed, define the function B(m;) by

lim

B (ml) = p1(mq) + fovg f(my), where p; and v, ¢ are the equilibrium values given m;. Then

vif(m1) = B(mi)gai(mi) — c(ga1(ma))
d’l)l’f(ml) dB(ml)

dml - dm1 Qd71(m1)
. vy r(m d’B
hm% = llmd—le( m;)
Now from the fringe FONC we know that B(my) = /(gs1(m1)). Since hm = 0 and
lim (qu 5 > 0, it is immediate that lim £8 - 2 > 0, which proves that lim v dml L > 0, so statement
(vi) holds.

Next look at the dominant firm value

O

lKl

Va1 = P1Ga1 — c(qa1) + B
But
wy = maKovgo — (Mg —m3)Kovgo
= omi1K1q41v42 — 0m1K19q1042 + maKovg2 — (Mg — mg) Kovy o

13



So
m2K2 (m2 — m;)Kg

o
= 0Q41V42 — 0441042 + V2 — Uf2
mi G

Wy

mi G m kG

Also note that
UQd,llel = mSKz

by the definition of m3, so

moKo — oqg1mi KK me — mg) K.
Vd1 = DPi4da — C(Qd,l) +5UCId,1Ud,2 + 5 [( 22 @11 1>Ud,2 - ( = 2) 2Uf,21
my I m G
. (m2K2 — mgKg) (mg — mg)Kg
= p1gig — ¢(qan) + Bogaqiviz + B [ —e Vd,2 —e Vfo
Ky (my — m$
= pigaa — c(qan) + Boqaivas + 5?2M (Va2 — vf2)
1 my
The slope is
dvd,1 - dp; , de,l d’Ud,Q
dmy dm Gd,1 + (pl Cqn +501}d,2) dmy + Boqaq, dm,
d K2 (m2 — m;)
+6 dm1 [K1:| mq <Ud72 Uf72)
d [(mg—m3)| Ko
+B dmy l my K (vaz = vza)
d K2 (mg — mg)
ﬁdml [Ud,2 Uf,Q] K, -~
Taking the second derivative and evaluating at the limit yields
d“ﬁ 1 d*m dqa,1 2 d“ﬁ 2
l- s — _ /! s )
H dm? dm? Ga1 7~ Cda {dmll + o dm?

d*vg d2Uf2 dmy
=~ — > -1
@ [t~ |70 s

note all the complicated terms cancel except for the last because (vq42 — vy2) is zero and so

[Vg2 — vy2]. Also note that Ky/K; = o¢; in the limit since Ky = 0¢;K;. Analogous

. d
1S d_ml
to above,
lim d?v42 _ Pvgq [Omy]? Oavd,2 d*Qy
dm? om3 | Oms 0Ky dm?

14



Now define A to be the difference in the limiting second derivatives,

dQU 1,1 d2’Ud 1
A = 1 = — i : 24
im p im am? (24)
d*m dv?,z

2 2
d?py i | dga dvg o
341 = €1 | gy | T BongE
d%vg0 d?vy o Omo
i +5 [ amd g | O | ams 1

" _de,l 2+ 67712 dUJ%,Z . dv3,2
| dmy oms

dm?  dm?
/1 -qul,I} 2 + lamZ] ’ {dvj%,Q dvﬁ,Q}

| dmy oms B

2 2
dms  dmj

6. The Merger Function

The merger decision at time ¢t = 1 is (to simplify notation in this section we leave out

the t = 1 subscript).

max mvg — (m — m°)vy
m
Given v4(m) < vy(m) for m > 0, the optimal merger is zero at m°® = 0, proving (vii).

For m® > 0, the FONC for an interior optimum is

8vd

8'Uf
" om

~ [oy = v = (m —m*) 5 =0
The sufficient SOC
Ovg 0%y dvg o 00y
om " om2 a_m_<m_m)8m2
At the limit this is zero. To look near the limit, differentiate again and get
2 3 2 3
TR T

2 2
= 3 la vd M} , at limit

<0

om?2  Om?
< 0

15



so the problem is strictly concave near the limit.

Now differentiate FONC with respect to m°,

811]0 ° (9Ud (92Ud &)f ° (92Uf o
8mdm +[23m+m8m2 2(9m (m m>8m2 dm =0
Define
° . (%d 827jd (%f ° 82vf
Z(m°,m) = l28—m+mam2 — a—m—(m—m ) o2
So
9% 4 + Z(m®, m)dm = 0
T m m°,m)dm =
So )
dm =t

dme — —Z(me, m(m°))
Both the numerator and the denominator go to zero as m° goes to zero (and m(m°) goes to
zero. We use ’Hopital’s rule to look at the ratio of the slopes. The slope of the denominator
is

dme — Om?2

at the limit this equals

dz  0%vy 382vd 83vd_382fuf_( ) Pvg] dm
om? m8m3 om?2 mem om3 | dm?°

dz vy v, P*vs] dm
li — - .
M me ~ om? l?) om? 3 8m2} dm?®
The slope of the numerator is
d [%] 0*vy dm
dme om? dme

So

dm limg%
dme  lim—Z(m, m(m°))

. 821}f dm
_ lim Om?2 dm°

. D%vf : d2vy vy | dm
— lim S lim [3 s — 3 5z | dpmes

So
82Uf
1= Om?
_82Uf _ 38211(1 _ 382Uf dm
om?2 Om?2 oOm?2 | dm°

16



or

vy B lg@%d 38%@} dm  9%vy

© Om?2 om2  “om2?|dme  Om?

or

_382vd vy dm 282Uf

om? om? | dme om?
SO ,
. dm 2(69 ot
lim i —om =
e~ o+ o53]

This proves (viii) which completes the proof.l

2.2 Lemma A2

Lemma A2. Let v(K) be the the value function for a competitive firm with one unit of
capital in perfect competition when there is no dominant firm. Then the slope of the value

function evaluated at the stationary competitive capital level K} is

dv " 9 ) 1
K = 250°K (1=8)+A=[(1=8)"+ X +2(1+p))] ]
for A defined by
_p
= P”K
c

Proof.
The policy and value functions must solve the first order condition and the Bellman

equation,

p(q(K)K) + Bov(og(K)K) — d(q¢(K)) = 0

v(K) = pla(K)K)q(k) + c(q(K)) — Bov(oq(K)K)q(K) = 0
Differentiating and evaluating at K = K* yields
/ dq 2 dv dq " dq
P | —=K — | 7= —C ===
(dK +q)+5” K (dKK+q> “arx =

17



and

dv dp ( dq dv ( dq
a5~ dQ ( K+ )q foo e (dKK+q>

dgq
—(p—( —i—ﬁav)dK
B dv_dp dg dv ( dq
= o dQ( K+>q 500 (dKK+> =0

But using 0q = 1, we have two conditions,
dq dv ( dq dq
P K 2 —K ~d—= =0
(dK +q) TR (dK +q> C K
dq

dv dp ( dq dv
9 (99 g (Y g -
dK ~ dQ ( - )q oK (dK +q) 0

Solve these two conditions for 4% dK and . Let
_ dg
YT UK
_w
Y7 UK
Then
P (2K +q) + oy (zK +q) — 'z = 0
y—P(zK+q)q—Poy(zK+q) = 0
So
y = P (zK+q)q+ Boy(xK +q)
= - (P’ K +q) + fo y(acK—l—q))
1
_ —CHZE
o

Substituting this into the first equation yields
/ ]' 2 ]' Z ]' !
PlaK+—- )+ ="z (2K+—-| -2 = 0
o o o
1
PKx+P=+4BodKa?+B'v — 'z = 0
o

18



oP' Kz + P + Bo*d’K2* + Bod'x —od'x = 0
—Bo*'Ka* + (1 - B)od" — PloK)z — P = 0

A+ Bx+C = 0
where

= —Bo*"K <0
= (1-pB)od" — PoK) >0

= —P' >0

Since A < 0, B > 0, and C' > 0, there exists one negative root. The solution is

_ -B VP —3AC
Y 24
1
y = =z
o

This can be simplified.

B2 —4AC = (1-p)20%" + (P'oK)’—2(1 - )0’ P'K — 480" K P’
= 1=+ (PoK) —(2—-28+48)0*"P'K

= (1=p)P2c%? 4+ (PoK) =201+ B0 P'K

(1-p)oc" = P'oK (1= 8)? 0% + (P'oK)? —2(1 + 5)020”P’K]%

2602 K 2802 K
(1= —PK  [(1- B2+ (PK) —2(1+ B)' P'K]?
200c"K 2B0c"K
SO
- 2&% (1-B)¢" = P'K—|(1-8)°c”+(PK)"—2(1+ 5)0”P’K] }
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=

_ (1_5)+<_PIK>—(1—5)2+(—]Zf()2+2(1+5)(_PIK)

2802 K o '
= oo (LA A= (=87 + 2 20+ 8]

2.3 Lemma A3

The dynamics near the competitive steady state are determined by the slope of the transition
function F', with respect to changes in m°, evaluated at perfect competition m® = 0. For
notation, we denote this slope as s.
It is convenient to state the following lemma about the transition here.
Lemma A3.
oF om

SE%(O,K):%(O,K)

Proof. By Proposition 1, we know that m (0) = 0 (here we leave K implicit and evaluate
the function only at m®). Part Lemma A1 above implies that g; (0) = ¢ (0) must hold. From

the proof of A1, it is immediate that g; (m (m°)) and g (m (m°)) are differentiable at m° = 0.

Hence,
dF 0) = d m (m®) ga (m (m° }
dme dme® | m (m°) ga (m (m°)) + (1 —m (m°))qy (m (m°)) ||,
_qa(0) dm o di
g7 (0)dme (0) = dm?° (0)
[

The reason for this result is that when the dominant firm market share is zero, the
dominant firm and fringe investment rates are equal, since the dominant firm will forever
have market share zero by Proposition 1. While an increase in share at zero results in
a first-order difference between g; and ¢y, this effect is negligible in the limit since these

differences are applied to a dominant firm share that is zero in the limit. Thus, next period’s

20



concentration m; .. will be the same as the post-merger concentration level m, to a first

order.

2.4 Lemma A4

Lemma A4. The transition slope s is the unique solution to

4 4 1

for ¢ defined by

1 1
b= (A + =B+ X +20+82]* = (1-5)) >0 (26)
and \ defined by
_ pr
)= P K’
C//
evaluated at the stationary competitive levels Q7,,., K%, and ¢* = 5.

Proof.
Take T' to infinity and evaluate K at the stationary level K*(/3) for the infinite horizon

case. The formula (24) for A then can be written

A (9_152« _ 0vj
om?  Om?
7 an ? 3
= ¢ |—| +Bs°A
om
or )
o (2]
A = om 27
T (27)
Next consider g—:z. Substituting in 0¢ = 1 (which holds at the stationary output level),
UZ
the formula (22) for smf; can be written
om? dm? a1 dm?
2Q ov? vy d2Q
— Pl ;.2 _f
T am? +h om2” +08K dm?
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o7 1 ovr| d*Q
f .2 / 20Yf
B—L 2 -~ |_pK_22 L2
om2” oK [ 7K } dm
5 81)]20 ) £ d*Q
om? oK dm?
where ¢ is defined by
v
/ 2 f
= _ h
(P K+o 5 K)

Note that the second equality above uses (23).

From statement (iii) and (iv) of Lemma A1, we have (all evaluated at the limits)

O _ &
om o(d"+¢§)
a2(]f . £ 0qq 1 2 8”]2”
om2 _25 + " Om * &+ c”ﬁas om?
Using (21),
’Q 0qq d%q
om? om om
_ dqq 3% 1 , OVf
B K +K< §+c”8m §+c”608 om?
B @qd c K , v}
= o <§+c”)+§+ 7 G
a_UJQ‘ = 5(%]2” SRAC)
om? om? oK dm?
e (Y, K0
om? oK om \ &+ " E+ om?

Collecting the terms involving a on the left-hand size, we have

81}]% - B s _ o % 2
om? E+c” om
v 2c" [%]2
om?2 - (1 . Bc”32>
5_‘_0//

22



Using statement (viii) from Lemma A1,

We can rewrite this as

Or

Where

_ P’K N Bo?K dvy
A 0K
1

— ( B)+\— [(1—6)2+>\2+2(1+6)/\}%]>
1
5

[(1—5) + 224201+ B)A] —(1—5)).

This uses Lemma A2 to substitute in the formula for W
[
3. The Final Step: Proof of Proposition 5(ii)

Proposition 5. (i) Suppose the horizon is infinite, T = oco. There exists a 3 < 1 such that
if 8> and K = K7, () and if the dominant firm’s initial market share m° is positive

but sufficiently small, then m(m°, K) < m®; i.e., the dominant firm sells capital.

Proof.
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Based on the lemmas above, it is sufficient to show that for high enough 3, s > 1. Taking
the limit at 5 goes to 1 (and adjusting K according to K = K (5)), and using the formula
(26) it is clear that

[131_% P > 0.
From the equation (25) for s, it is then immediate that s > 1 for high enough § which

completes the proof.
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4. Comparative Statics Claims from Footnote 17

In footnote 17 we claim that for the constant elasticity case, the merger function increases
in ep and decreases in €g near the limit where m° is close to zero. Here we prove this as
well as some additional comparative statics claims.
Claim (i) In the constant elasticity case, s increases in €, decreases in €5 and is constant
in §. (ii) In the constant elasticity case, s decreases in 3, assuming that ep = 1
Proof.
1

For notational simplicity it is convenient to let n = ¢p and 0 = et We prove the

comparative statics results in three steps.

4.1 Step 1.

We first show that

A= —=2 (28)

From the definition of A,

Observe that g = 1. So



Recall from the text that

Prom = (L=B)(q") + Boc(q")
= (1-B)Q+60) 0+ Boc™ '’

= (1= (1+0)+p)o’
Thus

Peom® _ (1=B)(A+0)+8) 0"
' O(1+6)o—0+1
(1=p5)(1+0)+5)
(1 +0)
(1-B+6-056+05)
0(1+ 0)
(1+0—03)
0(1+0)
l+1-p
1+0

so A has the formula (28) as claimed.

4.2 Step 2.

Define the function

H(ep,es. B, 5) = % - (g - ! o 1) Bs® — s, (29)

Y (ep,es,

Since ¢ > 0, this function is strictly decreasing in s. Now H(,0) > 0 and H(¢,s) < 0
for large enough s. Thus there exists a unique solution to the equation H(s) = 0. Let
s(ep,es, /) be this unique solution. Note that since H is independent of §, s is constant in
J.

To show that s increases in €p, since H decreases in s, it is necessary to show that H
increases in ep. From (29), this is equivalent to showing that ¢ decreases in p. This follows

since )\ is decreasing in €p and 1) is increasing in A.
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By an analogous argument, to show that s decreases in €g, it is sufficient that X\ increase
in £g. This is immediate from inspection of (28).

Thus we have proved the comparative statics claims for €p, €5 and 9.

4.3 Step 3

It remains to show that s is decreasing in 3 for ep = 1. From the discussion above, this is
equivalent to showing that H decreases in 5. We will show that for ep = 1, 1 is constant in
[. The result immediately follows.

To show that v is constant in 3, we write it as

¢E%(A—ﬂ—ﬁﬂ{ﬂ—ﬁf+v+ﬂﬂ+ﬁﬂﬁ>>O
e+ (1-7)
o 1+14

where ¢ = g and in the formula for A we use ep = 1. Observe that

1-— 1+ (1-
A (1p) = €+1(+;6)—( +f)+<1 5)
e—:(1-8
1+1

Substituting into the formula for ) and ignoring the multiplicative constant %, and multi-

plying through by (1 + %), we need to show that following is constant in 3:

M

1
€—g(1—ﬁ)+

<1+§)2(1—6>2+8+(1—6)+2(Hé) (1+6)(€+(1—5))]

We can write the inside of the bracketed term as

<1+§) (1—6)2+(a+1)2—2(e+1)5+62+2(1+§> (1+8)(e+(1-7))

2 2 2
= <1+1) —2(1+1> 6+<1+1) 32
9 9 9
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+(s+1)2—2(s+1)5+ﬁ2+2(1+§> (I+e—B8+(1+e)8 -5

1)? 1\’ 1 2 2
= (1‘*‘;) —2(14—;) 5—{—(14—;) ﬁ —|—(€—|—1) —2(E+1)ﬁ+6

+2(1+1>(1+a)+2<1+1)55—2<1+1)62
€ € €
2
<1+1) +1—2<1+1) 3
€ €
1\? 1\? ) 1
—2(1+—> ﬁ+<1+—) +(e+1) +2<1+—>(1+5)
€ € €
2 2
= %52—2(1+1) 6+K1+1)+(1+5)1
€ € 3
2
- <K1+1)+(1+s)]—§>
€ €
Substituting this into the earlier bracketed term and taking the square root yields
1 1 3
1 1
= 5——+{(1—|——>—|—(1+5)}
€ €

which is constant in 5 as claimed.
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