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1 Introduction

The model specified as the underlying process of the state of asset prices, exchange rates, or spot
interest rategX;,r > tp} in most continuous-time finance literature is a time-homogeneous It”

diffusion process represented by the following stochastic differential equation (SDE):
dX; = p(X;)dt + o (X;)dW; 1)

with initial condition X,, = X, where{W;,t > fo} is a standard Brownian motion process or a
Wiener process. The functions(-) ando?(-) are respectively the drift (or instantaneous mean)
and the diffusion (or instantaneous variance) functions of the process. The drift term describes the
movement of the process due to time change, while the diffusion term measures the magnitude of
the random fluctuations around the drift.

Due to the estimation problem, however, most diffusion models in the finance literature have to
rely on parametric or semi-parametric specifications for the drift and diffusion functions in order
to implement available estimation methods based on discretely observed data. For instance, in the
spot interest rate model$,the diffusion function is usually specified as a power function of the
stochastic process, i.ex(X;) = o X; (y = 0 for Merton (1973) and Vasicek (1977); = 1/2
for Cox, Ingersoll and Ross (hereafter CIR) (198p)= 1 for Dothan (1978) and Brennan and
Schwartz (1977, 1979, 1980); = 3/2 for CIR (1980)). The drift function is typically specified
as either a constapi(X,;) = u (as in Merton (1973), Dothan (1978), and CIR (1980)) or a linear
mean reverting functiop(X;) = B(a — X;), B > 0 (as in Vasicek (1977), CIR (1985), Brennan
and Schwartz (1977, 1979, 1980), and-8ahalia (1996)). Simple specifications allow estimation
of the parameters via the use of common parametric estimators, such as ML, NLS (or OLS), or
GMM.

The purpose of this paper is to design and perform a simple and small Monte Carlo simula-
tion experiment to investigate the finite sample properties of various estimators diffitSion
processes from discretely sampled observations. In particular, the simulation study aims to investi-
gate the performance of those common parametric diffusion function and drift function estimators,

namely the MLE, NLS (or OLS), and GMM estimators, as well as the nonparametric diffusion

2See Chan, et al (1992) for a review of various parametric spot interest rate models.
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function and drift function estimators proposed in Jiang and Knight (1997) based on relatively
large samples over short to medium sampling periods. Our study involves the comparison of non-
parametric estimators with common parametric estimators whose implementation relies on either
explicit transition density function or exact conditional and/or unconditional moment conditions
of the process. Since we wish to minimise sampling error in our Monte Carlo study, we do not
examine processes which do not possess an explicit transition density. We have thus excluded pro-
cesses which could be approximated by the Euler or Milshtsicheme as these may compound

the sampling errors and make the results difficult to interpret. Consequently this simulation study
will examine estimation performance for the following three basic diffusion models: the Brownian
motion with drift process, the Ornstein-Uhlenbeck process, and the Cox-Ingersoll-Ross squared-
root process. Our results suggest that, with certain large samples over a short sampling*period,
both the nonparametric diffusion function estimator and drift function estimator proposed in Jiang
and Knight (1997) perform reasonably well. However, while all the parametric diffusion function
estimators perform very well, the parametric drift function estimators perform very poorly.

The paper is organised as follows. Section 2 reviews the common parametric estimators and
the nonparametric diffusion function and drift function estimators proposed fordhdifftision
process defined in (1) when only observations of the process at discrete time are available. Section
3 details the transition density functions and the applicable common parametric diffusion function
and drift function estimators as well as the nonparametric diffusion function and drift function
estimators for each of the diffusion processes on which our simulation study is based, namely the
Brownian motion with drift process, the Ornstein-Uhlenbeck process, and the Cox-Ingersoll-Ross
squared-root process. Section 4 outlines the experimental design of the Monte Carlo simulation

and analyses the results. A brief conclusion is contained in Section 5.

3As the discretization interval goes to zero, it can be shown that the simulated path based on both Euler scheme
and Milshtein scheme converges to the true path uniformly in probability on compact sets. The Milshtein scheme has
better convergence rate than the Euler scheme for the convergeheg ) and the almost sure convergence (see
Talay, 1996).

“4Intuitively speaking, we need to rely on a sampling path along which the observations are close enough to the
points of X; at which we intend to make inference about the drift and diffusion functions.



2 Estimation of the Diffusion Processfrom Discretely Sampled
Data

Under certain regularity conditions (see e.g. Banon (1978), conditions Al1-A4), the stochastic
differential equation (SDE) defined in (1) can be applied withdtéchastic calculus and has a
unique solution, moreover the underlying procéXs, r > 1o} defined in (1) is a regular strong
Markov process with continuous sampling paths and time-stationary transition densities. Thus, the

transition density function is the unique fundamental solution of both the Kolmogorov backward

equation
1 5, 0%p(X; = x|Xr =) (X =x|Xe =y) __p(X; =x|X; =y)
50°(y) 5 + 1(y) = -
2 ay ay ot

and the Kolmogorov forward (or Fokker-Planck) equation (see e.g. Karlin and Taylor (1981))

12?0 pX; = xIX: =y)  du@pX; =x1X: =y) _ pX; =x|X: =y)
2 dx2 dx B ot

wherep(X; = x|X,; = y) is the transition density function fox, = x at timer conditional on

X. = y attimer, andp(X; = x|X; = y) = §(x — y) (the Dirac delta function). This implies

that the transition density function, i.e. the conditional or dynamic properties, of the underlying

Markov process of (1) is fully characterised by its coefficients under the regularity conditions.
Stronger relations can be derived under the condition that the stochastic process is stationary in

the strict sense, or equivalently, that there exists a stationary initial probability de«Xity) such

thatp(X; = x) = [ p(X; = x| X, = u)p(Xy, = u)du = p(X,, = x) for anyx in the state space.

Under the above condition, the left hand side of the Kolmogorov forward equation becomes zero,

multiplying both terms in the right hand side with the marginal dengit¥ ;), then integrating

with respect taX,, for —oo < X; < +0o0, one can solve for the solution p{ X;) as

A X ()
p(X)) = ——expl2 /X 22

d 2
o2(X)) u} (2)
with the boundary conditiong(+00) = p’(+00) = 0 oro?(+00) = 0%/(+00) = 0, where A is

the normalising constank ® is an arbitrary interior point of the state space, kex < X° < +o0.

This implies further that the marginal density, i.e. the unconditional or static properties, of the



underlying Markov process of (1) is fully characterised by its coefficients under the regularity

conditions. Similarly, with the boundary conditigri+-occ) = p’(+o0) = 0, we have

1 4,
w(X;) = md—xt[a (X)) p(Xp)] (3)
or
2 (X
o?(X) = 2= /_  wwp(ds 4)

In other words, with any functional form specification for either the drift or the diffusion term, the
other term will be specified given the marginal density function of the diffusion process.

The estimation of stochastic differential equations has been considered in the literature for
many years with most of the earlier papers mainly concerned with continuous sampling obser-
vations. For instance, the parametric drift and/or diffusion function estimators were proposed
by Brown and Hewitt (1975), Lanska (1979), and Kutoyants (1984), and the nonparametric drift
and/or diffusion function estimators have been proposed by Banon (1978), Geman (1979), Pham
Dinh (1981), and Banon and Nguyen (1981). In most practical situations, however, continuous
sampling of the stochastic process is impossible since the characteristic dynamics of the system
can be much faster than the sampling rate. The need to estimate the coefficients of a stochastic
differential equation from discrete-time observations is the situation arising frequently in practical
applications. For instance, when a set of discretely sampled observations is available, the paramet-
ric estimation of the drift coefficient has been considered by Dorogovcev (1976), Kasonga (1988),
Genon-Catalot (1990) and Laredo (1990) using various estimation methods, and the parametric
estimation of diffusion coefficient has been considered by Dacunha-Castelle and Florens-Zmirou
(1986) and Donhal (1987) for stationary models, Jacod (1993) for Gaussian models, and Genon-
Catalot and Jacod (1993) in a general framework. Lo (1988) proposes a maximum likelihood (ML)
estimation method for a jump-diffusion process. Pedersen (1995) suggests an approximate maxi-
mum likelihood (AML) parameter estimator for multi-dimensional diffusion processes. Chan, et
al (1992) adopted Hansen’s (1982) generalised method of moments (GMM) for the parametric es-

timation. ®> Bibby and Sgrensen (1995) propose the estimation of non-linear diffusions based on

51t should be noted that any attempts to estimate the model based on simple "discretization” cannot be recom-
mended, since it may cause severe misspecification for fixed sampling intervals. Lo (1988) and others have provided
the examples of inconsistent estimators based on “discretizationd dffftision processes.
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martingale estimation functions. Also developed is the alternative “indirect inference” approach
to estimating non-linear stochastic differential equatidnBarticular examples of the “indirect
inference” approach include the simulated generalised method of moments proposed by Duffie
and Singleton (1993) based on simulated moments of the processes, the quasi maximum likeli-
hood (QML) estimation by Goueroux, Monfort and Renault (1993) based on discretized auxil-
iary models, and the efficient method of moments (EMM) by Gallant and Tauchen (1996) based
on the semiparametric (SNP) score generator. Hansen and Scheinkman (1995) formally derived
moment conditions for the continuous-time diffusion process based on the infinitesimal generator.
Conley, Hansen, Luttmer and Scheinkman (1997) proposed a new estimation method using test
functions to discriminate among competing models. When the sample path is discretely observed
but the sampling interval is small and goes to zero in the limit, Genon-Catalot, Laredo and Picard
(1992) proposed a nonparametric estimator of a time-inhomogeneous diffusion function using a
projection method on a wavelets orthonormal basig &fR). Florens-Zmirou (1993) proposed a
nonparametric naive estimator of a time-homogeneous diffusion function using the approximations
of local time process where the drift term was left unidentified and was restriction-free. Stanton
(1997) constructed approximations to both the true drift and diffusion functions.

The nonparametric estimation of the diffusion term suggestedibpéialia (1996) is a semi-
parametric approach to the identification of the strictly stationary diffusion processes. It specifies
the drift as a linear mean-reverting function, i.2(X;) = (¢ — X,;). Then based on the Kol-
mogorov forward equation;2(-) can be characterised through the marginal density, and the
estimates oftr and. The transition distribution can be used to obtain consistent estimates of

andg through
E[Xt+p|Xt] =o+ e_pﬁ(Xz —a)

which is derived from Kolmogorov backward equationt-Sahalia (1996) shows that under cer-
tain regularity conditions, the estima®?(X;) is pointwise consistent and asymptotically normal.
However, this estimation procedure has to rely on the parametric specification of the drift term and

works only for the strictly stationary diffusion processes.

6See Monfort (1996) for a recent review with focus on misspecified models.



In Jiang and Knight (1997), a nonparametric identification and estimation procedure, based
on discretely sampled observations, for a wide rangeaofliflsion processes is proposed. The
nonparametric estimator for the diffusion function follows that of Florens-Zmirou (1993). In or-
der to achieve better properties of the estimator and to construct a nonparametric drift function
estimator, Jiang and Knight (1997) use the kernel method in place of the naive method (i.e. the
indicator function estimator). The technique deals with genesaiftiision processes and avoids
any functional form specification for either the drift function or the diffusion function. Construc-
tion of this estimator is based on the local-time properties of the diffusion process and derived from
the expansion of the transition density for small changes in time. The proposed estimator of the
drift function combines the nonparametric kernel estimator of the diffusion function along with
the proposal from Banon (1978) and Banon and Nguyen (1981) who developed a nonparametric
drift function estimator based on known diffusion function and continuous sampling observations.
It exploits the information contained in the marginal density of the process. Under mild regular-
ity conditions, a nonparametric kernel estimator for the diffusion funciié¢x,) of the general

diffusion process defined in (1) is proposed as:

_ Xin, —
YIS KEERE X, — Xia, 12
- —

ST ALK (K

based on observing, at {t = 1,1, ...,t,} In the time interval [0, T], withT > Tp > O

62(x)

(5)

whereTp is a positive constan{X; = Xa,, Xoa,, ... Xna,} @ren equispaced observations at

{t1 = Ay, t2 = 20, ..., t, = nA,} with A, = T/n, andK (-) is a kernel density function sat-
isfying regularity conditions. The nonparametric diffusion function estimator is developed with-
out imposing any functional form restrictions on either the drift term or diffusion term with the
drift term w(-) being a nuisance coefficient function and restriction-free. Thus the nonparametric
diffusion function estimator captures the true volatility of the process. It can be shown that as
hy — 0,n — oo, nh, — oo, andnh> — 0, 52(x) is a pointwise consistent estimator®f(x)

and asymptotically mixture-normally distributédlhe variance o&2(x) can be consistently esti-
mated byV [62(x)] = 64(x)/ Yi_y K (X2272),

’See Jiang and Knight (1997) for proof of consistency and asymptotic mixture normality for the nonparametric
kernel estimator of diffusion function.



Direct estimation of the drift functiop (x) without any restrictions on the underlying structure
of the diffusion process is impossible in general from discretely observed data either over a short
time interval (no matter how frequent the sampling is) or with fixed frequency (no matter how
long the period spanned). In particular, based on samples with fixed sampling interval one can
not distinguish a pair of coefficient functioig (), o2(-)) from (cu(-), co?(-)) for a constant:
without further constraints (seeitASahalia (1996)). It is also well known in the literature that
with a discretely observed sample over a short time period, the estimate of the drift function tends
to have low precision even though the diffusion function can be precisely estimated when the
sampling interval is small (see the example for geometric Brownian motion in this section). Under
the condition that the diffusion process is either strictly stationary or has a limiting probability
density function, a robust nonparametric estimator of the drift function using the information in
the marginal density of the stochastic process is proposed in Jiang and Knight (1997) based on the
relationship (3) or?®

1.d6%(x) .,  p'(x)
5[ dx to (x)ﬁ(x)

Further conditions imposed in Banon (1978) (namely A5&A6) ensure that the Kolmogorov for-

] (6)

flx) =

ward equation has an unique fundamental solution for the marginal density and that the transition
density function converges, as the initial time— —oo, to a bounded and continuous limiting
density, say lim— 10 p(X:|X:—n) = p(X;), which is the asymptotic marginal density of the pro-
cess defined in (1) in the steady state. The asymptotic distributigrixgfis complicated due to
the functional form of its estimator. The variance/ofx), however, can be obtained using the
method conditional on eithg¥(x) or 62(x), or otherwise unconditionally if the covariancegifx)
andé2(x) is known. In practice, a bootstrapping technique could be used to derive the standard
error of 1(x).

It is noted that in Ai=Sahalia (1996) the same relationship between the diffusion function, the
drift function and the marginal density of the process is exploited as in the above estimation pro-
cedure. The difference between these two estimation procedures is that instead of specifying a

parametric drift function first and then estimating the diffusion function asiir&halia (1996),

8See Jiang and Knight (1997) for proof of consistency of the estimator in the case of discretely sampled observa-
tions.



we estimate a nonparametric diffusion function first and then estimate the nonparametric drift
function. It should be also pointed out that our above estimation procedure requires data observed
with high frequency. Compared to the semiparametric diffusion function estimator suggested by
Ait-Sahalia (1996) in which the asymptotic distribution of the estimator is derived by letting the
sample size increase through prolonging the observation period, the nonparametric diffusion func-
tion estimator used in this paper requires the sampling frequency to increase in order to obtain
asymptotic results. The reason is that wheraniori restrictions are imposed on the drift term,

the identification of the diffusion term has to rely on the local time properties of the process, i.e.
the evolution of the stochastic process for small changes in time. It is noted that in (1) the drift
term is of orderds and the diffusion term is of ordey/dz, as(dW;)? = dr + O((d1)?), i.e., the
diffusion term has lower order than the drift term for infinitesimal changes in time. Therefore,
the local-time dynamics of the sampling path reflects more of the properties of the diffusion term
than those of the drift term, which suggests the possibility of identifying the diffusion term first
from high-frequency discrete sampling observations. For the same reason, the drift term can not
be estimated precisely from the local-time dynamics of such sampling paths without further con-
straints. Due to the fact that the observation interval of a discrete sample can never be zero nor can
the sample size ever be infinity, there are inevitable biases in the above estimators as a result of
discretization.

Thus the general dtdiffusion process defined in (1) can be identified nonparametrically for
both the drift and diffusion functions from discretely observed data. The fact that the identifica-
tion and estimation of the drift function requires stronger conditions than the diffusion function is
similar to the so-called “aliasing problem” for a system of linear stochastic differential equations
(SDE), as discussed in Phillips (1973) and Hansen and Sargent (1983). Phillips (1973) points out
that, unless there are sufficienpriori restrictions on the parameters of a system of linear stochas-
tic differential equations, we cannot distinguish between structures generating cycles whose fre-
guencies differ by integer multiples of the reciprocal of the observation period. Similarly, it is
impossible to identify a non-linear diffusion process as defined in (1) without imposing any struc-
tural restrictions on the model. In particular, the drift term of the diffusion process (univariate or

multivariate) cannot be directly identified on a fixed short time period as we have pointed out, no



matter how frequently the observations are sampled, as the Cameron-Martin-Girsanov transforma-
tion (see e.g. Dksendal, 1992) can always be applied to give an otherwise unnoticeable change in
the drift. The above proposed drift function estimator is based on the estimated diffusion function
and marginal density function and exploits the stationarity property of the process. Thus, on the
one hand it requires stronger conditions imposed on the diffusion process, on the other hand it
overcomes the identification problem. This is consistent with the result that the “aliasing problem”
is not present in the stationary univariate diffusions as shown in Hansen and Scheinkman (1995)
under very mild technical conditions. Moreover, from (6) we note that estimation of drift function
requiresp(x) # 0, in other words the estimatgr(x) is valid only at points where the marginal
density function can be estimated from the sampling observations.

The observation that the common parametric estimators of the drift parameters perform very
poorly over a short sampling period is not new in the literature. As some authors (see e.g. Mer-
ton, 1980) have already observed, even though the diffusion term of a stochastic process can
be estimated very precisely when the sampling interval is small, the estimates of the drift term
tend to have low precision. The following simple example can help to illustrate the problem.
Suppose that the log return of a stock price follows a Brownian motion with drift process, i.e.,
dinX, = ndt + odW;, whereu ando are constants. The ML estimator pffrom equispaced
discretely sampled observatiof®,, -0, Xs,, -, -, -, X;,=r}, With A = X, — X, ,, is the average
of log-returns, i.e.ip = (1/T) > i In(X, /Xy, ), or i = (InX1 — InXo)/T. Itis easy to ver-
ify that /1 is a consistent estimator @f asji ~ N(u,o?/T). However,o2/T — 0 only if
T — oo. That s, the estimation of the conditional mean requires long sample periogs e
no efficiency gains even if we increase the sample size by reducing the sampling interval over fixed
T. On the other hand, when the sampling interval is small, the ML diffusion function estimator,
62 =" (In(X,/X:_,) — AA)?/ T, performs very well, regardless of the poor performance of
the drift function estimator ag[6?] = 62(1— A/T) andVar[6?] = %(1 — A/T). Our find-
ings in this paper confirm this observation and further reveal that the common parametric estimates
of the drift parameters perform poorly even with certain large samples based on which alternative

estimator can perform reasonably well.



Our simulation analysis will focus on both the diffusion function estimator and the drift func-
tion estimator. Of course, the nonparametric diffusion function estimator requires only mild regu-
larity conditions (i.e., A1-A6 in Jiang and Knight (1997)), while the nonparametric drift function
estimator requires stronger conditions (i.e., A1-A8 in Jiang and Knight (1997)), i.e., the stochastic
process must be at least asymptotically stationary in the strict sense. This excludes the application
of the proposed nonparametric drift function estimator to such processes as Brownian motion with
drift and geometric Brownian motion. It is noted that, in the finance literature, drift function esti-
mation has received much less attention than the diffusion function estimation. One reason is that
the diffusion function, as the second moment and the measurement of instantaneous volatility of
the stochastic process, is of more interest in modeling the movements of interest rates, asset prices,
or exchange rateS. Another and maybe more direct reason is that, in the famous Black-Scholes
option pricing formula, the prices of derivative securities are affected by the price of underlying
assets only through its instantaneous volatility, i.e. the diffusion function. The drift function does
not appear in the option pricing formula at all due to the assumption that, in the economy, there
exists a risk-free asset with instantaneous rate of return. However, as Lo and Wang (1995) have
shown, alternative drift function specifications can have significant impact on the option prices,
even though the drift term does not enter the option pricing formula. Moreover, in models with
stochastic spot interest rates, both the diffusion function and drift function will enter the derivative
security pricing formulation, and it is shown in Jiang (1997) that the drift function specification
also has important economic implications. From this point of view, the drift function estimation is

as important as the diffusion function estimation.

9For instance, the volatility of the riskless interest rate is one of the key determinants of the value of contingent
claims and one of the key factors determining optimal portfolio hedging strategies for risk-averse investors. Therefore,
to predict the movements of derivative security prices, to hedge an investment portfolio, or to create certain leverage
within a portfolio, the volatility of the prices of underlying assets is the major factor to be considered.
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3 Alternative Estimation M ethods for Common Diffusion Pro-
Ccesses

The commonly used diffusion processes in finance are those which have explicit transition density
functions, namely the Brownian motion with drift process, the Ornstein-Uhlenbeck process, and
the Cox-Ingersoll-Ross squared-root process. For stationary diffusion processes, the functional
forms of the transition density functions corresponding to specifications which are essentially dif-
ferent from the Ornstein-Uhlenbeck process and the Cox-Ingersoll-Ross squared-root process are
not known explicitly. As Wong (1964) shows, one can only construct a stationary continuous-time
Markov process with known explicit transition density function from a linear functional specifi-
cation for the drift functionu(-) and a quadratic function specification for the diffusion function
a2(). In this section, we will detail the transition density function and the applicable parametric
and nonparametric diffusion function and drift function estimators for each of the above processes.
(a) The Brownian Motion with Drift Process: The Brownian motion with drift procéss, =
udt + odW, where bothy ando are constants, has a normal transition density function given

by f(X, = x,t; X;y = x0,%0) = a=xo—u—10)?y * \ith its marginal density

Nerrremh

function varying over time. Since the geometric Brownian motion procé&s, = uX,dt +
o X;dW,, implies thatY, = InX, follows a Brownian motion with drift process, i.el}; = (u —
o?/2)dt + odW,, we do not consider separately the geometric Brownian motion.

Even though both the Brownian motion with drift process and the geometric Brownian motion
process are nonstationary, the first differences of the processes are stationary and one can apply
efficient estimators based on the changes of the proc&33és maximum likelihood (ML) esti-
mator can of course be used to estimate both the drift and diffusion for the Brownian motion with
drift process as the transition density function and hence the joint probability density function has
an explicit form. It can be shown that the OLS estimatorg.afndo 2 based on the conditional
mean and variance conditions (or the first and second moment conditions) are identical to their

ML counterparts. However, the aforementioned nonparametric drift function estimator cannot be

applied due to the nonstationarity of the level process. Thus the comparison of the performance

10wWe wish to thank an anonymous referee for the suggestion of making this point clearer.
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between parametric and nonparametric estimators will have to be constrained only to the diffusion
function estimators.

(b) The Ornstein-Uhlenbeck Process: The Ornstein-Uhlenbeck praceéss; (o — X;)dt +
odW; wherea, 8, ando are constants, also has a normal transition density function given by
(x—a—(xo—a)e*ﬁ“*’@)z}’ wheres2(1) = (27_;[1 _

1 —
2rs2(@t) expl 252(1)

e—2P(—10)] |f the process does display the property of mean revergion Q), then agg — —oo

fXy = x,t; X4y = x0,10) =

ort —tg — 400, the marginal density of the stochastic process is invariant to time, i.e., the
Ornstein-Uhlenbeck process is stationary in the strict sense in the steady state.

The Ornstein-Uhlenbeck process has a limiting probability density function, thus both the non-
parametric diffusion function estimator and drift function estimator can be applied. Since the tran-
sition density function and hence the joint probability density function of the Ornstein-Uhlenbeck
process also has an explicit functional form, the maximum likelihood (ML) estimation can also
be used. Further, as an asymptotic stationary process, the parameters of the Ornstein-Uhlenbeck
process can also be estimated using GMM. In this paper, we consider the GMM estimators of
«, B ando? for the Ornstein-Uhlenbeck process based on the following four exact conditional and

unconditional momentst
n—1

G(a, B, 0%) = n—fligﬂ(a,ﬁ,oz) (7
with
€i+1
Fi(a. B.o?) = , _€i+1XiAn

2€i+1 E2[6i2+1|XiAn]
(€711 — Ele/ 41 Xin,DXia,

wheree; 11 = (X414, — Xia,) — E[(Xi+1a, — Xia,)1Xia,] and

E[(Xi+na, — Xia)|Xia,] = (1 — e P2 (@ — X;a,) (8)
2 o? —28A
E[€f11Xia,] = e Péin) 9)

HThe justification of the choice of specific moments in our GMM estimation is as following. Even though the dif-
fusion processes are in general not normally distributed, it turned out that under regularity conditions the distributions
of the process (marginal and transitional densities) are entirely characterised by the first two moments of the process,
namely the drift and diffusion functions.
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where A, is the sampling interval, and the exact conditional variance of the changés mfer
a time interval of length\,, is given by E[€? 11Xia,] = V[X@+1a,|Xia,] 2. These moment
conditions correspond to transitions of lengify and are not subject to discretization biks
Since these GMM systems are overidentified, we weighted the criterion optimally (see Hansen
(1982)). The positive-definite symmetric weighting matrix is chosen such that the GMM estimator
of («, B, o) has the smallest asymptotic covariance matrix. With the above conditional mean and
variance conditions and the property of independent increments of the process, the non-linear least
squares (NLS) estimators af, B, o2) can also be obtained. For the Ornstein-Uhlenbeck process,
the NLS estimator is equivalent to the ML estimator, therefore it is not included in the comparison.

(c) The Cox-Ingersoll-Ross Squared-Root Process: The Cox-Ingersoll-Ross (CIR) squared-
root (SR) process/X; = B(a — X;)dt + oth/Zth whereqa, B8, ando are constants, has the
transition density function given by(X; = x, t; X;, = xo, to) = ce " (£)/?I,(2(uv)*/?) with

2Ba

. . 2 —pb(t—1
X, taking nonnegative values, whare= az(T—ﬁﬂa—tw) u = cxpe Py = cx, q = 22 1,

and I, (-) is the modified Bessel function of the first kind of order The transition distribution

1270 obtain the conditional mean and variance of the diffusion process, one can solve for the transition den-
sity functions from the Kolmogorov backward equati®fi(X ;, t; X, 10)/9t = (X, 0)3f (X;, t; X4y, 10)/0 X, +
$02(X;, 0202 f (X, t; X1, 10)/dX2, and then calculate the exact conditional mean and variance.

131t is noted that in most financial economics literature, using GMM to estimate the parameters of the diffusion
processes consists in first discretizing the continuous-time model, then based on the discrete-time model deriving the
moment conditions. The GMM approach in this case no longer requires that the distribution of the changédof
normal. Actually the discrete-time model specifies that the instantaneous variance of the residual is proportional to
the length of sampling interval, i.eE[eZ, ] = 02(X;a,)A,. Therefore the asymptotic justification for the GMM
procedure requires only that the distribution of interest rate changes be stationary and ergodic and that the relevant
expectations exist. The moment conditions used in the literature are as follows:

€i+1

2 €i+1Xin,
Fi(a,B,0°) =

i, B,0°) 6i2+1 ~o2p,

(Ei2+1 - GzAn)XiAn

for the Vasicek model, and

€i+1
2 €i+1Xin,
Fi(a, B,0%) = 2
! B €71 — O’ZX,'A,IAn

(6,»2+1 —02Xin, An)Xin,

for the Cox-Ingersoll-Ross squared-root model, withy = X11)a, —Xia, —B(a@—Xia,) A, WhereA, = ti11—t; =

T/N due to equal sampling interval. It is clear that these moment conditions are different from those derived from the
continuous-time model. The misspecification and inconsistency caused by “discretization” is discussed in Jiang and
Knight (1997).
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function is a noncentral chi-squarg?[2cx; 2g + 2, 2u], with 2¢ + 2 degrees of freedom and
parameter of noncentralityu2proportional to the current level of the stochastic process. The
conditional expected value and varianceXefis given byE[X;|Xo = xo] = xge P70 4+ o(1 —

e PU—10)) Var[X,|Xo = x0] = xo(%)(e_ﬁ(t_tO) — e‘zﬂ(r—t‘)))+a(g—;)(l — e PU—10))2 |f the
process displays the property of mean reverspn-( 0), then agg - —ocoort — g — +o0,

its marginal density function will approach a gamma probability density function,fi(&; =

X, 1) = F“Ez)x“—le_“’x wherew = 28/0? andv = 2u8/0?, with meana and variance 2« /28.
That is, the Cox-Ingersoll-Ross squared-root process is also stationary in the steady state.

As the Cox-Ingersoll-Ross squared-root process has a limiting probability density function,
both the nonparametric diffusion function and drift function estimators can be applied. However,
the ML estimator is not performed for the Cox-Ingersoll-Ross squared-root process due to the com-
plexity of the Bessel functiod®. Similar to the Ornstein-Uhlenbeck process, the Cox-Ingersoll-
Ross squared-root process as an asymptotic stationary process can also be estimated using GMM.
Similarly, the GMM estimators o, 8 ando ? are obtained from the following exact conditional

and unconditional moment conditions based on its conditional mean and variance, i.e.,

E[(Xi+na, — Xia)lXia,] = A — e P (@ — Xia,) (10)
o? o2
E[€];11Xia,] = F(é’_ﬂA" — e Ay X, +a(£)(1 — e Phny2 (11)

The estimation procedure is exactly the same as for the Ornstein-Uhlenbeck process. For the same
reason, the NLS estimators @f, 3, o2) can also be obtained based on the conditional mean and
variance conditions.

Table 1 summaries the stationarity, in the asymptotic sense, of each process and identifies the
applicable parametric and nonparametric estimators of the diffusion and drift functions for each

process. The Monte Carlo comparison in next section will be based on the simulation results of

14The numerical optimisation procedure, such as subroutine EO4UCF of the NAG library could be used to perform
the ML estimation of the CIR process. However, it involves the evaluation of the modified Bessel function of the
first kind of orderg, I,(x), over different intervals. When bothandq are small numberd,, (x) has to be evaluated
using, e.g. the backward recursion in Section 19.4.2 of Luke (1977). For large valuemndforq, the asymptotic
expansion, e.g. in Olver (1965) has to be used. Therefore the computation would be too intensive for a Monte Carlo
study.
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Table 1. Diffusion Processes: Stationarity and Alternative Estimators

Diffusions | Stationarity Estimators ot 2(-) Estimators ofu(-)
BMwD @ No NONP9 ML (or OLS) ML

o-u® Yes© NONP, ML, GMM NONP, ML, GMM
CIR SR9 Yeg©) NONP, NLS, GMM | NONP, NLS, GMM

Note: (a)- the Brownian motion with drift process; (b)- the Ornstein-Uhlenbeck process; (c)- the Cox-Ingersoll-Ross
squared-root process; (d)— the Nonparametric estimator; (e)—the process is strictly stationary in the steady state as the
initial time rg — —ococ or¢ — tg — +o0.

these estimators.

4 MonteCarlo Study: Parametric versus Nonparametric Esti-
mators

The aim of the Monte Carlo study is twofold. Firstly, to examine the finite sample properties of
the nonparametric diffusion function and drift function estimators developed in Jiang and Knight
(1997). Secondly, to undertake a detailed comparison of the nonparametric estimator with com-
mon parametric estimators. As the nonparametric diffusion function and drift function estimators
are both functions o¥,, the Monte Carlo analysis is based on a sample of estimates for each
parametric and nonparametric estimator at given values ofn each replication, one set of dis-

crete observations along the continuous sampling path of a known diffusion process is generated
and, based on this sample, different estimators are applied. With the sample of estimates for each
estimator, we investigate its finite sample properties and compare their performance based on their
respective sampling distributions.

Since the lv"diffusion process in our study is widely used in finance and in particular in model-
ing the short-term interest rate process, in our simulation the values for the parameters of different
processes are set to be approximately equal to those of the corresponding interest rate models esti-
mated in Chan, et al (1992) using the American monthly Treasury bill yield data from June 1964
to December 1989, i.e.,

(a) © = 0.0055 o2 = 0.0004 for the Brownian motion with drift process;

(b) o = 0.086, 8 = 0.18, o2 = 0.0004 for the Ornstein-Uhlenbeck process; and
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(c)a = 0.076 B = 0.23 o2 = 0.007 for the Cox-Ingersoll-Ross squared-root process.

The models are, consequently, close to the true term structure of interest rate models. The other
reason we refer to the interest rate models in our study is that even though both the Brownian
motion with drift process and the Ornstein-Uhlenbeck process have been applied to model equity
return or currency exchange rate processes, the Cox-Ingersoll-Ross squared-root process is mainly
applied to model nominal interest rate process due to its positiveness. As we will see later, the case
of high frequency samples over relatively short sampling periods considered in our study are often
available in the equity and currency exchange markets but not always available for interest rates,
our reference to interest rate models is thus a compromise.

The data generating process (DGP) of each diffusion process is given by its transition density
function and based on its Markovian property, the dynamics of the continuous sampling path is ex-
plicitly known. For the Ornstein-Uhlenbeck process and the CIR process, the starting values of the
DGP are directly drawn from their marginal densities. For the Brownian motion with drift process,
the starting value of the DGP is set to be equal to the average interest rate level of the data set in
Chan, et al (1992), i.e..067. The discrete sampling observations along the continuous sampling
path are observed over equispaced intervals with sampling int&ryaln all the simulations, the
discrete observations of sample si¥efrom the sampling path are recorded over a time period
fromty = —500Ay to T = N An with sampling intervalAy = T/N. We discard the first 500
observations to eliminate any start-up effects. The number of replications for each estimator is set
to be 1,000 and the sample size of observations in each replication is 1,000 or 5,000 (which is large
compared to usual Monte Carlo studies due to the implementation of the nonparametric estimators
in our study). The comparison of the performance of different estimators is undertaken at different
points in an interval ofX, (i.e., X, € [0.05, 0.10] or 5% to 10% of interest rate levels). While
the estimation of diffusion models in finance based on high frequency data is of particular interest,
as pointed out by Merton (1976), in this study we will compare estimators with data mimicing
weekly, daily and high frequency over different sampling periods in order to look at the effect of
sample size and sampling frequency on the performance of alternative estimators. In particular we
consider the following three cases:

Casel: T = 20 andN = 1, 000 to approximate 20 years of weekly data;
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Casell: T = 20 andN = 5, 000 to simulate 20 years of daily data. There being approximately
250 trading days per year;

Caselll: T = 1 andN = 5,000 to simulate high frequency data of 20 observations per day
for one year.

As we have mentioned, the implementation of the diffusion function estirdetor) requires
that the observationsX;»,} are close toc and the implementation of the drift function estimator
i (x) in (6) explicitly requires thap(x) # 0, i.e. the marginal density function must be estimated
first from the sampling path. This requires that the simulated sampling path provides enough
observations that are close to the points of the process at which we intend to make inference about
the drift and diffusion functions. Thus to implement the nonparametric estimators over the interval
[0.05, 0.10], only the simulated sampling paths which cross the interv@6[@.09] are used in our
estimation. That is, we only include in our study the samples which provide sufficient information
for the estimation of the diffusion process at relevant levElsThe same sampling paths are used
for different estimatorsi® The study is obviously not comprehensive. As we will mention later,
our choice of window-width is based on the numerical criteria that the integrated mean squared
error (IMSE) is minimised, the study of the optimal choice of window-width is not pursued in this

papert’.

More specifically, to infer the behaviour of the short-term interest rate at the level of%ayye need historical
information of the short-term interest rate in the neighbourhoog%f In our study, to infer simultaneously the
behaviour of the short-term interest rate over the range of 5% to 10%, we need historical information of the short-term
interest rate in a similar range, say, over 6% to 9% as chosen in our simulation.

18In this sense, our experiment is designed to accommodate the implementation of the nonparametric estimation
procedure and thus all the results should be interpreted as conditional on such restrictions. In practical applications,
since we are typically interested in estimating the dynamics of certain processes within a reasonable range of levels or
the relevant points of the process, such restrictions are well justified.

17In the nonparametric estimation procedure, both the kernel diffusion function estimator and the kernel marginal
density function estimator and its first derivative, which are used in estimating the drift function, involve the choice
of kernel functions and optimal window-width. The regularity conditions of the kernel function of erfderboth
diffusion function and marginal density estimation are as follows:

(i) The kernelK (-) is symmetric about zero, continuously differentiable to onden R, belongs toL 2(R), and
[T Kx)dx = 1;

(i) K(-)isof orderr: [T x K (x)dx =0,i =1, ...,r — 1, and [ " x" K (x)dx # 0, [T |x|"|K (x)| dx < oo.

The regularity conditions for the admissible window-width are as follows: as the sample sizeco, and the
sampling intervalA,, — 0,

@) hy — 0, nh, — o0, andnh;Jrl — 0 for the diffusion function estimation;

(i) hy, — 0, nh,, — oo, andnh,zl“rl — 0 for the marginal density function estimation; and

(i) h, — 0O, nhﬁ — 00, andnh,%’+1 — 0 for the first derivative of the marginal density function estimation.

The above conditions ensure that for all cases, the bias in the estimator is asymptotically negligible and at the same
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Figures 1 to 6 plot the sample means of alternative diffusion function and drift function esti-
mates at differenk, for each process and each case, they give a clear visual impression of how
each estimator performs. We note that both the parametric and nonparametric diffusion function es-
timators perform very well for all processes in all three cases, and the nonparametric drift function
estimator also performs reasonably well for both the Ornstein-Uhlenbeck and CIR squared-root
process in all three cases. However, while the parametric drift function estimators perform reason-
ably well in case | and I, i.e. the weekly and daily data over 20 years, they perform very poorly in

case lll, i.e. the high frequency intra-daily data over relatively short sampling period.

figures 1-6 about here

Tables 2, 3 and 4 report in detail the summary statistics of the sampling distributions for each
estimator of the diffusion function, including both nonparametric and parametric estimators, for
each process and for each of the three cases. For all three processes in all three cases, the nonpara-
metric as well as the parametric diffusion function estimators perform extremely well, as measured
by the sample median, mean, variance, and mean squared error (MSE). The nonparametric estimate
of o2 is obtained fromé2 = 62(X,) for the Brownian motion with drift process and the Ornstein-
Uhlenbeck process ar&f = 62(X,)/ X, for the Cox-Ingersoll-Ross squared-root process. The
major observations can be summarised as: (i) as sampling frequency increases from weekly to
daily and intra-daily and sample size from 1,000 to 5,000, the performance of all diffusion estima-
tors improves significantly, stressing the importance of high frequency sampling in the estimation
of diffusion functions; (ii) however, as sampling frequency increases from daily to intra-daily but
with sample size fixed at 5,000, the performance of diffusion function estimators only improves
marginally, suggesting that samples with a reasonably high sampling frequency can serve as very

good approximations of continuous sampling; (iii) there appears to be not much of a difference

time the variance of the estimator goes to zero as sample size increases to infinite. The conditions are stronger than
usual nonparametric estimation due to the correlation among the data and the requirement for estimating the derivative
of marginal density function.
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between the sampling distributions of the nonparametric diffusion function estimator and the para-
metric estimators for all three processes. However, we note that for the CIR squared root process,
the parametric estimators are superior at all frequencies. Intuitively, in the nonparametric frame-
work without much restrictions imposed on the diffusion term, a less simplistic diffusion function
would present a greater challenge to its nonparametric functional estimator and reduces its level of
performance.

Tables 5, 6 and 7 report in detail the summary statistics of the sampling distribution for the
parametric estimator gf for the Brownian motion with drift process, the parametric estimators
of («, B) for the Ornstein-Uhlenbeck process and the Cox-Ingersoll-Ross squared-root process, as
well as the nonparametric estimatonofX ), at specified values df,, for the Ornstein-Uhlenbeck
process and the Cox-Ingersoll-Ross squared-root process. The summary statistics of the paramet-
ric estimators of the drift functiop(X,) at specified values of; are also calculated based on the
estimates ofr andg in each replication, which are not reported to save space but available upon
request. Itis clear that (i) for cases | and Il, namely the relatively low frequency data (i.e. weekly or
daily) over long sampling period (20 years), both the parametric and nonparametric estimators for
the drift function perform quite well, and not surprisingly with the parametric estimators often per-
forming much better; (ii) as the sample size increases from 1,000 in case | to 5,000 in case Il and
the sampling frequency accordingly increases from weekly to daily while keeping the sampling
period fixed at 20 years, the performance of drift function estimators only have slight improve-
ment, which is in contrast to the performance of diffusion function estimators, suggesting that the
sampling frequency is less relevant to the estimation of drift functions; (iii) most interestingly, in
case lll, i.e. the case of high frequency intra-daily data over relatively short sampling period (one
year), while the nonparametric estimator performs reasonably well, the parametric estimators all
perform rather poorly, stressing the importance of long sampling periods in the parametric estima-
tion of drift functions. It is noted that the estimatorscofind 8 both perform poorly, with that of
B performs extremely poorly. From the summary statistics of the parametric drift functions esti-
mators, it appears that they are plagued by outliers, due to the poor estimati@mdfs and the
compounding of their errors in the calculationofX;).

Some further analysis of the simulation results of the diffusion function and drift function
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Table 2. Brownian Motion with Drift: Simulation Results of the Diffusion Estimators

(1,000 replicationsg?(X;) = o2 = 0.0004): Case IT = 20, N = 1, 000 (weekly
data); Case IIT = 20, N = 5, 000 (daily data); Case lliT = 1, N = 5,000 (20
observations per day).

a. Summary Statistics of the Nonparametric Estimatoroét Different Values ofX,:

Case| X; | Median| Mean | Variance| M.S.E. | Skewnessg Kurtosis| Wilcoxon
(1074 | 104 | 10719 | 1019 | @oly | (10?) | Test?(10Y)

I 0.05| 3.993 | 3.997 | 3.647 | 3.648 1.158 3.746 6.957 (+)

0.06| 3.993 | 3.997 | 3.647 | 3.648 1.158 3.746 6.958 (+)

0.07| 3.993 | 3.997 | 3.647 | 3.648 1.158 3.746 6.957 (+)

0.08| 3.993 | 3.997 | 3.647 | 3.648 1.158 3.746 6.957 (+)

0.09| 3.993 | 3.997 | 3.647 | 3.648 1.158 3.746 6.957 (+)

0.10| 3.993 | 3.997 | 3.647 | 3.648 1.158 3.746 6.957 (+)

I | 0.05| 3.999 | 3.998 | 0.598 | 0.599 | -0.598 1.093 5.133 (+)

0.06| 3.999 | 3.998 | 0.598 | 0.599 | -0.598 1.093 5.138 (+)

0.07| 3.999 | 3.998 | 0.598 | 0.599 | -0.598 1.093 5.140 (+)

0.08| 3.999 | 3.998 | 0.598 | 0.599 | -0.598 1.093 5.138 (+)

0.09| 3.999 | 3.998| 0.598 | 0.599 | -0.598 1.093 5.137 (+)

0.10| 3.999 | 3.998 | 0.598 | 0.599 | -0.598 1.093 5.135 (+)

(|1 0.05| 3.998 | 3.997| 0.588 | 0.590 | -0.587 1.320 0.878 (+)

0.06| 3.998 | 3.997 | 0.588 | 0.590 | -0.587 1.320 0.878 (+)

0.07| 3.998 | 3.997 | 0.588 | 0.590 | -0.587 1.320 0.878 (+)

0.08| 3.998 | 3.997| 0.588 | 0.590 | -0.587 1.320 0.877 (+)

0.09| 3.998 | 3.997| 0.588 | 0.590 | -0.587 1.320 0.879 (+)

0.10| 3.998 | 3.997 | 0.588 | 0.590 | -0.587 1.320 0.879 (+)

b. Summary Statistics of the Parametric Estimatorsof

Case| Method | Median| Mean | Variance| M.S.E. | Skewness Kurtosis
(0% | (0% | (20| (101 | (a0 | (1079
I MLE 3.984 | 3.991 | 3.350 | 3.358 1.343 4.149
Il MLE 3.999 | 3.997 | 0.596 | 0.597 | -0.586 1.581
1] MLE 4.000 | 3.998 | 0.588 | 0.589 | -0.571 1.108
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c. Median Test for Multi-Sample of Nonparametric Estimates at Different Valugs :of
HypothesisHy: Case| Test Statisti€®”) | Critical Value (5%)
Samples of Nonparametrig | 1.176 16.92
Estimates at Different Values |l 0.601 16.92
of X, Have the Same Median Il 0.600 16.92

Note: (a) The null hypothesis of the pair-wised Wilcoxon ted s the median of the samples of the absolute bias of
the nonparametric estimates at certain valu® pfs not greater than that of the maximum likelihood (ML) estimates.
In the large sample case (say> 25), an approximate statistic of the Wilcoxon matched-pairs signed-ranks test is
z = %{% which follows a standard normal distribution, wherés the sample sizef is the sum of the

positive ranks of the difference between two samples based on the null hypothesis. The test statistic reported in the
table is corresponding to the above null hypothégisat 5 % significance level. “+” in the brackets denotes the
hypothesis is not rejected, “—" denotes the hypothesis is rejected.

©Qu B} which
follows the x 2 distribution with degrees of freedotm — 1), wheren is the number of independent samples to be
tested,E;; is the combined sample median of all the sampies; is the number of observations in thier sample
which are less than the combined sample median gds the number of observations in thieh sample which are
greater than the combined sample median.

(b) The extension of the multi-sample median test statistic is givep by= Zizzl >l

estimators are also reported in Tables 2-7. For instance, for the Cox-Ingersoll-Ross squared-root
process in case lll (i.e. the high frequency intra-daily data), when compared to the normal density,
the sampling distribution of the non-linear least square (NLS) estimator appears slightly skewed to
the left, while that of the generalised method of moments (GMM) estimator and the nonparametric
estimator, at different values o&f;, appear slightly skewed to the right. The sampling distribution

of the generalised method of moments (GMM) estimator appears to be slightly more concentrated,
and those of the non-linear least square (NLS) estimator and the nonparametric appear to be less
concentrated, while that of the nonparametric estimator shows no consistent sign over different
values ofX,. The Wilcoxon matched-pairs signed-ranks test is employed here to analyse pair-wise
the differences of the absolute bias between different estimators based on the sample of estimates.
The Wilcoxon matched-pairs signed-rank test is employed for its robustness against the violation
of the normality assumption. This is basically a testthf the median of the population of the
differences between two random variables is zero, against éithahe median of the population

of the differences between two random variables is positive (or non-negative) or negative (or non-
positive). The indicator in the brackets beside the statistics denotes whether the null hypothesis is
not rejected (+) or rejected (-) at the 5 % significance level.

An extension of the multi-sample median test is also conducted for the samples of the nonpara-
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Table 3. Ornstein-Uhlenbeck Process: Simulation Results of the Diffusion Estimators

1,000 replicationsg?(X;) = o2 = 0.0004; Case IT = 20, N = 1,000; Case Il
T =20, N =5,000; Case lll.T =1, N =5, 000.

a. Summary Statistics of the Nonparametric Estimater®ét Different Values ofX;:

Case| X; | Median| Mean | Variance| M.S.E. | Skewness Kurtosis | Wilcoxon
(1074 | (104 | 10719 | 10719 | @oty | (10?3 | Test?

I 0.05| 3.998 | 3.984 | 6.342 6.368 1.304 2.181 | 1.747 (+)
0.06| 3.997 | 3.984 | 6.339 6.365 1.303 2.501 | 1.751(+)
0.07| 3.997 | 3.984 | 6.337 6.363 1.303 2.830 | 1.758 (+)
0.08| 3.996 | 3.984 | 6.334 6.361 1.302 3.165 | 1.768 (+)
0.09| 3.995 | 3.984 | 6.333 6.359 1.302 3.508 | 1.777 (+)
0.10| 3.995 | 3.984 | 6.331 6.358 1.302 3.858 | 1.767 (+)

[l 0.05| 3.995 | 3.994 | 0.892 0.896 0.348 -1.198 | 1.569 (+)
0.06| 3.995 | 3.994 | 0.892 0.895 0.340 -0.357 | 1.594 (+)
0.07| 3.995 | 3.994 | 0.891 0.895 0.331 -0.532 | 1.521 (+)
0.08| 3.995 | 3.994 | 0.891 0.895 0.322 1.460 | 1.530 (+)
0.09| 3.995 | 3.994 | 0.892 0.896 0.312 2.415 | 1.534 (+)
0.10| 3.995 | 3.994 | 0.893 0.897 0.301 3.385 | 1.523 (+)

Il | 0.05| 3.999 | 3.997 | 0.587 0.588 -0.586 1.568 | 1.437 (+)
0.06| 3.999 | 3.997 | 0.587 0.588 -0.584 1.659 | 1.441 (+)
0.07| 3.999 | 3.997 | 0.587 0.588 -0.582 1.752 | 1.439 (+)
0.08| 3.999 | 3.997 | 0.587 0.588 -0.580 1.847 | 1.437 (+)
0.09| 3.999 | 3.997 | 0.587 0.588 -0.577 1.943 | 1.433 (+)
0.10| 3.999 | 3.997 | 0.587 0.588 -0.574 2.040 | 1.430(+)

b. Summary Statistics of the Parametric Estimators-of
Case| Method | Median| Mean | Variance| M.S.E. | Skewness Kurtosis| Wilcoxon
(1074 | (104 | 10719 | 109 | @oh | (103 | Test?
I NLS 3.840 | 3.985| 4.768 4,791 1.058 1.806
GMM 3.870 | 3.991 | 4.406 4,414 1.006 1.142 | -1.934 (+)
I NLS 3.930 | 3.994 | 0.907 0.911 -0.112 -1.073
GMM 3.940 | 3.995| 0.762 0.765 -0.026 -0.552 | -1.510 (+)
[l NLS 3.944 | 3.999| 0.714 0.714 0.153 1.852
GMM 3.942 | 3.995| 0.772 0.779 -0.077 2.602 | -1.734 (+)

c. Median Test for Multi-Sample of Nonparametric Estimates at Different Valuas of

HypothesisHy: Case| Test Statisti¢ | Critical Value (5%)
Samples of Nonparametrig | 6.348 16.92
Estimates at Different Values I 0.932 16.92
of X, have the Same Median IlI 1.800 16.92

Note: (a) see Table 2 note (a); (b) see Table 2 note (b).
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Table 4. Cox-Ingersoll-Ross SR Process: Simulation Results of the Diffusion Estimators

1,000 replicationsg%(X;) = 02X, = 0.007X,; Case I:T = 20, N = 1, 000; Case II:
T =20, N = 5,000; Case T =1, N = 5, 000.

a. Summary Statistics of the Nonparametric Estimatar&fX,) at Different Values ofX,

Case True Value Median| Mean | Variance| M.S.E. | Skewness Kurto- | Wilcoxon
X; (6%(X)107% | (104 | 104 | (1078 | (108 | (10D sis test®
I 0.05 (3.500) 3.712 | 3.896 | 1.570 | 1.727 8.684 | 1.308 | -8.52 (-)
0.06 (4.200) 4331 | 4511 | 1.572 | 1.669 8.690 1.301 | -6.04 (-)
0.07 (4.900) 5.043 | 5.229 | 1.573 | 1.605 8.706 1.296 | -4.66 (-)
0.08 (5.600) 5553 | 5.751| 1.573 | 1.595 8.730 1.294 | 6.79 (-)
0.09 (6.300) 6.185 | 6.377 | 1.571 | 1.576 8.756 1.295 | 8.37(-)
0.10 (7.000) 7.314 | 7507 | 1.567 | 1.874 8.776 1.298 | 9.79 (-)
Il 0.05 (3.500) 3.400 | 3.497 | 0.647 | 0.647 7.876 1.220 | -5.27 (-)
0.06 (4.200) 4.061 | 4.164 | 0.629 | 0.631 8.152 1.267 | -3.65 (-)
0.07 (4.900) 4.840 | 4952 | 0.609 | 0.612 8.575 1.343 | -1.11 (+)
0.08 (5.600) 5.251 | 5.385| 0.585 | 0.644 9.082 1.461 | 3.17 (-)
0.09 (6.300) 6.248 | 6.381 | 0.560 | 0.567 9.504 1.611 | 5.16 (-)
0.10 (7.000) 6.803 | 6.916 | 0.539 | 0.547 9.563 1.753 | 5.51(~)
[l 0.05 (3.500) 3.864 | 3.879 | 0.077 | 0.221 0.395 |-0.437| -5.74 (-)
0.06 (4.200) 4.320 | 4.342 | 0.055 | 0.075 5.356 | 0.633 | -6.07 (-)
0.07 (4.900) 4934 | 4958 | 0.038 | 0.041 9.373 | 2.438 | -1.37 (+)
0.08 (5.600) 5.651 | 5.668 | 0.056 | 0.060 8.012 2.495 | -1.47 (+)
0.09 (6.300) 6.307 | 6.323 | 0.145 | 0.145 6.885 1.446 | -1.84 (+)
0.10 (7.000) 7.016 | 7.083 | 0.216 | 0.223 3.469 | -4.528| -2.39 (-)

b. Summary Statistics of the Sampling Distributions of the Parametric Estimaters of
Case| Method | Median| Mean | Variance| M.S.E. | Skewness Kurtosis | Wilcoxon
(103 | (103 | 10" | @0 | (oY | (10% | Test?

I NLS 6.374 | 6.745| 2.831 | 3.480 1.014 8.716 | 2.28 (+)
GMM | 6.655 | 6.942 | 1.644 | 1.678 1.173 8.627
Il NLS 6.778 | 6.950 | 0.691 | 0.716 0.148 7.401 | 2.04 (+)
GMM | 6.875 | 6.997 | 0.323 | 0.323 | 0.447 -2.249
1] NLS 6.795 | 6.945| 0.577 | 0.607 | -0.778 4841 | 1.71(+)
GMM | 6.856 | 6.982 | 0.342 | 0.345 | 0.178 -0.187

c. Median Test for Multi-Sample of Nonparametric Estimates at Different Valugs of

HypothesisHo: Case| Test Statistith) | Critical Value (5%)
Sample of Nonparametric| | 64.65 16.92
Estimates at Different Values I 10.17 16.92
of X, have the Same Median IlI 11.61 16.92

Note: (a) See Table 2 note (a). For CIR process, the Wilcoxon test is based on the sampling distribéitfon of
which is calculated frond 2 = 62(X,)/ X, for the nonparametric estimator, and the null hypothesis of the pair-wised
Wilcoxon test is against the GMM estimate; (b) See Table 2 note (b).

23



Table 5. Brownian Motion with Drift: Simulation Results of the Drift Estimators

1,000 replicationspu(X;) = u = 0.0055; Case IT = 20, N = 1, 000; Case Il
T =20, N =5,000; Case lll.T =1, N = 5,000.

Summary Statistics of the Sampling Distribution of the Parametric Estimatgrs of

Case| Method| Min Max | Median| Mean | Variance| MSE | Skewnesg Kurtosis
(10 | (103 | (103 | (103 | (10°%) |(10°) | (107 | (10h
I MLE | -0.895| 1.758 | 5,533 | 5.632 | 2.176 | 2.178 | -2.905 | -1.336
I MLE | -1.075| 1.754 | 5.398 | 5.454 | 2.016 | 2.017 | -6.525 0.344
" MLE | -6.689| 8.149 | 4.254 | 4.144 | 41.32 | 41.47| -8.398 0.537

metric estimates at different points. The null hypothesis of the tegpisall n populations have

the same median, against its alternati¥g at least one population has a median different from

the others. The results of this test are reported in Tables 2-4 as well, which indicate that the null
hypothesis is not rejected for all three processes at 5 % significance level except for case | of the
CIR squared-root process.

The following are a few remarks on the above Monte Carlo simulation study:

Remark 1. While it is not surprising to see drift parameter estimates perform badly with sam-
ples over short sampling periods, it may be surprising to note the excellent performance of the
nonparametric estimators, especially the drift estimator in case Ill. In response to this observation
we make the following points. First of all, it should be noted that the Monte Carlo simulation
study is designed to investigate only the finite sample properties of the estimators and by no means
explores the asymptotic properties of the estimators. Therefore all the simulation results and anal-
ysis are only valid for the finite samples. Secondly, the issue which we are dealing with here is
more or less an identification problem rather than an estimation problem. Poor performance of the
parametric drift function estimators simply imply that the drift term of a diffusion process cannot
bedirectly identified from the discretely sampled data over a short sampling period, no matter how
large the sample. In fact, even though all the parametric drift function parameter estimators are
consistent in our comparison, the asymptotic results are derived under explicitly the condition that

the whole sampling periodl — oo instead of the number of sampling observatidhs> oo. 18

18The consistency and asymptotic normality of the drift coefficient estimators are obtaireg as 0 andT =
nA, — oo with the additional condition thaztA?l — 0. Their rate of convergenceign A, which means the sampling
periodT must be quite large, see e.g. Prakasa Rao (1988).
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Table 6. Ornstein-Uhlenbeck Process: Simulation Results of the Drift Estimators

1,000 replications (X;) = B(a — X;), 8 = 0.18, « = 0.086; Case IT =20, N =
1, 000; Case IIT =20, N =5,000; Case lll.T =1, N =5, 000.

a. Summary Statistics of the Nonparametric Estimator @) at DifferentX;,:

Case True Value Median| Mean | Variance| M.S.E.| Skewnessg Kurtosis
Xi(u(X) (107%) | 1073 | (1073 | 0% | (109
I 0.05 (6.480) 5.695 | 6.069 | 2.492 | 2.661 1.318 1.912
0.06 (4.680) 4322 | 4517 | 1.555 | 1.582 1.068 1.296
0.07 (2.880) 2.355 | 2.366 | 0.945 | 1.210 0.598 0.223
0.08 (1.080) 0.764 | 0.714 | 0.658 | 0.792 0.045 -0.864
0.09 (-0.72) -0.973 | -0.937| 0.693 | 0.741 | -0.141 -1.005
0.10 (-2.52) -2.299 | -2.290| 1.054 | 1.107 | -0.316 -0.539
Il 0.05 (6.480) 5.302 | 5,546 | 1.371 | 2.243 1.390 3.320
0.06 (4.680) 4,021 | 4.184 | 0.924 | 1.169 1.103 2.166
0.07 (2.880) 2.194 | 2.223 | 0.645 | 1.076 0.578 0.558
0.08 (1.080) 0.817 | 0.762 | 0.533 | 0.634 | -0.106 -0.482
0.09 (-0.72) -0.569 | -0.700| 0.589 | 0.589 | -0.597 -0.286
0.10 (-2.52) -1.673 | -1.861| 0.813 | 1.246 | -0.841 0.314
"l 0.05 (6.480) 4,720 | 4.570 1.120 4,773 -7.419 5.893
0.06 (4.680) 2.567 | 2479 | 1.057 | 5.996 | -4.902 4.745
0.07 (2.880) 1.426 | 1.135| 1.025 | 4.084 | -2.013 4.976
0.08 (1.080) -0.073 | -0.075| 1.026 | 2.360 1.068 6.882
0.09 (-0.72) -2.886 | -2.895| 1.070 | 5.801 4.129 8.316
0.10 (-2.52) -5.052 | -4.975| 1.134 7.161 6.915 9.631
b. Summary Statistics of the Parametric Estimatorg ahdg:
Case| Method Min | Max | Median| Mean | Variance| MSE | Skew-| Kurto-
(107 b (10 | @0 Y| a0 | (103 | ness| sis
I NLS |& | 0.09 |1.87| 0.708 | 0.958 | 0.117 | 0.118 | 12.64 | 176.7
B | -1.80 | 1.87| 1.017 | 1.790 | 1.170 | 1.171 | 1.015| 0.946
GMM |« | 0.06 | 052| 0.701 | 0.880 | 0.122 | 0.123 | 4.136 | 39.59
B 0.10 | 1.74| 0.802 | 1.400 | 0.710 | 0.901 | 1.230| 1.838
[l NLS |& | 0.06 | 0.42| 0.697 | 0.867| 0.109 | 0.110 | 3.228 | 27.16
Bl -1.28 | 1.94| 1.025 | 1.852 | 1.336 | 1.340 | 1.216| 1.839
GMM |« | -0.17 | 0.25| 0.691 | 0.846 | 0.068 | 0.069 | 2.801 | 27.18
p| -042 | 1.54| 0.788 | 1.408 | 0.737 0.891 | 1.229 | 1.744
11 NLS | & | -2.80 | 5.60| 0.057 | 0.079 | 0.803 | 0.808 | 8.907 | 195.8
B | -2.12 | 29.1| 2.653 | 5.487 | 17.059 | 45.227| 1.293 | 2.654
GMM |« | -3.26 | 7.76 | 0.058 | 0.111 | 0.339 | 0.340 | 12.89 | 195.8
B | -092 | 249 | 2514 | 5.656 | 19.298 | 49.289| 1.248 | 1.544
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Table 7. Cox-Ingersoll-Ross SR Process: Simulation Results of the Drift Estimators

1,000 replications (X;) = B(a — X;), B = 0.23,« = 0.076; Case IT =20, N =
1, 000; Case IIT =20, N =5,000; Case lll.T =1, N =5, 000.

a. Summary Statistics of the Nonparametric Estimatqor@f,) at DifferentX;

Case True Value Median| Mean | Variance| M.S.E. | Skewness Kurtosis
X, (u(X,)(1073) | (1073 | (1073 | (10® | (10% | (107}
I 0.05 (5.980) 4520 | 4.616 | 6.617 | 8.476 5.062 -0.655
0.06 (3.680) 3.022 | 2976 | 2.421 | 2.916 4.446 -0.801
0.07 (1.380) 0.621 | 0.759 | 1.044 | 1.429 2.122 -1.409
0.08 (-0.92) 0.308 | 0.304 | 1.003 | 2.501 | -0.170 -1.268
0.09 (-3.22) -2.895 | -2.678| 1.650 | 1.943 | -1.367 -0.946
0.10 (-5.52) -4.866 | -4.642| 2.679 | 3.450 | -2.147 -0.705
Il 0.05 (5.980) 4595 | 5273 | 5.816 | 6.315 7.638 -0.318
0.06 (3.680) 3.470 | 3.648 | 2.116 | 2.117 6.633 -0.104
0.07 (1.380) 1.510 | 1.365 | 1.127 | 1.128 | -8.454 -1.090
0.08 (-0.92) 0.664 | 0.774 1.620 4.491 -7.947 -1.498
0.09 (-3.22) -2.773 | -2.406| 3.028 | 3.745 0.739 -1.297
0.10 (-5.52) -5.107 | -4.625| 5.293 | 6.094 0.837 -1.207
[l 0.05 (5.980) 6.149 | 6.734 | 8.968 | 9.537 9.397 8.241
0.06 (3.680) 4854 | 5218 | 4.378 | 6.744 8.466 6.632
0.07 (1.380) 2.887 | 2.933 | 2.282 | 4.694 4.206 4.164
0.08 (-0.92) 0.940 | -0.913| 4.473 | 7.833 | -3.163 9.548
0.09 (-3.22) -1.472 | -1.550| 8.199 |10.988| -5.488 | 10.078
0.10 (-5.52) -3.394 | -3.954| 9.871 | 12.323| -6.403 | 10.949
b. Summary Statistics of the Parametric Estimatorg ahdg:
Case| Method Min | Max | Median| Mean | Variance| M.S.E. | Skew- | Kurto-
(1072) 10 | (@0 Y| 10? | (10?) | ness| sis
I NLS |&| 0.18 | 1.66| 0.556 | 0.781| 0.091 | 0.092 | 2.467 | 17.46
B| 0.62 | 1.93| 0.866 | 1.621 | 1.001 | 1.468 |-1.106| 1.648
GMM |« | 1.73 | 0.30| 0.595 | 0.765 | 0.106 | 0.107 | 1.768 | 8.044
B| 256 | 1.65| 0.896 | 1.470 | 0.640 | 1.328 |-1.116| 1.846
1 NLS |a| 0.70 | 1.86| 0.547 | 1.065| 0.432 0.442 | 6.318 | 41.35
B | -9.58 | 1.93| 0.040 | 1.146 | 1.055 | 2.386 |-1.343| 2.544
GMM |« | 3.30 | 0.53| 0.599 | 0.765 | 0.096 | 0.097 | 6.396 | 75.20
B | 1.32 | 1.53| 0.920 | 1.481| 0.622 | 1.293 | -1.061| 1.570
11 NLS |& | -1.05| 6.09| 0.056 | 0.238 | 1.533 | 1.559 | 7.911 | 124.3
B | -7.36 | 39.9| 1.884 | 5.688 | 30.971 | 60.76 | 1.533 | 4.206
GMM |« | -2.06 | 5.16| 0.054 | 0.081 | 0.941 | 0.944 | 6.904 | 109.7
B | -5.49 | 26.3| 1.752 | 4.355 | 14.606 | 31.61 | 1.568 | 3.657
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Thirdly, as we have pointed out, the simulation experiment is designed to accommodate the imple-
mentation of the nonparametric estimation procedure proposed in Jiang and Knight (1997) based
on certain restricted sample paths, thus the simulation results should be interpreted as conditional
on the restrictions imposed on the sampling paths. Comparing carefully the ML, NLS, and GMM
estimators with the nonparametric estimators, we can see that the ML, NLS, and GMM estimators
employ only the information contained in the transition density functions of the diffusion process,
while the nonparametric estimator employs the information contained in both the transition den-
sity function and the marginal density function. It is through the marginal density function that
we establish the relationship betweenX;) ando (X;) given in equation (3), and based on this
there is a unique drift function corresponding to a given diffusion function and marginal density
function. Furthermore, from an estimation point of view, since the kernel density function estima-
tor performs very well for a large sample of observations, the performance of the nonparametric
drift function estimator is thus mainly determined by the nonparametric diffusion function esti-
mator. In other words, if the nonparametric diffusion function estimator performs well, then the
nonparametric drift function estimator will also perform well. It is also interesting to note that es-
timation of it(x) only requires a locally well performed marginal density function estimato)

not necessarily a globally well performedx) due to its nonparametric specification.

Remark 2. Since the parametric estimators of the linear mean-reverting drift function perform
very poorly with finite samples, the semiparametric identification and estimation approach pro-
posed by At-Sahalia (1996) is not specifically included in our Monte Carlo simulation analysis as,
in his approach, the diffusion function is estimated using the estimates of the linear mean-reverting
drift function parameters.

Remark 3. The derivation of the moment conditions of the diffusion process based on the
infinitesimal generator, as proposed by Hansen and Scheinkman (1995), is not necessary since the
exact moment conditions of all the diffusion processes in our simulation study can be solved from
the Kolmogorov backward equations.

Remark 4. As we have mentioned, there have been various methods proposed for the estima-
tion of diffusions based on “indirect inference”, and it is shown that (see Gallant and Long (1996))

EMM provides asymptotically efficient estimates of the diffusion parameters. Moreover, the “in-
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direct inference” can reduce the small sample bias existing in standard parametric estimators (see
Gouriéroux, Renault and Touzi (1994)). Estimation based on this approach is not included in our
simulation study for the reason that the performance of various “indirect inference” estimators
depends critically on the choice of the auxiliary model or score generator on the one hand, and
they all involve intensive computational burden in each simulation and estimation on the other.
Nonetheless, it is worthwhile to investigate their performance in correcting estimation biases of
the parametric drift estimators based on samples over short time period.

Remark 5. Choice of the Kernel: In the nonparametric estimation of both the diffusion function
and the marginal density function, which is used in the estimation of the drift function, we have
to choose the kernel functions. The kernel we chose for both the nonparametric diffusion function
estimator and the marginal density function estimator is the standard Gaussian déosjty:
J%_ﬂexp —%}, which is continuously differentiable of any order.

Remark 6. Choice of the Smoothing Parameter for the Kernel Marginal Density Function Esti-
mator: the actual window-width or smoothing parameter for the kernel marginal density function
estimator and its first derivative is setlas = c,n~Y/° wherec, = ¢/In(n) andc is chosen to
minimise the integrated mean squared error (IMSE) of the estimator

Remark 7. Choice of the Smoothing Parameter for the Kernel Diffusion Function Estima-
tor: in order to achieve convergence in distribution and consistency of the nonparametric dif-
fusion function estimatoé2(x), the window-width or smoothing parametey; is required to
converge to zero faster than in the case of nonparametric density estimation, that is, not only
hy — 0,nh, — oo,nh> — 0asA, — 0, butalsmh® — 0 asA, — 0. Therefore the actual
window-width is chosen ak, = c,n~/3, wherec, = c¢/In(n). As in the case of nonparametric
kernel density estimation, implementation of the nonparametric kernel diffusion function estimator
also requires that we deal with the problem of selecting the window-width or smoothing parame-
ter h,. Our experiments show that the nonparametric kernel diffusion function estitatoris
sensitive to the choice of the value lof in that different values ok,, generate different standard
deviations for the sampling distribution of the estimator. Whether the above admissible window-

width represents the achievable optimal rate of convergence is unknown to us. It is thus clear that

19This window-width choice was also used int/&Sahalia (1996) for marginal density function estimation.
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further research is required concerning the optimal choice of the window-wijdtihis research

is beyond the scope of this paper and hence not pursued in this study. However, it is noted that
both the nonparametric kernel density estimator and the nonparametric kernel diffusion function
estimator can be regarded as a weighted averaging scheme in which the role of the window-width
is to determine the span of the sampling of points and therefore the relative weights over differ-
ent points, given the kernel function. In the case of the nonparametric kernel diffusion function
estimator, it is not hard to see that a wider window-width means the estimate is an average with
significant weights over a larger number of points and, hence, tends to have a smaller variance. On
the other hand, with wider window-width, the fluctuating movements of the diffusion function over
an interval might be averaged out and the estimate tends to have increased bias. The trade-off for
the choice of the value df, is as follows. For a larger value @f,, the estimated diffusion func-

tion 62(x) tends to be smoother in therefore the estimates tend to have higher bias but smaller
variance, and vice versa. Moreover, given the criteria for the bias and variance of the estimates, a
lower h,, tends to be a stronger requirement than a highehor the sampling density of discrete
observations. Therefore the choice of window-width involves the delicate task of balancing the
two components: the variance on the one hand, and the bias on the other. This trade-off leads to
the choice of minimising the integrated mean squared error (IMSE) as a natural criteria for the op-
timal window-width selection. Therefore, in our simulation the coefficieot the window-width

sequence is also chosen to minimise the numerical IMSE

20Unfortunately, we normally do not have knowledge of the true underlying process that generates the data and the
minimum IMSE criteria are not available if one wants to estimate the diffusion function. The various ways to get
around this problem for the nonparametric functional estimation, such as the cross-validation approach, the plug-in
approach, the smoothed bootstrap approach, etc. (see surveys by Delgado and Robinson (1992) and Jones, Marron,
and Sheather (1996)), can used here as well. Similar research can be pursued for the automatic selection of the
optimal window-width of the nonparametric diffusion function estimator. Since the nonparametric diffusion function
estimator has a relatively strong requirement for the smoothness of the diffusion funéian), a very small,, is
not desirable. In practice, a reference valueifgrcan be determined as following from the minimising the variance

nhp64

with fixed amount of bias. Since the consistent estimator of the variangéé(@f is given byTx()x), let o be the
allowable relative error of the estimate at, say, 95% confidence level in terms of the percentage of the true diffusion

o2(x), we can set the width of the 95 % confidence band such t&t 1%‘;(;))1/2 +02(x) < (1 + a)o?(x) or
1

—1.96(%)1/2 +02(x) > (1—a)o(x), whereL1(x) is estimated by setting, to be the optimal window-width
1

which minimises the integrated mean square erroﬁmx). As 62(x) — o2(x) in probability, therefore we have
hy < B8 ;992 Thus the value ok, can be calculated from; = sup{ha|h, < 19 (%2, ¥x € I}, wherel

represents the inference area.
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5 Conclusion

In this paper, we consider alternative approaches to the estimation of diffusion processes from dis-
cretely sampled observations. Through Monte Carlo simulation, we investigate the finite sample
properties of different estimators and in particular compare the performance of different estimators
based on certain samples generated with three different sampling frequencies over different sam-
pling periods. The simulation results show that both the nonparametric diffusion function and drift
function estimators proposed in Jiang and Knight (1997) perform reasonably well. However, with
certain high frequency data sampled over relatively short sampling periods, while the parametric
estimators of the diffusion function parameters all perform very well, none of the parametric esti-
mators of the drift function parameters performs satisfactorily. This fact further suggests that, with
the same data set, the identifications for the drift function and the diffusion function are not neces-
sarily mutually dependent and the identification of the diffusion function is less troublesome than
that of the drift function. In other words, a correct identification of the diffusion function does not
necessarily rely on a correct identification of the drift function. This finding justifies the nonpara-
metric identification and estimation procedure, proposed for thdittlsion process in Jiang and
Knight (1997), in which the diffusion function is identified and estimated first without imposing
anyapriori restrictions on either the drift term or the diffusion term. The Monte Carlo simulation
results also suggest that, for both stationary and non-stationary processes, the nonparametric dif-
fusion function estimator captures the true volatility. As noted, an interesting future research topic
would be to investigate the finite sample properties of the “indirect inference” estimators of drift

parameters based on short sampling period.
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a.Brownian Motion with Drift: Nonp, ML Estimates of o2
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(1,000 replications with sample si2é = 1, 000 and sampling periofl = 20)
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a.Brownian Motion with Drift: Nonp, ML Estimates of o2
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a. O—U: Nonp, ML, GMM Estimates of wu(X)
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a. O—U: Nonp, ML, GMM Estimates of wu(X)
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