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Index Option Pricing M odelswith Stochastic Volatility and Stochastic Interest Rates

Abstract: This paper specifies a multivariate stochastic volatility (SV) model for the
S& P500 index and spot interest rate processes. We first estimate the multivariate SV
model via the efficient method of moments (EMM) technique based on observations of
underlying state variables, and then investigate the respective effects of stochastic interest
rates, stochastic volatility, and asymmetric S& P500 index returns on option prices. We
compute option prices using both reprojected underlying historical volatilities and the
implied risk premium of stochastic volatility to gauge each model’s performance through
direct comparison with observed market option prices on the index. Our major empirical
findings are summarized as follows. First, while allowing for stochastic volatility can
reduce the pricing errors and allowing for asymmetric volatility or “leverage effect” does
help to explain the skewness of the volatility “smile’, alowing for stochastic interest
rates has minimal impact on option prices in our case. Second, similar to Melino &
Turnbull (1990), our empirical findings strongly suggest the existence of a non-zero risk
premium for stochastic volatility of asset returns. Based on the implied volatility risk
premium, the SV models can largely reduce the option pricing errors, suggesting the
importance of incorporating the information from the options market in pricing options.
Finally, both the model diagnostics and option pricing errorsin our study suggest that the
Gaussian SV model is not sufficient in modeling short-term kurtosis of asset returns, an
SV model with fatter-tailed noise or jump component may have better explanatory power.

Keywords: Stochastic Volatility, Efficient Method of Moments (EMM), Reprojection,
Option Pricing.

JEL classification: C10;G13



1 Introduction

Numerous recent studies on option pricing have acknowledged the fact that volatility changes over
time in time series of asset returns as well as in the empirical variances implied from option prices
through the Black & Scholes (1973) model. Many of these studies focused on modelling the asset-
return dynamics through stochastic volatility (SV) model$. Dueto analytically intractable likelihood
functions and hence the lack of available efficient estimation procedures, SV models were until re-
cently viewed as an unattractive class of stochastic processes compared to other time-varying volatility
processes, such as ARCH/GARCH models. Moreover, to calculate option prices based on SV models
we need, besides parameter estimates, arepresentation of the unobserved historical volatility, whichis
again far from being straightforward to obtain. Therefore, whilethe SV generalization of option pric-
ing has, thanks to advances in econometric estimation techniques, recently been shown to improve
over the Black-Scholes model in terms of the explanatory power for asset-return dynamics, its empiri-
cal implications on option pricing itself have not yet been adequately tested due to the af orementioned
lack of arepresentation of the unobserved volatility. Can the SV generalization of the option pric-
ing model help resolve the well-known systematic empirical biases associated with the Black-Scholes
model, such asthe volatility “smile” (e.g. Rubinstein (1985)), asymmetry of such “smile” or “smirk”
(e.g. Stein (1989))? How substantial is the gain, if any, from such generalization compared to rel-
atively simpler models? The purpose of this paper is to answer the above questions by studying the
empirical performance of SV modelsin pricing options on the S& P500 index, and investigating the re-
spective effect of stochastic interest rates, stochastic volatility, and asymmetric asset returns on option
prices in amultivariate SV model framework.

The structure of this paper isasfollows. Section 2 outlines our model and methodology. Section 3
discusses estimation of our model. Section 4 reports our estimation results for our general model and
various submodels. Section 5 compares among different models the performance in pricing options
and analyses the effect of each individual factor. Section 6 concludes.

2 TheModel and Methodology

21 TheModd

We specify and implement adynamic equilibrium model for asset returns extended intheline of Amin
& Ng (1993). Our model incorporates the effect of stochastic volatility of the underlying asset returns
into option valuation and at the same time allows interest rates to be stochastic. In addition, we model
the short-term interest rate dynamics and asset return dynamics simultaneously and allow for asym-
metry in both asset return and interest rate dynamics.

'Review articles on SV models are e.g. Ghysels, Harvey & Renault (1996) and Shephard (1996).



Let S; denote the S&P500 index at timet € {1,...,T} and r; theinterest rate at time ¢, we model
the dynamics of daily S& P500 returns and daily interest-rate changes simultaneously asamultivariate
Gaussian SV process. For simplicity, the conditional mean of asset returns is assumed to be constant
and the de-meaned or the unexplained stock percentage return y ; is defined as

Yst =100 X (Aln Sy — pg) D

Toallow for mean reversion in theinterest rate process, an autoregressive termfor the conditional mean
is assumed and the de-meaned or unexplained interest-rate change y ; is defined as

Yrp =100 X (Alnry — pp — ¢pInry_y) 2

and, y, ; and y,., are modeled as SV processes

Yst = Ost€sty 1N 027”1 = ws; +7s1n afi +osnst, sl <1 (3)
Yrt = Ortért, In U£,t+1 =wr +7rln Uz,t + 0Nt e <1 4)
€ 0 1 A
» NIIN( ) ' )7 |/\1| <1 (5)
Ert 0 /\1 1

so that Cor(es ¢, €,+) = A1. Here IIN denotes identically and independently normally distributed.
When \; = 0, we have two independent asset return and interest rate processes. The asymmetry, i.e.
the correlation between 7, ; and e, ; and between», ; and ¢, ;, ismodelled through ), and A3 asfollows

Ns,t = A2€sp + /1 — /\%Ut, Nrt = Ag€rt +14/1 — A%Uf, (6)

where u; and v; are assumed to be 71N (0, 1) with |A2| < 1 and |A3| < 1 and are uncorrelated with
€5t and ¢, ; respectively. For simplicity and ease of identification, we assume that v is uncorrelated
with v¢. Thisimplies

Cor(ns,t €s,t) = Az, Cor(mrt, €rt) = A3 (7)

which imposes the restriction Cor (s ¢, 7r¢) = A1 A2As3.

The SV model specified above offers aflexible distributional structure in which the correlation be-
tween volatility and stock returns or interest-rate movements serves to control the level of asymmetry
and the volatility variation coefficients serve to control the level of kurtosis. The above model setupis
specified in discrete time and can be viewed as approximations of continuous-time SV models. The
interest rate model (2) admits possible mean-reversion inthe drift and allows for stochastic conditional
volatility. Sincethe model dealswith logarithmic interest rates the nominal interest rates are restricted
to be positive. Asamultivariate process, the above model specification allows the movements of de-
meaned asset return and interest rate processes to be correlated through random noises¢ ; and e, ; via
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their correlation \;.2 Finaly, since €s,¢ and s, are alowed to be correlated with each other, the model
can pick up the kind of asymmetric behaviour which is often observed in asset price changes and to
alesser degree in index returns and interest rate movements. In particular, a negative correlation be-
tween 7, ; and €, ; (A2 < 0) induces the leverage effect; see Black (1976). It is noted that the above
model specification will be tested against alternative nested specifications.

Statistical properties of discrete-time SV modelsare discussed in Taylor (1994) and summarizedin
Ghysels et al. (1996) and Shephard (1996). Notably, y . isstationary if and only if In Of,t isstationary
and y, ; is stationary if and only if In oﬁt is stationary. Since 7, ; and ), ; are assumed to be normally
distributed, In o2, and In o2, are also normally distributed. The unconditional moments of 3 ; and
yr ¢ are given by

E[y!,] = Ele/ Jexp{vE[lno? ]/2 + v*Var[lno? | /8} 8

and
E[y] = E[e/, ] exp{vE[n o2 /2 + v2Var[ln o2 ] /8} 9

which are zero for odd v. In particular, Var[y, ;] = exp{E[lno?,] + Var[lno?,]/2}, Varly, ] =
exp{E[lno?,] 4+ Var[lno?,]/2}, and more interestingly, the kurtosis of y , and y,., are given by
3exp{Var[lno? |} and 3 exp{Var[lno?,|} which are greater than 3, so that both y , and y,., exhibit
excess kurtosis and thus fatter tailsthan ¢, ; and €, ; respectively. Thisistrue even when, = ~, = 0.

2.2 Advantages of the Model and Testing M ethodol ogy

Advantages of the proposed model include: First, the model explicitly allows for stochastic interest
rates. Existing work of extending the Black-Scholes model has moved away from considering either
stochastic volatility or stochastic interest rates. Examples of considering both stochastic interest rates
and stochastic volatility include Bailey & Stulz (1989), Amin & Ng (1993), and Scott (1997). Simu-
lation results show that there can be a significant impact of stochastic interest rates on option prices,
see e.g. Rabinovitch (1989). Second, the above proposed model allows the study of the simultaneous
effects of stochastic interest rates and stochastic index-return volatility on the valuation of options.
It is documented in the literature that when the interest rate is stochastic the Black-Scholes option-
pricing formula tends to underprice the European call options (Merton (1973)), while in the case that

2Empirical findings, in e.g. Bakshi, Cao & Chen (1997), suggest that stochastic interest rates have minimal impact on
S& P 500 index option prices. However, the available empirical analysis hasin general assumed that thereis no correlation
between asset returns and interest rates. Our findingsin Section 3that \; isinsignificantly different from zero not only offers
certain justification for the above assumption but a so offers further explanations to why the stochastic behaviour of interest
rates has no significant impact on option prices. Moreover, the available empirical analysis has also in general assumed that
the volatility of the interest rate process is constant, e.g. a diffusion process with constant volatility. However, empirical
resultsin Andersen & Lund (1997) suggest that the volatility of short-term interest rate is stochastic. The multivariate SV
model specified in this paper offers amore general framework to investigate the impact of stochastic interest rate on option
prices.



the index return’s volatility is stochastic, the Black-Scholes option pricing formula tends to overprice
at-the-money European call options (Hull & White (1987)). The combined effect of both factors de-
pends on the relative variability of the two processes (Amin & Ng (1993)). Finally, when the asset
return distribution is symmetric, i.e. there is no correlation between return and conditional volatility
or Ay, = 0, the closed-form solution of the option-pricing formula is available and preference free
under quite general conditions. Let () represent the value of a European call option at ¢t = 0 with
exercise price I and expiration date 7', Amin & Ng (1993) derive that

71
Co = Eg[So - ®(d1) — K exp(— > 71)®(dy)] (10)
=0

where
(11)

dy = In(Sp /(K eXp(‘??:o ) + 5 S Us,t’ dy = dy — ET: -

(Xi=1 Us,t)1/2 =
and ®(-) isthe CDF of the standard normal distribution, where the expectation is taken with respect to
therisk-neutral measure and can be calculated from simulations. AsAmin & Ng (1993) point out, sev-
eral option-pricing formulas in the literature are special cases of the above option formula, including
the Black & Scholes (1973) formulawith both constant conditional volatility and interest rate, the Hull
& White (1987) stochastic volatility option valuation formulawith constant interest rate, the Bailey &
Stulz (1989) stochastic volatility index option-pricing formula with stochastic interest rates, and the
Merton (1973), Amin & Jarrow (1992), and Turnbull & Milne (1991) stochastic interest-rate option-
valuation formula with constant conditional volatility. The model we study in this paper contains all
above models, including the Amin & Ng (1993) model, as special cases.

The testing strategy in this paper is different in spirit from the implied methodology often used
in the finance literature. As Bates (1996b) points out, the magjor problem of the implied estimation
method is the lack of associated statistical theory, thus the implied methodology based on solely the
information contained in option pricesis purely objective driven. It israther atest of stability of cer-
tain relationship (the option pricing formula) between different input factors (the implied parameter
values) and the output (the option prices). Instead of implying parameter values from market option
prices through option pricing formulas, in this paper we directly estimate the model specified under
the objective measure from the observations of underlying state variables. By doing so, the underlying
model specification can be tested in the first hand for how well it represents the true data generating
process (DGP), and various risk factors, such as systematic volatility risk and interest rate risk, can be
identified from historical movements of underlying state variables.

We employ the EMM estimation technique of Gallant & Tauchen (1996) to estimate some candi-
date multivariate SV models for daily S&P500 index returns and daily short-term interest rates. The
EMM technique shares the advantage of being valid for awhole class of models with other moment-
based estimation techniques, and at the same time it achieves the first-order asymptotic efficiency of
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likelihood-based methods. In addition, the method provides information for the diagnostics of the un-
derlying model specification. We further examine the effects of different elements considered in the
model on S& P500 index option prices through direct comparison with observed market option prices.
All comparisons are based on out-of -sampl e performance. Wefirst compute option prices for stochas-
tic volatility model based on the reprojected underlying historical volatilities and the assumption of
diversifiable volatility risk, i.e. azero volatility risk premium, and then based on the reprojected un-
derlying historical volatilities and the implied stochastic volatility risk premium? In gauging the em-
pirical performance of alternative option pricing models, we use the relative difference to measure
option pricing errors.

Our methodology is aso different from other research based on observations of underlying state
variables. First, different from the method of moments or GMM* used in Wiggins (1987), Scott
(1987), Chesney & Scott (1989), Jorion (1995), and Melino & Turnbull (1990), the efficient method
of moments (EMM) used in this paper yields efficient estimates of SV models as we shall see below,
and the parameter estimates are not sensitive to the choice of particular moments. Second, our model
alows for aricher structure for the state variable dynamics, for instance the simultaneous modeling
of index returns and interest rate dynamics and asymmetry in both asset return and interest rate distri-
butions.

3 Estimation and Reprojection

In this paper we employ EMM of Gallant & Tauchen (1996). Thisis arecent simulation-based es-
timation technique for models for which standard direct maximum likelihood techniques are infea-
sible or analytically intractable, but from which one can simulate sampling observations. Examples
are general-equilibrium models, auction models and Stochastic Volatility (SV) models. Asisapparent
from its name EMM is a moment-based estimation technique. The adjective efficient is motivated by
the fact that for a specific choice of the moments the EMM estimator is first-order asymptotically ef-
ficient: so EMM is a GMM-type estimation technique that does as well as maximum likelihood. The
common practice inthe GMM literature isto select afew low-order moments on an ad hoc basis. Rec-
ognizing the need for higher statistical efficiency, Gallant and Tauchen propose EMM in an article en-

3The use of reprojected underlying volatility seriesin our testing isjustified by at least thefollowing two reasons. First, as
the specification of underlying model varies, the volatility seriesis always model dependent and thus should be reprojected
based on specific models. Second, in the option pricing stage, with the volatility series reprojected from underlying state
variables, therisk premium of stochastic volatility isimplied from option prices observed in the options market. Following
this procedure, the information contained in the observed market option prices (i.e. the derivative information) is distangled
fromthat contained in theunderlying state variables (i.e. the primitiveinformation). Compared to the case that both volatility
and its risk premium are implied from option prices, the implied risk premium in our case is obviously a more sensible

measure of investors' preference toward risk.
“Generalized Method of Moments



titted — “Which Momentsto Match?’ —. The answer to this question is given in the paper: the score
vector of an auxiliary probability model that fits the datawell. In Gallant & Long (1997) it is shown
that when this auxiliary model is chosen well, the maximum-likelihood efficiency can be obtained. In
the EMM jargon the auxiliary model is also called score generator. One way to obtain efficiency for
EMM isto require that the auxiliary model embeds the structural model. This embedding is hard to
verify in practice. However, in Gallant & Long (1997) additional results regarding efficiency for EMM
estimators are provided. Hereit is shown that when the score generator has a specific data-dependent
expansion, it can closely approximate the actual distribution of the data and therefore provides under
very general conditions nearly fully efficient estimators. Monte Carlo studiesfor this specific and more
general SV modelsin van der Sluis (1999) confirm the efficiency claim for finite samples, provided a
proper leading term is chosen in the expansion. The choice of this leading term will be explained in
the next subsections.

3.1 EMM Estimation

In short the EMM method is as follows : The sequence of densities for the structural model, namely
in our case the SV model specified in Section 2.1, is denoted by

{p1(21 | 0),{p(ye | 2¢,0)}72,} (12

The sequence of densities for the auxiliary model is denoted by

{fi(a 1 B),{f (ye | 2, B) 120} (13)

where z; is avector of observable endogenous variables. In our case  isavector of lagged ;. Here
# isak-dimensional vector of structural parameters and 3 an [-dimensional vector of auxiliary param-
eters (I > k). Definem(60, 3) as
0 ,
m6.5)= [ [ 550 f0 =8y | .00y (x| 0)da (14

i.e. the expected score of the auxiliary model under the structural model. Since we do not have aclosed
form expression for (14), we determine this integral by standard Monte Carlo techniques as

N
v (0.5) = - 3 55 1 f (0 (0) | 2:(6). ) s)

where y (6) denote simulations from the structural model. Here IV will typically belarge. Recall that
T denotes sample size, the EMM estimator 6(Z7) is defined as

Or(Ir) = arg ggg m'y (0, Br)(Zr) " mn (8, Br) (16)

SWe briefly discuss case 2 from Gallant & Tauchen (1996).



where Zr is a weighting matrix and Br denotes a consistent estimator for the parameter of
the auxiliary model to be specified below. The optimal weighting matrix here is § =
Jim Vol Sieidas In f(ye | @, 5%)}], where §* is a (pseudo) true value. A consistent estima
tor for Z, is given by the outer product gradient. Finally, Gallant & Tauchen (1996) prove consistency
and asymptotic normality of the resulting EMM estimatorfr in (16),i.e.

VT (01 — 6y) — N(0, [MyZy " Mol ™)

wherein the notation the dependence of 67 onZr will be dropped in case the optimal Z, isused. Here
My = Zrm(6y, 3*) and 6, denotes the true value of 6.

Asargued above to justify the efficiency clain?, it is required that the auxiliary model embeds the
structural model (Gallant & Tauchen (1996)) or that the structural model is located in e.g. the SNP
hierarchy, which is a data-dependent expansion. The SNP density has been used in conjunction with
SV modelsin severa studies see e.g. Gallant & Tauchen (1996) and Gallant & Long (1997). For the
efficiency claim to hold in our case we need Assumptions 1 to 4 from Gallant & Long (1997) to hold.
Assumptions 1 and 2 can be easily verified for the SV model considered in this paper provided the
parameters are such that the model is stationary and ergodic, i.e. || < 1and |v,.| < 1. Assumption 3
for the SV model isnot so easy to verify at first sight and requires aformal proof that would fall outside
the scope of this paper. For this assumption werefer to Andersen & Lund (1997) and Gallant, Hsieh &
Tauchen (1997) whereit was claimed —without explicit proof—for similar SV models that Assumption
3holds. Assumption 4 holds because we use the SNP density asour auxiliary model. Thisisexplicitly
proved in Gallant & Long (1997).

The SNP hierarchy isbuilt asfollows. Let y be the process under investigation, let 1 = E;—1 [y:]
be the conditional mean of some auxiliary model, let H; = Cov;_; [y: — 1] bethe conditional variance
matrix of this auxiliary model and let z = R, [y, — 1] be the standardized process derived from this
auxiliary model, where R, R, = H,. Here R, istypically alower or upper triangular matrix. The SNP
density takes the following form

1 [Pr (zt, 27)]* 6 (2¢)
fys; B) = (17)
W) = Taet (RN TP (s )P0 ()
where ¢ denotes the standard multinormal density,
vy = (Yt—1, s Yt—M1) (18)
and the polynomials are defined as
K. K. K;
P (z,2}) = Z (x}) 2= Z Z a”xt z (29
=0 1=0 5=0

SMaximum likelihood efficiency is used throughout meaning first order asymptotic efficiency.



For the polynomials we use orthogonal Hermite polynomials. We refer to Gallant, Hsieh & Tauchen
(1991) for details on the above SNP density. In the SNP terminology the parametric auxiliary model
y¢ = N,(v, Hy) islabelled the leading term of the Hermite expansion. The leading term is used to
relieve the Hermite expansion of some of itstask. Using a proper leading term dramatically improves
the small sample properties of EMM. In Andersen & Lund (1997) it is argued that in case a good
leading term is used, we can set M = 1 in (18). Wefollow their advice here. Note that the vector of
auxiliary parameters 3 consists of the parameters from the conditional mean » and covariance process
H; (the leading term parameters) and the parameters g;; from the Hermite polynomials.

The problem of picking the right leading term and the right order of the polynomia I, and K,
remains an open issue in EMM estimation. A choice that is advocated in Gallant & Tauchen (1996)
is to use model specification criteria such as the Akaike Information Criterion (AlC), the Schwarz
Criterion (BIC) or the Hannan-Quinn Criterion (HQC). However, the theory of model selection in the
context of SNP modelsisnot very well developed yet. In this paper the choice of the leading term and
the order of the polynomials will be guided by Monte Carlo studies in van der Sluis (1999). In these
Monte Carlo studies it is shown that with a good leading term for this specific and more general SV
models there is no reason to employ high order Hermite polynomials, if at al, for efficiency. We will
return to thisissue in Section 4.1 where the leading term for our specific implementation of EMM is
presented. Notethat in case K, = 0, letting K, > 0 induces atime-homogeneous non-Gaussian error
structure. The case K, > 0 induces heterogeneous innovation densities beyond that of the leading
term. In applications K, > 0 will often not be necessary since we will pick the leading term in such
away that it captures virtually all heterogeneity. Thisis aso very much supported by our empirical
findings.

One may deduce an omnibus test from the EMM criterion function similar to the J-test for overi-
dentifying restrictions in the GMM literature. Under the null hypothesis that the structural model is
true, we have

T - my(Or, Br)(@Zr) " myOr, Br) > X7, (20)

where we recall that & denotes the dimension of 6 and [ denotes the dimension of 3. The direction of
the misspecification may be indicated by the quasi-t raIios@TT defined as

QT = S;Tmy(0r, br) (21)
where
Sr = {diag[Zr — Mp(M4Z  Mp) ™ M]3 (22)

and My = 22.51)  Note that each component of QT - has astandard normal asymptotic distribu-
tion. In particular, if acomponent of (ﬁ:r corresponding to a parameter in the Hermite polynomial

"When z is avector (1, ..., z)', the expression =* should beread as 2* = 2} - 2} - z;* where 37 i; = i and
i; >0forje{l,...,k}.



causes rejection of the model, we know this is due to unexplained non-Gaussianity beyond that con-
tained in the leading term and if a component corresponding to a specific parameter in the auxiliary
leading term causes the rejection, we have an indication for the direction of misspecification of the
structural model.

In principle for full efficiency one should simultaneously estimate all structural parameters, in-
cluding the mean parameters ug, i and ¢, in (1) and (2) and al volatility parameters in (3) to (7).
However, for smplicity and computational ease, we carried estimation out in the following way.
First, we estimate ;s and retrieve y, ;, estimate 1, and ¢, and retrieve y, ;, using standard regres-
sion techniques in both cases. In the case that the model is covariance stationary this will yield the
most efficient linear estimators for s and p,. and ¢,.. In the literature this procedure is caled pre-
whitening and is a common procedure in the literature on SV model estimation, see e.g. Sandmann
& Koopman (1998) and Harvey & Shephard (1996). Next, we simultaneously estimate parameters
0 = (Ws, Wry Vss Yrs Tsy Ory A1, A2, A3)' O the SV model viaEMM.

EMM estimation of stochastic volatility models can be rather time-consuming. Moreover many
of the above stochastic volatility models have never actually been efficiently estimated. Therefore to
prevent from aplethoraof parametersto be estimated through EMM we use the auxiliary model, which
will be a multivariate generalization of the EGARCH model of Nelson (1991), as a guidance to help
to determine which of the parameters in the above SV models could be set apriori to zero for our data
set. Specifically, when a parameter in this multivariate EGARCH model is estimated insignificantly
different from zero and there exists a clear correspondence to a parameter in the SV model we set this
SV parameter equal to zero apriori. The multivariate EGARCH (MEGARCH) model we employ as
aleading term in the SNP density isthe following.

. hei 0 .
Ys,t _ Jt Zs,t 23)
Yrt 0 hr,t Zrit

Inh, = aos+Ysslnhl, | +yerlnhl, |+
(14 L) k1,526 -1 + Fas([2s,6-1] — /2/7)] (24)
In hg,t = o + Y10 h%’t_l + Yrs In hgvt_l +
(1 + D[k 2rimt + Rzt ] = /2/7)] (25)
[ Zs t ] — IIN(0, [ Lo ]) (26)
o o)

Here L denotes the lag operator. Asin (17) the MEGARCH model is expanded with the Hermite
polynomials which allow for nonnormality. The parameter 6 inthe MEGARCH model corresponds to
A1 inthe SV moddl. The ’s, possibly in combination with some of the parameters of the polynomial,
correspond to \; and \s. This latter correspondence is further investigated in a Monte Carlo study in
van der Sluis (1999) with confirming and very encouraging results. For the other parametersthere also
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exists a clear correspondence from the EGARCH model to the SV model, e.g. ~, corresponds to
and «y corresponds to w,. We report estimation results in Section 4.1 below.

3.2 \Volatility Reprojection

One of the criticisms on EMM and on moment-based estimation methods in general has been that
the method does not provide a representation of the unobservables in terms of their past, which can
be obtained from the prediction-error-decomposition in likelihood-based techniques. In the context
of SV models this means that we lack a representation of the unobserved volatilities {q ;}7_, and
{o,+}1_, aswe need these series in our option pricing formula (10). The reprojection technique of
Gallant & Tauchen (1998) overcomes this problem.

Reprojection is projecting a long simulated series from the estimated structural model p on the
auxiliary model f. In short reprojection is as follows. We define the esti mator@ different from B, as
follows

B = argmax B, f(yler, 5) (27

where asin Section 3 x; contains observable endogenous variables. In our case 4 isavector of lagged
y¢. Note Ean(ytpct, 3) is calculated using one set of simulations {1 (67)}Y_, from the structural
model in the same vein as (15). Resultsin Gallant & Long (1997) show that

i f (gl i) = plyelae. 0) (28)

where K isthe overall order of the leading term and the Hermite polynomials should grow with the
sample size T, either adaptively as a random variable or deterministically, similarly to the estimation
stage of EMM. Due to (28) the (conditional) moments under the structural model i can be calcu-
lated using the auxiliary model in 3.

A more common notion of filtration is to use the information on the observables y up to and in-
cluding time ¢, instead of ¢ — 1, since we want arepresentation for unobservables in terms of the past
and present observables. Indeed for option pricing it ismore natural to include the present observables
y¢, aswe have current stock price and interest rate in theinformation set. Following Gallant & Tauchen
(1998) we can repeat the above derivation with y replaced by In o7, and y; included in the informa-
tion set at time¢. Inthis case we need adifferent auxiliary model f*(In 02|y, yi—1, -, yi—1+, 3) from
the one used in the estimation stage, f(u|x¢, 3), where we note that x; only contained lagged values
of ;. More precisely, we need to specify an auxiliary mode! for In ¢ using information up till time
t,instead of ¢t — 1, asin the auxiliary EGARCH model. Since with the sample size in this application
projection on pure Hermite polynomials may not be a good idea due to small sample distortions and
issues of non-convergence, we use the following intuition to build auseful leading term. Omitting the
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subscripts s and r, we can write (3) or (4) as
Iny? =Ino? 4 Ine’ (29)

As argued in Harvey, Ruiz & Shephard (1994) the process for In ¢ is a non-Gaussian ARMA(1, 1)
process. We therefore consider the following auxiliary model for In ¢

Lr
Ino? = ag + Z a;lny? ;| +error (30)
=1

where the lag-length L. will be determined by AIC. For model (30), expressions for IngZ =
E(In 03|yo, ...,y_1,+1) follow straightforwardly. Formula (30) can be viewed as the update equation
for In o7 of the Gaussian Kaman filter of Harvey et al. (1994). In this update equation we have ex-
tra restrictions on the coefficients oy to a7, . Since we are able to determine these coefficients with
arbitrary precision by Monte Carlo simulation there is no need to work out these restrictions. Note
that the original Harvey et al. (1994) Kaman filter approach is sub-optimal for the SV modelsthat are
considered here: an exact filter would require a non-Gaussian Kalman filter approach. In this case the
update equation for In ¢ isnot alinear function of In 3 and lagged In 3?. It will basically downweight
outliers so the weights are data-dependent. The fact that the restrictions on the coefficients on g till
ap,, arenot those imposed by the sub-optimal Gaussian Kalman Filter but estimated using the true SV
model will have the effect that the linear approximation used here is based on the right model instead
of the wrong model asin the Harvey et a. (1994) case. Though, an Hermite expansion of the model
(30) asin the estimation stage should asymptotically overcome the suboptimality of the proposed fil-
ter, wewill in this paper not use the Hermite expansion. We do thisfor the following reasons: (i) Since
/3 in (27) must be determined by ML in case an SNP density is specified with (30) as a leading term
where L, islarge, the resulting problem is avery high dimensional optimization problem resulting in
all sorts of problems (ii) In some simulation experiments we investigated the differences between the
reprojected volatilities In? using no Hermite expansion and the true volatilities In of . Therewasvery
strong evidence that these errors are normally distributed, without any systematic error components.
Further research should be conducted to address these issues. Also note that our reprojection approach
is similar to the approach taken in Chernov & Ghysels (1999) though they reproject on lagged Black
Scholes volatilities implied from the option prices, rather than on lagged In ¢.

For the asymmetric model, we should, as in the EGARCH model, include components able to
capture the asymmetry. Therefore we propose to consider

L, Ls ‘
oy = ap+ao + Z ailnyy g+ Z ij + error (31)
i=1 =1 t—j
Here there is no known relation between the update formulafor In ¢ from the Kalman Filter and the
2= terms. However since the coefficients of p; are highly significant in the applications and in sim-

O't_]

ulation studies, thismodel is believed to be agood leading term for reprojection. Thisis backed up by
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the fact that in simulation experiments (not reported) the same properties of the errors 57 — In o2
were observed asin the symmetric model above.

For reprojecting volatility series in the multivariate case we can use ideas described in van der
Sluis (1999): first transform the correlated 3., and y; ; to uncorrelated series (which can be achieved
by means of a Choleski-decompostion) and then apply the univariate reprojection method described
above to each of the uncorrelated series.

4 Empirical Results

4.1 Description of the Data

The time-series observations of the S& P 500 index consist of daily observations over the period from
1980 to 1995. The data observed over 1980 through 1994 are used to estimate the model for the pur-
pose of pricing options on the index. We set aside the last year of data (1995) in order to perform
the out-of-sample tests. To adjust for dividends of the S& P 500 index, a continuously compound rate
of 2% was used for simplicity, which is consistent with the practice in Boyle, Broadie & Glasserman
(1997). To estimate the spot interest rate model, the US 3-month T-bill rates are used as proxy of the
“instantaneous’ rates. The data are also daily, covering the same sampling period 1980 to 1995. As
justified in Jiang (1998), the use of a 3-month rate isanecessary compromise between literately taking
an “instantaneous’ rate, say overnight rates, and avoiding some of the associated spurious microstruc-
ture effects.

The summary statistics of both static and dynamic properties of daily S& P 500 index and 3-month
T-bill rates over 1980 to 1995 arereported in Table 1, atime-series plot and salient features of both data
sets can be found in Figures 1 and 2. Estimates of conditional mean parameters are also reported in
Table 1. For logarithmic interest rates, thereisan insignificant linear mean-reversion, which isconsis-
tent with many findings in the literature. In our estimation, the conditional mean is assumed constant.
From Table 1, we can see that both the de-meaned returns of S& P 500 index and interest rates are
skewed to the left and have positive excess kurtosis (>> 3) suggesting skewed and fat-tailed distribu-
tions. Obvioudly, the 1987 crash contributes to both the negative skewness and positive excess kurto-
sis. However, thelogarithmic squared filtered series, as proxy of thelogarithmic conditional volatility,
only have small excess kurtosis and appear to justify the Gaussian stochastic volatility process. Asfar
as dynamic properties, the filtered interest rates and index returns as well as logarithmic squared fil-
tered series are all temporally correlated. For the logarithmic squared filtered series, the first order
autocorrelations are in general low, but higher order autocorrelations are of similar magnitudes as the
first order autocorrelations. Thiswould suggest that all seriesareroughly ARMA(1, 1) or equivalently
AR(1) with measurement error, which is consistent with the first order autoregressive SV model spec-
ification.
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Since the score generator should give a good description of the data, we further look at the data
through specification of the score generator or auxiliary model. As explained in the previous section
we use the score generator as aguide for the structural model, asthereis aclear relationship between
the parameters of the auxiliary model and the structural model. If some auxiliary parameters in the
score generator are not significantly different form zero, we set the corresponding structural parameters
in the SV model a priori equal to zero. Various model selection criteria and ¢-statistics of individual
parametersin class of auxiliary modelsthat was proposed in Section 3 indicate that (i) On the basis of
the model selection criteria and the t—values of the parameter ¢ the multivariate EGARCH(1,1) model
wasfound to be marginally useful. Wethereforeinclude X inour analysis; (ii) The crossterms~;.; and
~sr Were significantly different from zero albeit small, again on the basis of the BIC inclusion of these
parameters was not justified. Therefore our exclusion of cross terms between In Of,t and In a,?,t in(3)
and (4) isjustified; (iii) Regarding the choice of asuitable order for the Hermite polynomial inthe SNP
expansion, wefind I, = 0 for all models. Asargued in Section 3 thisindicates that we have chosen
aproper leading term in the expansion, because &, > 0 would indicate that not all time-dependent
non-Gaussianity is captured by the leading term. Regarding /<. we find that according to the most
conservative model selection criterion, i.e. the BIC we should take up a considerable high order of the
Hermite polynomial corresponding to the time-homogeneous non-Gaussianity. This is undesirable
because Monte Carlo results in van der Sluis (1999) indicate that for sample sizes encountered here
the order of the Hermite polynomial should be low, say 4 or 5 and that under the null of a Gaussian
SV model, setting the order to zero will yield virtually efficient estimates. It was also found in van der
Sluis(1999) that for estimating asymmetric SV model (X = 0) the use of asymmetric score generator
(k2 = 0) dlightly improves over an asymmetric score generator. However it isimportant to consider
theauxiliary model with I, > 0. Consider the conditional density implied by the ML estimates using
optimal values for K, for both data setsin Figures 3 and 4. Clearly, there is evidence in the data that
a Gaussian EGARCH model does not fully capture the time-homogeneous excess kurtosis. It aso
appears that for i, > 10 the SNP density puts probability mass at outliers. For descriptive purposes
such high orders in the auxiliary model can be desirable, however, since under the null of Gaussian
SV we cannot get such outliers, there is no need to use high-order polynomials in the score generator.
Therefore we decided for these sample sizes to set the Hermite polynomia equal to zero. To check
the validity of this argument we performed EMM estimation using a moderate size of I& = 6 to
see whether the results would differ from the ones with K, = 0, and it turns out that the parameter
estimates differ only slightly. As argued above, inspection of the individual componentsc/ﬁT of the
J-test provide information of the source of misspecification of the model. So with I£ = 0 the J-test
will have no power against non-Gaussianity in the data beyond the non-Gaussianity captured by the
MEGARCH model. Therefore in the next we will aso consider the .J-test for /. > 0.
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4.2 Structural Models and Estimation Results

The general model: the model specified in Section 2.1 assumes stochastic volatility for both the asset
returns and interest rate dynamics. This model nests the Amin & Ng (1993) model as a specia case
when )\, = 0. Following are three alternative model specifications:

e Submodel 1: No stochastic interest rates, i.e. interest rate is constant, # = r, asin the Hull &
White (1987), Johnson & Shanno (1987) and Wiggins (1987) models;

e Submodel 2: Constant asset return volatility but stochastic interest rate, g, = o, asin the
Merton (1973), Turnbull & Milne (1991) and Amin & Jarrow (1992) models;

e Submodel 3: Constant asset return volatility and constant interest rate, g ; = o,r; = r, asin
the Black-Scholes mode!.

The results reported here are all for the MEGARCH(1,1)-H(0,0) model, where, as argued above,
for estimating symmetric SV modelswe set s, = 0, and for univariate modelsweset § = 0. Asargued
in Section 4.1 the model s have a so been estimated setting i, = 6 but no substantial differences were
found in the estimation results.

e Thegeneral multivariate SV (MSV) model: The estimates for the mean terms are given in Table
1 and the estimates of the multivariate SV model for both symmetric stochastic volatility and
asymmetric volatility are given in Table 2. It is noted that similar to other financial time series,
the persistence parameter is close to, but significantly different from, unity. The asymmetry is
moderate for both series and significantly different from zero. The leverage effect is somewhat
higher for the S& P500 returns than for the interest rate changes. In the reprojection stage we
set the lag lenght L, = 30 for both the interest rate and the S& P500 series. For reprojection
with the asymmetric SV model, we set L, = 30 and L,. = 30 for both series. These settings are
based on previous experimentation. It was found that for the parameter values and sample size
encountered here, AlIC advocates about these lag lengths. We found it too time-consuming to
determine the optimal AIC for each and every reprojection and advocate as a rule of thumb to
use L, = Ly = 30. Thefiltered seriesfor the asset returns using the symmetric and asymmetric
models are displayed in Figure 5. Filtered series for the interest rates are displayed in Figure 6.

e Submodels 1, 2 & 3: The estimation results of submodels 1 and 2 are also reported in Table 2.
The estimation of univariate SV models is straightforward as it is equivalent to impose A =
0 in the multivariate SV model. Thus submodel 1 takes the SV part of the asset returns, and
submodel 2 takes the SV part of the interest rates. The estimate of the constant volatility for
the non-stochastic volatility model of S& P 500 index returns in submodel 2 and submodel 3is
obtained from its sample variance.

14



Table 3 reports the results of the Hansen .J-test using EMM. As we see all the models have been
accepted at a5% level. Though a P-value is a monotone function of the actual evidence against H,
it is very dangerous to choose the best model of these specifications on the basis of the P-values; see
Berger & Delampady (1987). An LR test of the asymmetric SV model versusthe symmetric SV model
cannot be deduced from the difference in criterion values, since the criterion values are based on dif-
ferent score generators. The t-values corresponding to the asymmetry parameter are asymptotically
equivalent to a LR test using common score generators and indicate that the null hypothesis of sym-
metry isrejected in favour of the aternative asymmetric model.

For the .J-test with one degree of freedom it is not useful to consider the individual components
of the test statistic asin (21)°. In case weset K. = 6 a.J-test from the auxiliary model leads to
rejection of all Gaussian SV models. By inspection of the individual components of this J-test (not
reported) wefind that in this case the rejection can completely be attributed to the Hermite polynomial.
This essentially means that the Gaussian SV model cannot account for the time-homogeneous error
structure beyond the EGARCH structure that isimposed by the Hermite polynomials. the values of the
individual components of the .J-test corresponding to the parameters of the Hermite polynomial cause
rejection of the SV model by the J-test. Further research should therefore include this fact by using
a structural model with fatter-tailed noise or jump component. Since such anon-Gaussian SV model
will make option pricing much more complicated, we leave thisfor future research. The conclusionis
that a Gaussian SV model may not be adequate and one should consider afatter-tailed SV model or a
jump process. This can aso be seen by comparing the sample properties of the data with the sample
properties of the SV model in the optimum.

5 Empirical Performance of Alternative Option Pricing M odels

The effects of SV on option prices have been examined by simulation studied as well as empirical

studies'?. In this paper we will investigate the implications of model specification on option prices
through direct comparison with observed market option prices. As Bates (1996b) points out, funda-
mental to testing option pricing models against time series data is the issue of identifying the rela
tionship between the true process followed by the underlying state variables in the objective measure
and the “risk-neutral” processes implied through option pricesin an artificial measure. Representative
agent equilibrium models such as Rubinstein (1976), Brennan (1979), Bates (1988, 1991), and Amin
& Ng (1993) among others indicate that European options that pay off only at maturity are priced as
if investors priced options at their expected discounted payoffs under a model that incorporates the

®In this case the individual t-values are all about the same. Thisis a consequence of the fact that the individual ¢-values

are asymptotically equal with probability one in case of only one degree of freedom in the test.
“Hull & White (1987), Johnson & Shanno (1987), Bailey & Stulz (1989), Stein & Stein (1991) and Heston (1993)
105ee .. Scott (1987), Wiggins (1987), Chesney & Scott (1989), Melino & Turnbull (1990), and Bakshi et al. (1997)
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appropriate compensation for systematic asset, volatility, interest rate, or jump risks. Similarly, the
no-arbitrage models show that option prices are discounted future payoffs at the riskfree rate of inter-
est under an equivalent martingale measure or the "risk-neutral” measure, see Cox & Ross (1976) and
Harrison & Kreps (1979). Thus, the corresponding “risk-neutral” specification of the general model
specified in Section 2 involves compensation for various risks. More specifically, in the ”risk-neutral”
specification the expected index return would be equal to the riskfree rate of interest, the drift of the
interest rate process would be adjusted to incorporate the risk premium of stochastic interest rate, and
the drift terms of the stochastic volatility processes for both interest rate and index return would be
adjusted to incorporate the risk premiums of stochastic volatility, as we shall see later in Section 5.3.
Standard approaches for pricing systematic volatility risk, interest rate risk, and jump risk have typ-
icaly involved either assuming the risk is nonsystematic and therefore has zero premium, or by im-
posing atractable functional form on the risk premium (e.g. the factor risk premiums are proportional
to the respective factors) with extra (free) parameters to be estimated from observed options prices or
bond prices (for interest rate risk).

Under the “risk-neutral” distribution of the general framework, a European call option on a non-
dividend paying asset that pays off max(Sr — X, 0) at maturity 7" for exercise price X ispriced as

T
00(507T07UT07O'SO;T7X) = ES[B_ fo redt maX(ST - X7 0)|507T0701"07050] (32)

where Ejj isthe expectation with respect to the “risk-neutral” specification for the state variables con-
ditional on al information at ¢ = 0. In particular, when X = 0 in the general model setup, i.e. As-

sumption 2 of Amin & Ng (1993) is satisfied as assumed in Hull & White (1987), the option pricing
formula can bederived asin (10). Furthermore, if asset volatility isalso constant, we obtain the Black-
Scholes formula. Our analysis for the implications of model specification on option pricesis outlined
asfollows:

Two different tests are conducted for alternative models. First we assume, as in Hull & White
(1987) among others, that stochastic volatility risk isdiversifiable and therefore has zero risk premium.
Based on the reprojected underlying stochastic volatility for SV models and estimated volatility pa-
rameter for constant volatility models, we cal culate option prices with given maturities and moneyness.
The model-generated option prices are compared to the observed market option pricesin terms of rel-
ative percentage differences. Second, we assume a non-zero risk premium for stochastic volatility of
asset returns. As pointed out in Section 2.2, the reprojected volatility is still used, while the risk pre-
mium of SV isestimated from observed option pricesin the previousday. The estimatesare used in the
following day’s volatility process to calculate option prices, which are also compared to the observed
market option prices. Throughout the comparison, al the models only rely on information available at
agiven time, thus the comparison is based on the out-of-sample performance. In particular, in thefirst
comparison, all models rely only on information contained in the underlying state variables, whilein
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the second comparison, the models use information contained in both the underlying state variables
and the observed (previous day’s) market option prices. Our study isclearly different from those which
use option prices to imply all parameter values of the “risk-neutral” model, e.g. Bakshi et al. (1997).
Intheir analysis, all the parameters and underlying volatility are estimated through fitting the option
pricing model into observed option prices. Then these implied parameters and underlying volatility
are used to predict the same set of option prices. In our comparison, therisk factors areidentified from
underlying asset return process and the preference parameters for option traders are inferred from ob-
served market option prices.

5.1 Description of the Option Data

The options data set of the S& P 500 index is obtained from the CBOE for the sample period January
3, 1995 to December 29, 1995, which extends one year from the estimation sample period. Since we
do not rely solely on option prices to obtain the parameter estimates through fitting the option pricing
formula, such a sample size is adequate for our comparison purpose. S& P 500 Index Options (SPX)
are European-type and among the most actively traded financial derivatives in the world. S& P 500
index options and options on S& P 500 futures have been the focus of many existing investigations in-
cluding, among others, Ait-Sahalia& Lo (1998), Bakshi et a. (1997), Bates (1996a), Dumas, Fleming
& Whaley (1998), Madan, Carr & Chang (1998), Nandi (1998), and Rubinstein (1994).

The original data set contains both call options and put options. However, al the in-the-money
options for both puts and calls are very infrequently traded relative to at-the-money and out-of-the-
money options, in-the-money option prices are thus notoriously unreliable. Another issue is that the
index typically paysadividend and the future rate of dividend payment isdifficult, if not impossible, to
determine. AsAit-Sahalia& Lo (1998) point out, even though Standard and Poor’s does provide daily
dividend payments on the S& P 500, by nature these data are backward-looking, and thereisno reason
to assume that the actual dividends recorded ex-post correctly reflect the expected future dividends at
the time the option is priced. To circumvent these problems, we use the ideas in Ait-Sahalia & Lo
(1998). First, we derive the implied futures F; r_; of the index based on the most at-the-money (i.e.
smallest
using the put-call parity relationship,

Ke mem—+(T=t) _ ]y put and call option prices, as they both are actively traded options,

C(St, t, I(, T, Ttﬂ—, dt’q—) + IXyeirt’TT = P(St, t, I(, T, Ttﬂ—, dt’q—) + Ft,q—eirt’TT (33)

which must hold if arbitrage opportunities are to be avoided, regardless what option pricing model
being used, where P(-) isthe put option price at time ¢ with strike price K and maturity date 7'. With
the implied futures at each date ¢ and options' maturity date T', the dividend yield can be backed out
from the following spot-futures parity,

Frp_y = Spelrer—t=der—)(T=1) (39)
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Our results show that the backed out dividend rates over the sample period are in general quite stable
cross time and maturity, with its average approximately 1.8% annually. Secondly, given the implied
future prices F; r—;, we replace the prices of al illiquid call options, i.e. the deep in-the-money op-
tions, with the prices of liquid put options at the relevant strike prices via the put-call parity. The put
options are by construction out-of-the-money options and thus liquid. After this procedure, al thein-
formation contained in liquid put prices has been extracted and resides in corresponding call prices.
Therefore, put prices may now be discarded without any loss of reliable information.

The data set consists of intra-daily bid-ask quotes for the index options with various strike prices
and expiration dates. To ease computational burden, for each business day in the sample only the last
reported bid-ask quote during the trading session (i.e. prior to 3:02 PM Central Standard Time) of each
option contract is used in the empirical test. The index is ssmultaneously observed as the option’s
bid-ask quote. Therefore they are not transaction data, which avoids the issue of non-synchronous
prices. A few filtersare further applied to the data set. First of al, the data only include options with at
least 5 days to expiration to reduce biases induced by liquidity-related issues; Secondly, option quotes
which do not satisfy arbitrage restrictions are excluded. We noticed that these options are mostly those
very illiquid ITM call/put options, which are all replaced by the corresponding OTM put/call option
pricesthrough the put-call parity; Thirdly, optionswith prices below $3/8 are also excluded asfor these
options the market microstructure issues, such as price discretization, demand and supply imbalance,
can have strong impact on the bid and ask. Moreover, in our implied parameter estimation procedure
these options carry only aminimal weight in the minimization problem.

We divide the option data into several categories according to either moneyness or time to expira-
tion. Inthispaper, weuseasdlightly different definition of moneynessfor optionsfrom the conventional
one'!. Following Ghysels et a. (1996), we define

2= In(S,/Ke Ji 0Ty (35)

Technically if x; = 0, the current stock price S; coincides with the present value of the strike price I,
the option is called at-the-money; if 2z > 0 (respectively =; < 0), the option is called in-the-money
(respectively out-of-the-money). In our partition, a call option is said to be at-the-money (ATM) if
—0.01 < z < 0.02; out-of-the-money (OTM) if x < —0.01; and in-the-money (ITM) if =z > 0.02.
A finer partition resulted in six moneyness categories as in Table 4. According to the time to expi-
ration, an option contract can be classified as: i) short-term (7' — ¢ < 30 days); ii) medium-term
(30 < T —t < 80 days); andiii) long-term (T — t > 80 days). The partition according to moneyness
and maturity results in 18 categories as in Table 4. For each category, the average bid-ask midpoint

Hn practice, it is more common to call an option as at-the-money/in-the-money/out-of-the-money when § = K/S; >
K /S < K respectively. For American type options with possibility of early exercise, it is more convenient to compare §
with K, while for European type options and from an economic point of view, it is more appealing to compare § with the
present value of the strike price K.
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price and its standard error, the average effective bid-ask spread (i.e. the ask price minus the bid-ask
midpoint) and its standard deviation, as well as the number of observations in the category are re-
ported. Note that among 11,444 total observations, about 20.40% are OTM options, 17.46% are ATM
options, 62.14% are ITM options; 26.90% are short-term options, 48.41% are medium-term options,
and 24.69% are long-term options. The average price ranges from $0.492 for short-term deep out-
of-the-money options to $72.16 for long-term deep in-the-money options, and the average effective
bid-ask spread ranges from $0.082 for short-term deep out-of-the-money options to $1.000 for long-
term deep in-the-money options.

Figure 7 plots the implied Black-Scholes volatility against moneyness for options with different
terms of maturity. Theimplied Black-Scholes volatilities are backed out from each option quote using
the corresponding stock price, timeto expiration, and the current yield of UStreasury instrumentswith
maturity closest to the maturity of the option. Namely, we use the 3-month T-bill rates for options with
maturity less than 4 months, and 6-month T-hill rates for options with maturity longer than 4 months.
All discount rates are converted to annualized compound rates. It is noted that the Black-Scholes im-
plied volatility exhibits obvious shape of “smirk” asthe call option goes from deep OTM to ATM and
then to deep ITM, with the deepest ITM call option implied volatilities taking the highest values. The
volatility “smirk” is more pronounced and more sensitive to the term to expiration for short-term op-
tions than for the medium-term and long-term options. Furthermore, the volatility “smirk” is skewed
to the left, as observed for most asset and index option prices. These observations indicate that the
short-term options are the mostly severely mispriced ones by the Black-Scholes model and present
perhaps the greatest challenge to any alternative option pricing model. These findings are consistent
with those in the aforementioned studies on S& P 500 index options and studies on other securitiesin
the literature; see e.g. Rubinstein (1985), Clewlow & Xu (1993), Taylor & Xu (1994).

5.2 Comparison based on Diversifiable Stochastic Volatility Risk

In this section, we assume that the risk premiums in both interest rate and asset return processes as
well asthe conditional volatility processes are al zero. That is, the risk-neutral processis assumed to
be the same as the objective underlying process. The SV option prices are calculated based on Monte
Carlo simulation using (32) for asymmetric models and both (10) and (32) for symmetric models, the
reported results are all based on simulations. In both (10) and (32), the reprojected current underlying
volatility (at the time the options are priced) is used for the SV models and the estimated historical
volatility is used for the constant volatility models!? The only approximation error involved is the

12 Asthe referee correctly points out, the reprojection technique can also be used for constant volatility models based on
the historical observations of asset returns. However, to be consistent with the model specification of constant volatility, we
use the efficient estimator of the constant volatility parameter in our application. Furthermore, in order to reproject the un-
derlying stochastic volatility, ideally the model should be re-estimated each day. Due to the intensive computation involved
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Monte Carlo error which can be reduced to any desirablelevel by increasing the number of simulations.
The estimation error involved in our study isaso minimal aswe rely on large number of observations
over long sampling period to estimate model parameters. In our simulation, 100,000 sampling paths
are simulated to reduce the Monte Carlo error and to reflect accurately the fat-tail behaviour of the
asset return distributions, and the antithetic variabl e technique is used to reduce the variation of option
prices, see Boyle et al. (1997). The results show that option prices generated using different methods
areamost the same, with thelargest differences|essthan apenny for evenlong term deep I TM options.
The accuracy is further reflected in the small standard derivations of the simulated option prices.
Option pricing biases are compared to the observed market prices based on the mean relative per-
centage option pricing error (MRE) and the mean absol ute relative option pricing error (MARE), given

by
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i=1
where n is the number of options used in the comparison, C; and C; represents respectively the ob-

served market option price and the theoretical model option price. The MRE statistic measures the
average relative biases of the model option prices, while the MARE statistic measures the dispersion
of relative biases of the model prices. The difference between MARE and MRE suggests the direc-
tion of the bias of the model prices, namely when MARE and MRE are of the same absolute values, it
suggests that the model systematically misprices the options to the same direction asthe sign of MRE,
while when MARE is much larger than MRE in absolute magnitude, it suggests that the model isin-
accurate in pricing options but the mispricing is less systematic. Since the percentage errors are very
sensitive to the magnitude of option prices which are determined by both moneyness and length of ma-
turity, we also calculate MRE and MARE for each of the 18 moneyness-maturity categories in Table
4,

Table 5 reports the relative pricing errors (%) for aternative models in terms of option prices. In
each cell, from top to bottom are the MRE (mean relative error) and MARE (mean absol ute rel ative er-
ror) statisticsfor: 1. theasymmetric general SV model (aMSV) with % # 0, A3 # 0; 2. the symmetric
general SV model (sSMSV) with \» = A3 = 0; 3. the asymmetric submodel 1 (SVCI) with ), # 0
and constant interest rates; 4. the asymmetric submodel 2 (CVSl) with % # 0 and constant asset
return volatility; and 5. submodel 3 with constant asset return volatility and constant interest rates,

in estimating the SV model using EMM, thisisinfeasible. Thus the reprojection of underlying volatility is based on the
model estimated using the asset returns over the sample period from 1980 to 1994. Re-estimating the model based on the
extended sample period from 1980 to 1995 (i.e. including the sample period of options data), we obtained virtually the same
parameter estimates, suggesting thereisno significant structural break for the asset return process during the period of 1995.
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i.e. the Black-Scholes model (BS). The conclusions we draw from the above comparison are sum-
marized as following. First, all models appear to perform very poorly in pricing options, especialy
the long-term ITM options which are the most expensive ones. The Black-Scholes model based on
historical volatility tendsto systematically underprice deep ITM options but overprice deep OTM op-
tions. Sincethe simulation results in the next section suggest the existence of anon-zero risk premium
for the stochastic volatility, the overall overpricing of all SV models may be due to our assumption of
zero risk premium for conditional volatility. As Lamoureux & Lastrapes (1993) point out, only if in-
vestors are risk-neutral, or if the instantaneous volatility is uncorrelated with aggregate consumption
and, therefore, isuncorrelated with margina utility of wealth, isthe option price irrelevant to the risk-
preference. In the case of anegative market price of risk for stochastic volatility, the observed option
prices will be lower than the risk-neutral prices, ceteris paribus. Second, the effect of stochastic in-
terest rates on option prices is minimal in both cases of stochastic asset return volatility and constant
asset return voldtility, i.e. the differences between the general model and submodels 1 and those be-
tween submodels 2 and 3 are negligible. Third, even though the pricing errors are relatively smaller
for the SV models, they do not clearly outperform the Black-Scholes model as expected and actually
share similar patterns of mispricing as the Black-Scholes model, i.e. underpricing of ITM options and
overpricing of OTM options. While the asymmetric SV models do outperform all other models for
pricing short-term options, overall they till tend to have very high relative option pricing errors. Fi-
nally, as an alternative measure to gauge the option pricing errors, we further calculate the implied
Black-Scholes volatility from model option prices for aternative models. The implied Black-Scholes
volatility isbelieved to be less sensitive to the degree of moneyness and length of maturity. A careful
look at the implied Black-Scholes volatility of the asymmetric SV model prices together with those
of symmetric SV model prices and Black-Scholes model prices, as reported in Figure 7, reveals that
the implied Black-Scholes volatility curve of the asymmetric model prices against maturity has a cur-
vature closer to the implied Black-Scholes volatility from observed market option prices, suggesting
such pricing biases may be easier to correct.

5.3 Comparison based on Implied Stochastic Volatility Risk Premium

In this section, we assume that there is a non-zero risk premium for stochastic asset return volatility.
Since the comparison is based on the out-of-sample performance of alternative models, we use mar-
ket option prices observed at time ¢ — 1 to imply such risk premium in order to price options at time
t.'3 Theimplicit assumption isthat investors' preference is smooth over time. Since the estimation of
stochastic volatility risk premium occurs at every single point of time, we can assume ageneral func-
tional form for therisk premium of stochastic volatility, namely A (o). By doing so, therisk premium

13 Alternatively, we could also use theimplied risk premium to price options on the same day to perform an in-the-sample
comparison of alternative models.
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of stochastic volatility isexplicitly time-varying. For simplicity and for the reason, as observed in the
previous section, that stochastic interest rates only have limited effect on option prices of the asset con-
sidered in this paper, we assume that both the stochastic interest rate volatility and stochastic interest
rate have zero risk premium. Note that the adjustment of stochastic volatility risk alters only the drift
term of the SV process in the objective measure to the following risk-neutral specification:

G2, =ws + A(0s) + 7 In 62, + osilse, |7l <1 (38)

As mentioned earlier, in this comparison all the option pricing models use both information con-
tained in the underlying state variables and the information contained in the observed market option
prices. In the case of stochastic volatility models, the risk premium of stochastic volatility is directly
implied from market option prices, with day-to-day updated information set. Same asin the last sub-
section, the reprojected underlying volatility is used for the stochastic volatility models* However,
for the fairness of model comparison in terms of the information set being used, we use the implied
volatility from market option prices for constant volatility models. The estimation of the implied
volatility is also updated at daily frequency, which is a compromise to the model specification. Thus,
for each option pricing model, a parameter § = A;(o5), i.e. the implied volatility risk premium for
stochastic volatility models or 6, = o, 4, i.e. the implied volatility for constant volatility models is
obtained by minimizing the sum of squared error (SSE), i.e.

01 = Argming,_ S (Co1(Se—1, 71,0015 T3, X;) — Co1 (T}, X3))? (39)

2

where C,_; (T}, X;) is the option price observed at ¢ — 1 with maturity date 7; and strike price X;.
To price the options at ¢, the implied volatility risk premium at ¢ — 1 is used for stochastic volatility
models and the implied volatility at t — 1 is used for constant volatility models.®

T ~
CM (84,14, 000,050 T, X) = Efle Jo "% max(Sy — X,0)[S¢, r¢, fr_1] (40)

For the SV models, the implied volatility risk premium can be interpreted as the option traders’ re-
vealed preference from observed market option prices, while theimplied volatility in the constant con-

 As the referee correctly points out, the conditional volatility for stochastic volatility models can be also implied from
market option prices and thus used in option pricing. Apart from the reasons of using the reprojected underlying volatility
seriesin our application asjustified in Section 2.2, we notice that when both the conditional volatility and the risk premium of
stochastic volatility are implied from option prices based on Monte Carlo simulation due to the lack of closed form option
pricing formula, the procedure is very intensive in computation and slow in convergence and thus not carried out in this

research.
15 As noted in our earlier discussion on the equivalent martingale measure theory or "risk-neutral” measure theory, see

e.g. Cox & Ross (1976) and Harrison & Kreps (1979), the stochastic volatility processin (38) isspecified ina” risk-neutral”
measure. Itisnoted that sincethevolatility of thelogarithmic volatility process o; is constant as specified in the model, thus
when an option with maturity date 7" is priced at ¢, it is reasonable to assume that the risk premium of stochastic volatility
is the same over the life-time of the option, i.e. Ary-(0s) = A¢(0s),VO< 7 < T —t.
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ditional volatility model ispurely ad hoc and inconsi stent with the underlying model setup even though
it isacommon practice in the literature.

To estimate 0;_; through (39) is straightforward for constant conditional volatility models with
closed form option pricing formula, but involves two problems for stochastic volatility models. First,
when the closed form solution of option prices is not available, the optimization involves enormous
amount of simulation. Second, when the theoretical model price is replaced by the average simulated
option prices, the estimate of 4, isbiased for finite number of simulations. The bias can be reduced
by increasing the number of simulations, which induces extra computational burden. It is noted that
the adjustment of stochastic volatility risk alters only the drift term of the SV process in the objective
measure to the risk-neutral specification asin (38). From the discussion on the statistical properties of
SV modelsin Section 2.2, wenoticethat giventhevalueof A -(os) = Ay(os) = As, VO < 7 < T'—t,
we have Var[j, ;] = exp{E[lnsZ,] + Var[lns?,]/2} where E[ln52,] = (ws + Ay)/(1 — 7s),
Var[lng?,] = o2/(1 — ~2). It suggests that a good initial value of the parameter /(o) can bein-
ferred from the unconditional variance of the SV process. Based on our simulations, the unconditional
volatility of the symmetric SV model is approximately the same asthe average implied Black-Scholes
volatility of long-term options (T" — ¢t > 80), and that of the asymmetric SV model with negative
correlation is slightly higher than the average implied Black-Scholes volatility of long-term options
(T'—t > 180). Thus, as acrude approximation, in the first step we match the unconditional volatility
of the SV modé to the average implied Black-Scholes volatility from observed long-term options at
each day to infer the implied stochastic volatility risk premium. Using the calculated risk premium
asinitial value, the biases for both the symmetric and asymmetric models are further adjusted based
on simulations. Our simulation shows that the choice of theinitial parameter value through the above
approximation can drastically reduce the computing time and improve the accuracy. Our results sug-
gest that, similar to the findings in Melino & Turnbull (1990), there exists a non-zero risk premium
for stochastic volatility of asset returns. The market price of volatility risk A(co) appears to be con-
sistently negative and rather stable over time. This finding is also consistent with the conjecture in
Lamoureux & Lastrapes (1993) and explains why the implied volatility isan inefficient forecast of the
underlying volatility.'6

Table 6 reports the relative pricing errors (%) for alternative models in terms of option prices. In

6 As suggested by the referee, these results could potentially explain thefindingsin Lamoureux & Lastrapes (1993) if we
extract theimplied volatility from various models and regress daily realized volatility over thelife of the option. In arelated
study Jiang & van der Sluis (1999), we investigated the forecasting performance for subsequent realized volatility based on
reprojected volatility series and found that for both SV and GARCH models the reprojected volatility series significantly
outperforms those based on volatility proxy seriesusing e.g. squared asset returns. Astheresultsin Christensen & Prabhala
(1998) suggest that the implied Black-Scholes volatility from one-month ATM call options forecasts the realized volatility
over the life of the option very well, it would be also very interesting to see how well the implied volatility from various
competing models can forecast the realized volatility. Due to the intensive computation involved in extracting the implied
volatility for models without closed form option pricing formula, we will investigate thisissue in afuture separate research.
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each cell, from top to bottom are the MRE (mean relative error) and MARE (mean absolute relative
error) statistics for various models as listed in Table 5. It is noted that for the SV models, all option
prices are calculated using the reprojected underlying volatility and the implied risk premium of SV,
while for the constant volatility models, all option prices are calculated using the implied volatility
parameter. The basic conclusions we draw from the comparison are summarized as following. First,
all models have substantially reduced the pricing errors of the most expensive long-term ITM options
due to the use of implied volatility or volatility risk. The Black-Scholes model exhibits similar pattern
of mispricing as found in other studies, namely overpricing of deep OTM options and underpricing
deep ITM options. The pricing errors of long-term deep ITM options are dramatically decreased due
to the larger weights put on these options in the minimization of the sum of sguared option pricing
errors. Second, the interest rate still only has minimal impact on option prices for both the cases of
stochastic asset return volatility and constant asset return volatility. Third, all SV models outperform
non-SV models due to the introduction of non-zero risk premium for conditional volatility. Compared
to the Black-Scholes model, the symmetric SV models have overall lower pricing errors. Fourth, the
asymmetric SV models further outperform the symmetric SV models, especially for deep OTM and
deep ITM and long-term options. Finally, the asymmetric models, however, still exhibit systematic
pricing errors, namely underpricing of short-term deep OTM options, overpricing of long-term deep
OTM options, and underpricing of deep ITM options. Thisis consistent with our diagnostics of the
SV model specification, i.e. the SV models fails to capture the short-term kurtosis of asset returns
caused by large negative returns. These large negative returns induce a very long but thin left tail,
which even SV models fail to capture. It should be noted that while percentage-wise these pricing
errors appear to be large, as high as 28% for short-term OTM options, its economic implications may
not be so important. For instance, for short-term deep OTM options, a28% relative pricing errors only
correspond to absolute error of roughly $1/8 on the average, which is smaller than the average bid-ask
spread. Furthermore, the MARE statistics, a measure of the dispersion of the relative pricing errors,
are not reduced as much asthe MRE statistics, suggesting the mispricing of options by various models
isless systematic.

6 Conclusion

In this paper, we specify a SV process in a multivariate framework to simultaneously model the dy-
namics of asset returns and interest rates. The model allows for “leverage effect” for both asset return
and interest rate processes. The proposed mode is first estimated using the EMM technique based
on observations of underlying state variables. The estimated model is then utilized to investigate the
respective effect of stochastic volatility, and stochastic interest rates on option prices. The empirical
results are summarized as follows. While allowing for stochastic volatility can reduce the pricing er-
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rors and allowing for asymmetric volatility or “leverage effect” does help to explain the skewness of
the volatility “smile”, allowing for stochastic interest rates has minimal impact on option prices in
our case. Similar to Melino & Turnbull (1990), our empirical findings strongly suggest the existence
of anon-zero risk premium for stochastic volatility of asset returns. Based on implied volatility risk
premium, the SV models can largely reduce the option pricing errors, suggesting the importance of in-
corporating the information in the options market in pricing options. Both the model diagnostics and
option pricing errors in our study suggest that the Gaussian SV model is not sufficient in modelling
short-term kurtosis of asset returns, a SV model with fatter-tailed noise or jump component may have
better explanatory power. Animportant implication of the consistent findingsin the diagnostics of the
underlying model specification and the performance of option pricing model isthat the option pricing
errorsof the SV models do not provide sufficient evidence to reject the hypothesis of market efficiency.
Finally, our empirical results suggest that normality of the stochastic volatility model may not be ade-
quate for this data set and other data sets aswell. Weleave it in our future research to explore aricher
structural model, for example the jump-diffusion and/or the SV model with Student-¢ disturbances, to
describe the dynamics of asset returns.
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Table 1. Summary Statistics of Interest Rates and Stock Returns
a. Estimates of conditional mean parameters:

Stock Return Parameter
ns

Interest Rate Parameter
o o

with mean reversion
with no mean reversion

4.309 10* (2.806)

112910 3 (1.126) -7.085 10 * (-1.380)
-2.126 10~ (-1.008)

b. Static Properties of Filtered Interest Rates and S& P 500 Index Returns:

N

Mean

Std. Dev. | Skewness

Kurtosi

s| Max Min

Yr
In(y?)
Ys
In(y2)

4042
4042
4042
4042

1281078 1.397 -0.118

-1.550

2.663 -0.755

2011077 0.876 -3.355

-1.928

2434 -1.231

7.664
0.317
79.69
3131

9.375| -9.115
4.476| -7.619
8.666 | -22.87
6.260 | -18.14

c. Dynamic Properties of Filtered Interest Rates and S& P 500 Index Returns

p(1)

p(2)

p(3) | p(4) | p(5)

p(10)

p(15) | p(20)

Yr
In(y?)
Ys
In(y?)

0.128
0.177
0.050
0.034

0.014
0.167
-0.035
0.021

-0.001 | 0.040 | 0.009
0.149 | 0.155 | 0.180
-0.033 | -0.043 | 0.045

0.071 | 0.075 | 0.082

0.008
0.136
0.006
0.052

-0.002 | -0.029
0.127 | 0.126
-0.002| 0.021
0.085 | 0.062

Note: The numbers in brackets are t-ratios of the estimates.
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Table 2: Parameter estimates for different SV models. Here SV stands for the symmetric SV model,
ASV for the asymmetric SV model, MSV for the multivariate SV model, and MASV stands for mul-
tivariate asymmetric SV model. t—values are between brackets.

SV ASV MSV MASV

ws | .001(.012) | -.000 (-.001) | .001 (.011) | .000 (.003)

vs | -990(29.1) | .991(21.8) | .991(29.6) | .991 (21.6)

os | .078(8.33) | .074(7.09) | .073(7.20) | .079 (6.52)

wr | .019(1.97) | .018(1.80) | .020 (2.48) | .053(15.2)

v | .982(85.1) | .983(84.7) | .981 (98.1) .953 (240)

o | 129 (18.0) | .120(16.1) | .124(18.8) | .160 (59.0)

A - - | .001(.067) | -.028 (-1.85)
Ao - | -.462 (-206) - | -.556 (-240)
A3 - | -.244 (-204) - | -.324(-308)

Table 3: Test statistics for the SV models.

Jtest | df | P-value

SV 3-Monthrate | .036| 1 .850
ASV 3-Monthrate | .194 | 1 .660
SVS&P500 | 373 | 1 541

ASV S&P500 | 594 | 1 441
MSV | 479 | 2 787

MASV | 841 | 2 .657

31



Table 4: Sample Properties of S& P 500 Index Call Option Prices

Moneyness

x=In(S/KB(t,T))

[—0.16, 0.32]

Days-to-Expiration

T-t [5, 242]

<30

30 — =80

> 80

Subtotal

OT™M

r < —0.04

—0.04 <z < -0.01

0.492 (0.135)
0.082 (0.040)
{18}
1.080 (0.635)
0.094 (0.052)
{401}

0.757 (0.335)
0.090 (0.042)
{300}
2.351 (1.248)
0.110 (0.055)
{1000}

2.401 (1.523)
0.113 (0.045)
{399}
6.085 (2.377)
0.273 (0.110)
(217}

{717}

{1618}

ATM

—0.01 <2 <£0.00

0.00 < x <£0.02

2.763 (1.066)
0.123 (0.050)
{251}
6.773 (1.955)
0.295 (0.102)
{453}

5.398 (1.096)
0.265 (0.094)
(349}
9.150 (2.160)
0.314 (0.109)
{667}

10.29 (2.150)
0.376 (0.108)
{101}
12.96 (1.935)
0.494 (0.110)
(177}

{701}

{1297}

IT™

0.02 <2 <0.10

x > 0.10

25.07 (9.245)
0.760 (0.160)
{1684}
52.56 (9.553)
1.000 (0.000)
(271}

25.38 (8.550)
0.764 (0.194)
{2343}
65.54 (21.48)
1.000 (0.000)
(881}

27.97 (7.881)
0.775 (0.196)
{684}
72.16 (22.52)
1.000 (0.000)
{1248}

{4711}

{2400}

Subtotal

{3078}

{5540}

{2826}

{11444} (total)

Note: Ineach cell from top to bottom are: the average bid-ask midpoint call option priceswith standard error in parentheses;

the average effective bid-ask spread (ask price minus the bid-ask midpoint) with standard error in parentheses, which

are calculated from the original bid-ask quotes; and the number of option price observations (in curly brackets) for each

moneyness-maturity category. The option price sample covers the period of January 3, 1995 through December 29, 1995

in total 11,444 observations. In calculating the moneyness, we use the U.S. 3-month T-bill rates for options with maturity

less than 4 months and the 6-month T-bill rates for options with maturity longer than 4 months.
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Table 5: Relative Pricing Errors (%) of Alternative Models with Diversifiable Volatility Risk

Moneyness Days-to-Expiration
x=In(S/KB(t,T)) T-t[5, 215]

[-0.68, 1.11] Model <30 30 — =80 > 80 Overal
aMSV | 34.34 38.72 | 32.08 33.73 | 15.72 33.56 | 24.92 36.37
SMSV | 36.34 53.62 | 21.56 30.46 | 20.20 20.20 | 26.61 33.55
OT™M r < —0.04 SVCI | 36.74 53.81 | 21.58 30.49 | 20.23 20.23 | 26.64 33.58
CVSl | 57.68 74.75 | 80.15 81.54 | 50.79 52.21 | 67.35 70.89

BS 57.72 74.76 | 80.17 81.55 | 50.82 52.24 | 67.38 70.91
aMSvVv | 23.57 32.03 | 7.03 13.06 2.72 4.36 11.80 19.61

sMSV | 29.83 34.47 | -7.90 16.72 | -2.81 2.82 7.61 21.02

—0.04 <z < —-0.01 | SVClI | 29.87 3461 | -7.91 16.70 | -2.80 2.81 7.59 21.07

CVSl | 52.62 53.31 | 24.80 25.33 | -1.85 7.32 | 30.01 33.12
BS 52.66 53.35 | 24.83 25.34 | -1.84 7.30 | 30.04 33.13

aMSv | -220 221 | -340 3.69 0.31 1.43 -2.61 291

sMSV | 1444 1795 | -7.68 929 | -240 240 | -0.61 11.64

ATM —0.01 <z <£0.00 SVSl | 1451 1799 | -7.66 9.28 | -240 241 | -0.59 11.66
CVvSl | 1226 1393 | 251 552 -7.63 7.63 5.06 8.86

CVvSl | 1231 1397 | 253 554 -7.62 7.63 5.08 8.89

aMSVv | -0.86 0.87 | -0.35 0.40 -0.85 1.65 -0.73 1.15

sMSV | 1212 12.38 | -0.31 4.93 -1.37 1.70 247 6.04

0.00 < z <£0.02 SVCl | 1215 1241 | -0.30 4.92 -1.37 171 2.49 6.06

Cvs -0.62 5.00 -3.48 4.73 -8.70 8.76 -3.38 6.01

BS -0.66 5.03 -3.51 4.75 -8.67 8.77 -3.40 6.03

aMSv | -0.74 1.19 -1.94 2.08 -1.56 1.56 -1.17 1.68

sMSV 312 321 2.65 3.71 -0.27 041 112 250

IT™ 0.02 <2 <0.10 SVCl 3.13 3.22 2.66 3.71 -0.27 041 113 251
Cvs -4.30 4.31 -7.03 7.03 | -10.09 10.09 | -6.38 6.39

BS -4.33 4.33 -7.05 705 | -10.11 1011 | -6.41 641

aMSVv | -0.83 0.92 -0.31 0.44 -0.53 0.74 -0.62 0.81

sMSV | -0.43 043 -0.66 0.86 -0.85 0.95 -0.76 0.90

x> 0.10 SVCl -0.44 0.44 -0.66 0.86 -0.86 0.97 -0.77 0.92

Cvs -181 181 -2.87 2.87 -5.15 5.15 -3.94 3.94

BS -1.84 1.84 -2.88 2.88 -5.16 5.16 -3.95 3.96

aMSv | 6.91 10.11 7.80 9.30 2.49 5.60 5.69 7.12

sMSV | 11.70 14.00 | 3.27 10.76 4.04 4.47 6.18 12.21

Overal SvCl | 11.72 14.03 | 3.29 10.78 4.03 4.48 6.20 12.23
CvSl | 1156 11.93 | 13.85 2040 | 4.81 16.29 | 11.98 19.46

BS 11.60 11.96 | 13.87 20.41 | 4.80 16.30 | 12.01 19.48

Note: In each cell, from top to bottom are the MRE (mean relative error) and MARE (mean absolute relative error) statistics

for: 1. the asymmetric general MSV model (aMSV) with A # 0, A3 # 0; 2. the symmetric general MSV model (SMSV)
with Ao = A3 = 0; 3. the asymmetric submodel 1 with A\, # 0 and constant interest rates (SVCI); 4. the asymmetric
submodel 2 with A3 # 0 and constant asset return volatility (CVSl); and 5. the submodel 3, i.e. the Black-Scholes model
(BS). 33



Table 6: Relative Pricing Errors (%) of Alternative Models with Implied Volatility Risk Premium for

SV Models and Implied Volatility for Constant Volatility Models

Moneyness Days-to-Expiration
x=In(S/KB(t,T)) T-t[5, 215]

[—0.68, 1.11] <30 30 — —80 > 80 Overall
aMSV | 27.99 46.16 | 15.80 19.20 | 13.35 13.89 | 18.22 28.40
sSMSV | 29.34 45.83 | 23.90 24.18 | 23.15 23.74 | 24.97 29.64
OT™M x < —0.04 SVCl | 28.64 46.44 | 16.16 16.64 | 14.67 14.28 | 19.56 29.91
CVSl | 40.74 59.17 | 68.36 69.98 | 52.06 52.63 | 59.18 62.75
BS | 40.74 59.18 | 68.36 69.97 | 52.06 52.63 | 59.18 62.75
aMSV | 1242 21.65 | 10.73 12.68 | 053 0.62 | 11.87 12.66
sMSV | 16.74 22.61 | 12.48 14.18 1.14 1.18 14.07 17.46
—0.04 <2< -0.01 | SVCI | 1316 21.61 | 11.49 1250 | 1.26 1.38 | 12.61 13.50
CVSl | 42.25 43.65 | 21.93 22.65 | 1.27 591 | 25.82 27.29
BS | 4227 43.67 | 21.95 22.67 | 1.27 591 | 25.84 27.30

aMSv | 1.06 1047 | 0.89 5.73 2.63 2.66 1.19 6.67

sMSV | 4.61 1016 | 4.19 7.05 | 4.04 4.04 4.29 752

ATM —-0.01 <z <0.00 SvCl 157 10.14 1.07 7.01 2.86 3.86 1.78 7.46
Cvsl | 9.08 11.72 2.30 5.33 -4.34 4.70 4.09 7.59

BS 9.09 11.72 233 5.35 -4.32 4.71 4.11 7.60

aMSV | 4.36 9.20 2.38 4.57 411 4.70 3.17 5.73

sMSV | 5.41 9.50 3.37 520 5.21 5.79 4.20 6.36

0.00 < z <£0.02 SVCl 4.37 9.49 3.21 510 4.18 4.67 3.57 5.97

Cvsl | -133492 | -315421 | -578 585 | -2.83 4.67

BS -1.34 494 | -314 419 | -576 583 | -2.82 4.66

amsv | -0.72 1.87 1.00 2.47 271 3.07 0.80 2.40

sMSv | -0.31 1.79 1.73 2.66 3.11 3.22 1.39 251

IT™ 0.02 < z<0.10 SVCl | -0.74 1.87 0.94 245 2.64 3.03 0.75 2.38
Cvsl -3.14 3.15 -5.10 5.10 -6.46 6.46 4.60 4.64

BS -3.14 3.16 | -5.09 5.09 | -6.44 6.44 4.61 4.62

aMsVv | -0.46 0.59 0.04 0.70 0.23 0.80 -0.01 0.70

sMSv | -058 0.67 | -0.46 0.75 | -0.48 0.90 | -0.49 0.77

x> 0.10 SvCl | -049 0.67 | -0.07 0.75 | -0.30 0.91 | -0.05 0.77

Cvsl | 087086 | -1.29 1.38 | -195 218 | -158 1.72

BS -0.87 0.87 | -1.27 1.36 | -193 216 | -156 1.71

amMsSv | -151 8.37 0.99 3.98 0.70 6.18 -0.96 5.91

sMSv | -1.57 8.83 453 6.21 9.19 9.89 4.29 7.67

Overall SVCl | -1.67 8.85 1.40 3.12 0.91 6.66 -0.63 6.56
Cvsl 8.96 1451 | 11.90 1753 | 7.69 13.92 | 10.10 15.85
BS 8.95 1452 | 11.92 1751 | 7.71 13.90 | 10.12 15.83

Note: See Table 5.
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Figure 1. Salient features of pre-whitened interest rate movements, 1980-1995. Top left displays the
pre-whitened interest movements. Top right displays acorrelogram of the squared pre-whitened move-

ments. Bottom left displays a QQ-plot of the pre-whitened interest rate movements versus the Normal

distribution. Bottom right displays the empirical density of the pre-whitened interest rate movements

and aNormal approximation. Here s denotes the estimated standard deviation.
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Figure 2: Salient features of S&P500 index returns, 1980-1995. Top left displays the pre-whitened
returns. Top right displays a correlogram of the squared pre-whitened returns. Bottom left displays a

QQ-plot of the pre-whitened returns versus the Normal distribution. Bottom right displays the empir-

ical density of the pre-whitened returns and a Normal approximation. Here s denotes the estimated

standard deviation.
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Figure 3: Estimated conditiona density for EGARCH(1, 1)-H( K, 0)for interest rate returns for sev-
eral values of K.
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Figure 4: Estimated conditional density for EGARCH(1,1)-H(,0) model for S&P500 index re-
turnsfor several values of K.
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Figure 5: Filtered asset returns volatility for the SARMAV (1,0) and ASARMAV(1,0) models using
reprojection. Daily observations 1980-1994.
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Figure 6: Filtered interest returns volatility for the SARMAV (1,0) and ASARMAV (1,0) models using
reprojection. Daily observations 1980-1994.
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Figure 7: Implied Black-Scholes Volatility from Observed Option Prices.
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Figure 8: Implied Black-Scholes Volatility of Option Prices from Alternative Models based on Diver-
sifiable Stochastic Volatility Risk.
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