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This article examines the class of continuous-time stochastic processes commonly known as affine
diffusions (AD’s) and affine jump diffusions (AJD’s). By deriving the joint characteristic function, we
are able to examine the statistical properties as well as develop an efficient estimation technique based
on empirical characteristic functions (ECF’s) and a generalized method of moments (GMM) estimation
procedure based on exact moment conditions. We demonstrate that our methods are particularly useful
when the diffusions involve latent variables. Our approach is illustrated with a detailed examination of
a continuous-time stochastic volatility (SV) model, along with an empirical application using S&P 500

index returns.
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1. INTRODUCTION

The estimation of continuous-time stochastic processes,
especially those with unobserved or latent variables, has posed
a challenge to statisticians and econometricians for some time.
In financial applications, because of the unavailability of a
continuous sample of observations, estimation has usually
been performed by first discretizing the model and then apply-
ing various moment-based estimation methods, for example,
the generalized method of moment (GMM) approach in Chan,
Karolyi, Longstaff, and Sanders (1992). In the econometrics
and statistical literature, new estimation techniques are mostly
developed based on simulation methods, for example, the sim-
ulated method of moments (SMM) in Duffie and Singleton
(1993) and the efficient method of moments (EMM) in Gallant
and Tauchen (1996). The application of these approaches has
had varying success due mainly to the need for both discretiz-
ing the model and simulating sample paths. Although there
are a few specific models for which the maximum likelihood
(ML) estimation is possible as there exist explicit closed-form
transition density functions, these models have not proved to
be popular in finance due to unrealistically simplistic model
specifications. In the multivariate framework, the estimation
problem becomes even more difficult and particularly so if
some of the state variables are unobserved.

However, it has recently been noticed that there is a class
of continuous-time stochastic processes where, although the
transition density functions are not known, their Fourier trans-
formation, that is, the characteristic functions, is known. These
processes are the so-called affine diffusions (AD’s) and affine
jump diffusions (AJD’s) developed and popularized in a series
of papers by Duffie and Kan (1996), Dai and Singleton (1999),
and Duffie, Pan, and Singleton (1999). Because these pro-
cesses are Markovian with, in many cases, explicit closed-
form conditional characteristic functions, the door is open
for alternative estimation techniques. Two recent papers that
have exploited the idea of developing new estimation methods

based on conditional characteristic functions are Chacko and
Viceira (1999) and Singleton (1999).

This article also examines the AD and AJD models via their
associated characteristic functions. However, in our case, we
use the unconditional joint characteristic function rather than
the conditional characteristic function. Based on the uncondi-
tional joint characteristic function, we examine the statistical
properties of these models and develop new estimation strate-
gies. In particular, our interest centers on models where some
of the state variables are unobserved. The estimation of these
models, which include the popular stochastic volatility model
as a special case, poses even more of a challenge to statisti-
cians and econometricians. Singleton (1999) proposed the use
of the conditional characteristic function along with simulation
and developed an SMM estimator. Our approach exploits the
explicit functional form of the unconditional joint characteris-
tic function to develop an efficient estimation procedure based
on the empirical joint characteristic function. Because there is
an exact one-to-one correspondence between the characteristic
function and the distribution function, the empirical character-
istic function (ECF) contains the same amount of information
as the empirical distribution function (EDF). Consequently,
the ECF method can often attain the same asymptotic effi-
ciency as the maximum likelihood (ML) method. Moreover,
because the exacr moment conditions of the stochastic pro-
cesses are readily available from the analytical characteristic
functions, an alternative approach is also proposed in this arti-
cle for the AD and AJD models via the generalized method
of moments (GMM). The estimators developed in this article
are in stark contrast to those available in the literature in the
sense that our methods require neither discretization nor simu-
lation. More important, our methods are particularly useful for
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the AD and AJD models with latent variables, that is, the case
where some of the state variables are unobserved. We illus-
trate the approach of analyzing the statistical properties of the
AD and AJD models based on the joint characteristic function
with two examples, the square-root process in the univariate
case and the stochastic volatility (SV) model in the bivariate
case. An application of the estimation methods is undertaken
for the SV model using the S&P 500 index returns.

Section 2 examines the general AD and AJD models and
the joint characteristic function in both the situation where all
the state variables are observed and the situation where only
some of the state variables are observed. We show how we can
examine the statistical properties of these processes from the
joint characteristic function. Section 3 considers the estimation
problem and develops, in particular, two estimators based on
the empirical characteristic function (ECF) approach and the
GMM approach for the AD and AJD models with unobserved
or latent variables. Section 4 involves an empirical application
of our techniques to the SV model using daily S&P 500 index
returns, along with further discussion on the issues related to
the implementation of the ECF method. A brief conclusion is
contained in Section 5.

2. CONTINUOUS-TIME STOCHASTIC PROCESSES

We consider a general continuous-time affine jump-
diffusion (AJD) model, with the affine diffusion {(AD) model
as a special case, as defined in Duffie et al. (1999). Using the
same notation as in Duffie et al. (1999), we fix a probability
space (£, F, P) and an information filtration (#,) = {F,: t >
0} and suppose that X, is a Markov process in some state space
D e R", following the stochastic differential equation (SDE):

er=:U“(X1)d[+0-(xt)dwz+dzr’ (1)

where W, is an (F,)-standard Brownian motion in R", u(-) :
D - R" and () : D — R are, respectively, the drift
function and the diffusion function, and Z is a pure jump
process whose jumps have a fixed probability distribution J
on R” and arrive with intensity {A(X,): t > 0} for some
A(:) : D — [0, 00). The initial value of the stochastic process
X, is assumed to follow a trivial distribution. For X, to be a
well-defined Markov process, regularity conditions on the fil-
tration (F,) = {,: t > 0} and restrictions on the state space
as well as on the coefficient functions of the stochastic pro-
cess, namely, (D, u(-), o(-), A(-), ), are required. For tech-
nical details, see, for example, Ethier and Kurtz (1986), Duffie,
et al. (1999), Dai and Singleton (1999), and Duffie and Kan
(1996).

The continuous-time jump-diffusion (JD) process defined
in (1) is often used in the finance literature to model the
dynamics of asset return, index return, exchange rate, interest
rate, and so forth. Intuitively, the drift term wu(-) represents
the instantaneous time trend of the process, the diffusion term
o(-)o(-) represents the instantaneous covariance matrix of
the process when no jump occurs, and the jump term Z, cap-
tures the discontinuous change of the sampling path with both
random arrival of jumps and random jump sizes. More specif-
ically, as noted in Duffie et al. (1999), conditional on the path
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of X,, the jump times of Z, are the jump times of a Poisson
process with time-varying intensity {A(X;): 0 <s < t}, and
the size of the jump of Z, at a jump time 7 is independent of
{X;: 0 <s <7} and follows the probability distribution J.

For convenience and tractability, many financial models
impose an “affine” structure on the coefficient functions
u(-), o()a(-)’, and A(:); that is, all these functions are
assumed to be affine on 2. Using the notation in Duffie et al.
(1999), we have

IU‘(X/) =K0+K1Xf’
[U'(XT)U(X,)I]U. = [HO]U + [Hl]in/‘
MX) =L +1X,

where K = (K, K|) € R" x R™", H = (Hy, H)) € R™" x
R and [ = (ly,1)) € R x R". Let g(c) = [, expfc-
z}dJ(z) be the jump transform whenever the integral is well
defined, where c € C", the set of n-tuples of complex numbers,
and g(-) determines the jump size distribution. It is obvious
that the set of “coefficients” or parameters (K, H,1, g) com-
pletely specifies the AJD process and determines its statisti-
cal properties, given the initial condition X,,. When the jump
intensity is set as O, that is. A(-) = 0, the process is referred
to as an affine diffusion (AD) process.

Dynamic properties of the jump-diffusion (JD) process
defined in (1) are determined by the transition density func-
tions, which, under regularity conditions, satisfy the Kol-
mogorov forward and backward (or Fokker—Planck) equations
of the Markov process. However, the transition density func-
tions of the diffusion and jump-diffusion processes in general
do not have a closed analytical form. For instance, in the sim-
plest univariate pure-diffusion case, that is, n = 1, A(:) = 0,
the Ornstein-Uhlenbeck process and the square-root diffu-
sion process are two well-known processes with explicit tran-
sition density functions. For these two processes, both the
drift function w(-) and the diffusion function ¢*(-) are of lin-
ear structure. The functional forms of the transition densities
corresponding to specifications essentially different from the
preceding two processes are not known explicitly; see Wong
(1964).

As we mentioned in Section 1, because there is an exact
one-to-one correspondence between the characteristic function
and the distribution function, an alternative expression of the
statistical properties of the model is given by the characteristic
function of the state variables. Duffie et al. (1999) showed
that, under the “affine” structure, the conditional characteristic
function of the jump-diffusion process as defined in (1) has
a closed form. Using their results, we have the characteristic
function of X, . conditional on X, given by

ll/(u; X!+T|Xr) = E{exp{iuX,HHX,]
=exp{C(7, u)+D(7.u)X,}, (2)

where D(-) and C(-) satisfy the following complex-valued
Ricatti equations:

dD(T, u , 1 ,
((7—7') =K,D(7,u)+ ED(T, w) H,D(7, u)

+ 4g(D(r,w)) 1), (3)
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oC(7, u)

7 3 1 B
a7 :K[)D(T1 u)“‘ED(T,M) HOD(T, u)

+4@(D(T.u)) = 1), (4)

with boundary conditions D(0, ) = iu, C(0, u) = 0. With
certain specifications of the coefficient function (K,H.l,g),
explicit solutions of D(-) and C(-) can be found. In other
cases, as noted in Duffie et al. (1999), solutions must be
found numerically. With explicit solutions of D(-) and C(-),
it appears that it would be easier to investigate the statistical
properties of the model in the frequency domain than in the
time domain.

In practice, to investigate the joint sampling properties
of the jump-diffusion process on the one hand and elim-
inate the “start-up” effect of the initial condition on the
other, the unconditional joint probability distribution or the
unconditional joint characteristic function of the state variables
{X,.X..... ,X,p} over time {z,.f,,...,1,} rather than the
conditional probability density function or conditional char-
acteristic function is often required. In the next section, we
will see that these joint distribution functions or joint char-
acteristic functions will be needed for the estimation of the
stochastic processes. Because of the Markov property, the joint
probability distribution is given by the conditional probability
distribution and the marginal distribution of the initial condi-
tion, namely. f(X,. X,,..... X, )= f(X) IS F(X,_|X,)-
Clearly, the joint density will have a closed form whenever the
transition density is known explicitly. When the joint density
is unknown, our plan is to use the unconditional joint char-
acteristic function. Unfortunately, unlike the joint density, the
joint characteristic function is not given by the product of the
corresponding conditional and marginal functions. However,
the following lemma shows that in an affine jump-diffusion
framework, when the marginal characteristic function of the
initial condition is available, we still can have a closed form
for the joint characteristic function.

Lemma 1. Lety=(x,x;,...,x,,,) be a vector of p+1
equispaced observations on the affine jump-diffusion process
X, as defined in (1) with initial condition X, = x,. The joint
characteristic function of this vector conditional on x, is
given by

luy, us, ..
p+1

= E[exp[i > upx, l 1x0j|
k=1

Ca Uy Xy Xy e X | Xg)

p+l

= exp[Z C(l. u;)} exp{D(1, u}) xy},

k=1

where u} = u,,, and up = u, —iD(1,u; ), k=1,....p. If

the characteristic function of x, is available, that is,
E[e"*] = ¢(u: x;),

then the unconditional characteristic function of y is given by

I RN TS T TN )|

ptl

=exp{2cu,uz>]¢w<1,un:xo>. 5)

k=1
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Proof. See the Appendix.

Remark I. In the case in which X, is stationary, the
marginal density function and the marginal characteristic func-
tion of the process can be derived from the conditional
density function and the conditional characteristic function,
respectively, namely, f(X, = x,) =lim,_ . f(X,=x,|X,_, =
x,_.) and @(u; X,) =lim,___ ¢(u; X,|X,_, = x,_,). Statisti-
cal properties, both static and dynamic, can be derived from
the characteristic functions as both the cumulants and the
moments can be calculated easily when the characteristic func-
tion has a closed analytical form.

As an application of the preceding lemma and an illustra-
tion of how the characteristic function can be used to study the
statistical properties of the stochastic process, we now exam-
ine the following example.

Example I (The Square-Root Diffusion Process). Consider

the following univariate pure diffusion process:
dv,=B(a—V,))dt+oV'?dW,,

with affine structure on both the drift function u(V,) = B(a —
V,) and the diffusion function ¢*(V,) = ¢”V,. This process is
known to be a positive process with a reflecting barrier at 0,
which is attainable when 2Ba < ¢, and has been used by
Cox, Ingersoll, and Ross (1985) to model the nominal inter-
est rates and by Bailey and Stulz (1989) and Heston (1993)
to model the conditional volatility of asset returns. Solving in
(3) and (4) for D(-) and C(-), we have the conditional char-
acteristic function

'j/(u; V, = U,|V0 = UO)
=exp(C(1, u)+ D(1, u)v,)

s )
:exp!—%ln(l - %)—{—

where ¢ = 28/(o*(1 — e™#")). Via Fourier inversion of the
conditional characteristic function, the transition density func-
tion can be obtained as f(V, = v,|V, = vy) = ce “ " (v/u)??
14(2(141/)""2) with V, taking nonnegative values, where u =
cvee™, v =cv, g =2Bajo? — 1, and I,(-) is the modified
Bessel function of the first kind of order ¢. The transition den-
sity function is noncentral chi-squared, x*[2cv,;2q + 2, 2u],
with 2g 42 degrees of freedom and parameter of noncentrality
2u proportional to the current level of the stochastic process.
The conditional expected value and variance of V, is given by
E[V,|Vy = vy] = vge ¥ + (1 —e™).

iue P

—
1 —iufc’

| o

2 2
Voo~ ac”

2B

If the process displays the property of mean reversion
(B > 0), the process is stationary and its marginal distri-
bution can be derived from the transition density, which is
a gamma probability density function; that is, f(V, =v,) =
(0" /T(5))vi"'e ", where w =2B/0” and s = 2aB/a?, with
mean « and variance ao?/2f. Similarly, the marginal charac-
teristic function can be derived from the conditional charac-
teristic function as ¢(u; V,) = (1 — iuc?/28) 2B/,

Var[V,|V, = vy] = (7B ey + (1—e P2,
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With the direct application of Lemma 1, the joint charac-
teristic function of {v;, v, ..., v,,,} as a vector observation
of V, with initial condition V,, = v, is given by

Uy, s oo U U Vs 0,)
p+l
= E[E[expiiz llkvk}] v(,:|
k=1

ptl

= x| Cup | Elexp(D0. 1)),

k=1

where w, | =u, ,u; =u,—iD(lu;,,) fork=1.2,....p
with D(-) and C(-) given by the solutions in (7) for this par-
ticular example. Now because v, has a gamma marginal (sta-
tionary) distribution, we have

U IQ700 'O S T U
ptl D1, u?)o? 2paa?
:exp{ZC(l.uZ)}(l——'—l—-) .
k=1 2B

A widely used and also very important class of stochas-
tic processes in finance is the one that involves unobserved
or latent state variables, for example, the stochastic volatility
(SV) model. As we will see in the next section, the estima-
tion of such a class of models has posed a great challenge to
econometricians. We partition the whole vector of X, into two
subvectors, that is, X, = (S,, V))". where §, e R", n > m > 0,
is the vector of observed state variables and V, € R"™" is the
vector of unobserved or latent state variables. Instead of find-
ing the joint sampling properties of the whole vector of state
variables X,, now we are interested in only the subvector of
X,, namely, S,. Although we know that the vector process X, is
Markovian, S,, as a subvector of X,. is not necessarily Marko-
vian. That is, the future values of §, may be dependent on not
only its current observation, but also its historical observations
and, in certain cases, even its entire history. In the non-Markov
case, the joint probability function f(s,, s, .- ,s,p) does not
have the nice iterative property any more. Again. when its ana-
lytical functional form is not available, we will use the joint
characteristic function. Specializing earlier results, we have

Plul,u2s s, v, 08, v,)
= E[exp{iul's,,, +iu2'v,_}ls,. v
=exp{C(7,ul, u2)+D1(7.ul, u2)'s,
+ D2(7, ul, u2)'v,}, (8)

where C(7,ul,u2) = C(7,u), (DI(7,ul,u2),D2(r,ul,
u2)) = D(7,u) with u = (ul’, u2')". Further, we note that

P (u; S,“.|S,, l),)
= E[exp{il’l/sfff}ls[’ Ur]
= exp[C(T. u,0)+D1(7,u,0)s, + D2(7, u, 0)'v,}

Therefore, we have the following lemma.
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Lemma 2. Let X, be the affine jump-diffusion process
defined in (1) with X, = (S, V/) and let v = (5,, 55, . . . . Spe1)
be a vector of p+ 1 equispaced observations on the partial
stochastic process S, with initial condition X, = x,. The joint
characteristic function of the vector y conditional on x, is
given by

Y(ul, uls, ...

p+i
= E[exp{iz ulls; }
k=1

Ul s Sas 8,0 1X)

x():|

p+1
= exp{z C(1,uly, u2:)]exp{D(l. uly. i42,‘)'.\",}.
k=1

where ul) | =ul . u2}  =0,ulp =ul, —iDI(l.ul} |,
w2, ), and w2y = —iD2(1, ul} |, u2; )fork=1.2,..., p.

If the characteristic function of x,, is available, that is,
Ele" "] = &(u; x,),

Then the unconditional joint characteristic function of vy is
given by

Pul,,ul,, ...

p+t
=expi > C(l.uli u2) td(D( uli w2} xp). (9)

k=1

sl s s s,0)

Proof. See the Appendix.

Remark 2. As noted in Remark [, for stationary processes
the marginal density function can be derived from the transi-
tion density, and the marginal characteristic function can be
derived from the conditional characteristic function. In the
asset return models, it is quite often the case that the whole
vector of X, is not stationary. Instead, only part of the pro-
cess is stationary, and the rest of the process is first difference
stationary. For instance, in the following stochastic volatility
asset return model, whereas the stochastic volatility is speci-
fied to be stationary, the logarithmic asset prices are modeled
as first difference stationary: in other words, the asset returns
are stationary. Without loss of generality, we assume that V, is
stationary and AS, = S, —S,_, is stationary; that is, (AS,, V,) is
a stationary process. Instead of analyzing the joint characteris-
tic function of {s,,s,,...,s,,,}, we can derive the joint char-
acteristic function of {As,. As,,. .., As,,}, in which only the
marginal characteristic function of v, is needed. For S, to be
first difference stationary, certain restrictions on the parameter
set (K, H.l,g) are required. One set of sufficient conditions
is that the elements of K. H,,/,. and g corresponding to the
S, equations are all 0; that is, the state variables S, do not
appear directly in its own dynamic process. Thus, the solu-
tion to (3) for D(7, u), corresponding to state variables §,, is
D(7, u) = D(0, u) = iu. We illustrate Lemma 2 in general and
this special case in particular with the following example.

Example 2 (The Square-Root Stochastic Volatility Model).
Consider the following asset return process with stochastic

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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conditional volatility for the logarithmic asset prices s,:

ds,=pdt+ V' dW,,
dv,=B(a—V,)dt+aV'*dW/,

dW,dW; = pdt, t€[0,T]. (10)

This continuous-time SV model has been widely used in the
finance literature for asset return dynamics as it allows for a
closed-form solution for European option prices. As in Single-
ton (1999), the drift term of the asset return process is speci-
fied as a constant. It is noted that when the drift term of the
asset return process is specified as a linear function of the state
variable V,, both the European option prices and the condi-
tional characteristic function of the asset return will still yield
closed forms. The specification of the instantaneous volatility
process in the preceding model guarantees the nonnegative-
ness of the volatility. The solution of the square-root process
in (1) or (10) can be written as

141
Vin=(=ePate PV + [ oe B ovIRaw:,
1

which is of an AR(1) form, where €, = [ e BU+1="x
V1/2dW?! is a martingale. Thus, the process can be viewed
as an AR(1) process with heteroscedasticity. The parameter 3
measures the intertemporal persistence of the volatility pro-
cess, and the correlation between dW and dW, measures the
level of asymmetry of the conditional volatility. In particular,

when p < 0, we have the so-called “leverage effect.”

The statistical properties of the stochastic volatility process
have been discussed in detail in Example 1. Because of the
lack of explicit solutions to the continuous-time asset return
process with stochastic volatility as defined in (10), the only
formal derivation of the statistical properties is contained in
Das and Sundaram (1999), who derived some conditional and
unconditional static moments. However, from a straightfor-
ward application of Lemma 2 to the process (As,. V,), we can
derive the unconditional characteristic function of the asset
returns As, = 5, —s,_,, as well as the joint characteristic func-
tion of the asset returns. Lemma 3 presents the joint charac-
teristic function of asset returns, followed by a discussion of
both static and dynamic properties.

Lemma 3. Let s, be the stochastic process defined in (10).
Given s, and that V, = v, follows its marginal distribution,
the joint characteristic function of As, =5, — sy, As, = 5, —

Si5...,and As, .| =s5,,,—s,, where p> 1, that is,

U(uy, uy, ...

sty As) Asy, oL As, )

pH1
= E[exp{i Z ukAsk”
k=1
can be derived as

Ingr(uy, uy, ...
p+1

=" C(1; ul}, u2;)

k=1

sy Asp Asy L As,y)

2Ba o2 1! .
___len(l—-z—ZD(l;ul,uflk)) (11)

k=1
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where ul) | = ul, , u2; | = 0,ul} = u,u2; = —iD(I;

ulp ,u2p, )fork=1,...,p, and

C(miup, uy) = (luypu+iBauy)t
Ba
+ l:(b—h)T——Zln(

ol

1 _ge—hr
1—g ’

ht

b—h

5

o? 1—ge

l—e

D(7;u,, “2) =

with h(u,, uy) = [b* + o (u + 2pou,uy + o2 u3 + 2Bu,i)]' >,
gluy, uy)) =(b—h)/(b+h), and b= B —pou,i—c’u,i. In
particular, when p = 1, we have

In t//(ulﬁ U, AS], ASZ)
2Ba
Xln(l _ai(D(; u3,0)+D(21/;u,. —iD(1; uz.O))))_

=C(1; uy, )+ C(Ls uy, —iD(15 u,,0)) —

Proof. See the Appendix.

The static properties of the model can be derived from the
marginal characteristic function, which is, in essence, a special
case of the joint characteristic function in Lemma 3 with p =
0. That is, we have

¢(u; As,) = Elexp{iuls,}]

2D 1, ,0 —2aﬁ/(}2

_ ‘_’_(“_)) (12)
2B

From (12) and the expressions of C(1,4,0) and D(1, u,0),

we see immediately that if p = 0 then the characteristic func-
tion ¢(u; As,) is given by

:exp{C(l,u,O)}(l

o(u; As,) = " Q(u*; a, B, 0?),

where Q(u%; a, 8, 0?) is a function of u? and hence is real.
Thus, As, has a symmetric distribution around its mean .

Remark 3. Furthermore from the marginal characteristic
function of As, in (12). we note that the asset return process
defined in (10) is a stationary process with the following first
four moments:

E[As]=p.
Var[As,] = a,

E[(As,—p)']= E(e_ﬁ +B - Dapo,
E[(As, —p)*] = 3 Var[As,* + &, (13)
where ¢y = (3/B) e P +B—-1+4(2+Be? +B—
2)pHao?. Note that the third moment can be nonzero due
to the presence of the asymmetric parameter p. It is obvious
that the asset return distribution is asymmetric if p # 0, and
the skewness has the same sign as that of p. From the fourth
moment, we can see that E[(As, —u)*] —3 Var[As,]* = ¢, > 0;

—»
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that is, the asset return distribution has positive excess kurto-
sis, or fat tails. It can be further shown that the distribution
of asset returns As, is leptokurtic, more peaked in the vicinity
of its mean than the distribution of a comparable normal ran-
dom variable. These features are consistent with the empirical
findings on the unconditional distributions of many financial
asset returns.

Remark 4. From the joint characteristic function in
Lemma 3, we can readily calculate various cross moments of
As,. In particular, we have (i) the mean adjusted asset return
As, — p is uncorrelated over time, that is,

E[(ASI_#)(ASI+T_I'L)]:O* T>1,

and (ii) the squared mean adjusted asset return (As, — u)? is
correlated over time with

Le—(fﬂ)ﬁ(eﬁ -1

23°
x (P — 14+ 4p*(ef — B—1))ac?,

Cov[(As, —u), (As, ., —u)’]=

T>1, (14)
which is strictly positive but decreases with T and goes to 0 as
T goes to +oo. Thus, whereas the asset returns are uncorrelated
over time, the squared asset returns are autocorrelated. We
also note that the squared return process can behave quite
differently from the instantaneous volatility process.

The discussion and derivations surrounding Example 2
highlight the fact that often in affine diffusions with latent
variables we can exploit the form of the characteristic func-
tions, both conditional and unconditional, to examine the sta-
tistical properties of these processes. In the next section, we
will see that the joint characteristic function can also be used
to develop efficient estimators of the parameters in the AD
and AJD models, especially for the case where some of the
state variables are unobserved or latent.

3. GENERALIZED METHOD OF MOMENTS AND
EMPIRICAL CHARACTERISTIC FUNCTION
ESTIMATION OF THE CONTINUOUS-TIME

STOCHASTIC PROCESSES

In this section, we focus on the estimation of the affine
jump-diffusion process, as defined in (1), that involves latent
variables, especially the case in which the observed partial
process is non-Markovian. The processes without latent vari-
ables can be viewed as special cases and have been intensively
studied in Singleton (1999). For the case in which the condi-
tional characteristic function of the affine diffusion or affine
jump-diffusion process X, has explicit analytical form and the
whole vector of X, is observable, Singleton (1999) proposed
both the maximum likelihood (ML) estimation and the par-
tial maximum likelihood (PML) estimation based on Fourier
inversion of the conditional characteristic function (CCF), as
well as the standard quasi maximum likelihood (QML) esti-
mation based on conditional moments. Singleton (1999} also
proposed both the efficient and the approximately efficient
estimation of the AD or AJD process X, based directly on the
empirical conditional characteristic function (ECCF). As will
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be seen later in this section, the basic idea is to match the
analytical CCF to the empirical CCF. For the efficient esti-
mation, however, the optimal weight function is not known
as it cannot be computed without a priori knowledge of the
conditional density function, which we will also discuss in
detail later in this section. When part of the state variables
of X, is unobserved or latent, Singleton (1999) proposed the
simulated method of moments (SMM) estimation based on
the CCF, which involves simulating the stochastic process.
Because the model is essentially in continuous time, such
simulation often involves approximation error due to the dis-
cretization of the data-generating process (DGP). Chacko and
Viceira (1999) constructed a GMM estimator based on the
unconditional mean of the difference between the empirical
characteristic function and the analytical characteristic func-
tion for integer values of the dummy variable u. However,
their procedure does not utilize the full conditioning informa-
tion in the data. Therefore, although their estimation approach
uses exact moments, the lack of conditioning information pro-
duces an estimator that is neither as efficient as that in Single-
ton (1999) nor as efficient as the estimators we shall propose
in this section.

Estimation of dynamic nonlinear latent variable models,
such as the SV model in (10), is by no means a trivial
task. The difficulty arises because the latent variables, that
is, the stochastic volatility in the case of the SV model, are
unobservable, and thus the models cannot be estimated using
standard maximum likelihood (ML) methods as the latent or
unobserved variable has to be integrated out of the likeli-
hood. Over the past few years, however, remarkable progress
has been made in the field of statistics and econometrics
regarding the estimation of nonlinear latent variable mod-
els in general and SV models in particular. Various estima-
tion methods have been proposed for SV models, which are
mostly simulation based and computationally intensive and
involve discretization when applied to the continuous-time
processes. For example, we have the quasi maximum like-
lihood (QML) by Harvey, Ruiz, and Shephard (1994), the
Monte Carlo maximum likelihood by Sandmann and Koop-
man (1998), the Markov chain Monte Carlo (MCMC) meth-
ods by Jacquier, Polson, and Rossi (1994) and Kim, Shephard,
and Chib (1998) for discrete-time SV models, and the effi-
cient method of moments (EMM) by Gallant and Tauchen
(1996) for both discrete-time and continuous-time SV mod-
els. Applications of EMM have been performed by Gallant,
Hsieh, and Tauchen (1997) and Andersen and Lund (1997)
to symmetric continuous-time SV models and Andersen, Ben-
zoni, and Lund (1998), Benzoni (1999), and Chernov and
Ghysels (1999) to asymmetric continuous-time SV models.
The estimation of asymmetric continuous-time SV models
has also been examined by, among others, Pan (1999) and
Jones (1999). In addition to the aforementioned EMM appli-
cations, Singleton (1999) applied the proposed simulation-
based ECF estimator for affine diffusion models to the SV
model as defined in (10) using the S&P 500 index returns.
Chacko and Viceira (1999) applied their GMM estimation to
the jump-diffusion process with stochastic volatility using both
weekly and monthly total return observations on the Center
for Research in Security Prices (CRSP) value-weighted port-
folio. GMM is also used by Andersen (1994) and Andersen
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and Sgrensen (1996) to estimate discrete-time SV models and
Ho, Perraudin, and Sgrensen (1996) and Pan (1999) to esti-
mate continuous-time SV models.

In this article, we exploit the fact that the characteris-
tic function of the asset return process as well as the joint
asset return process can often be derived analytically. Using
these analytical results, we propose the following two differ-
ent methods for the estimation of the continuous-time SV pro-
cess; one is the generalized method of moments (GMM) based
on the exact moment conditions and the other is the empiri-
cal characteristic function (ECF) method, which matches the
empirical characteristic function calculated from the data to
the analytical characteristic function derived from the model.

3.1 Generalized Method of Moments Estimation of

the Continuous-Time Stochastic Processes

As shown in Section 2, various unconditional moments of
the state variables can be derived from the unconditional joint
characteristic function. These moments are exact in the sense
that they correspond to the continuous-time DGP without any
discretization or approximation. When the joint characteristic
function has a closed analytical form, these moment condi-
tions also have explicit expressions whenever they exist. Con-
sequently, these moment conditions can be used to estimate
the stochastic processes following a standard GMM procedure.
As in Singleton (1999), we assume that Hansen’s (1982) reg-
ularity conditions are satisfied. In this section, we present this
procedure for the case in which the partial process §, of X, is
observed and first difference stationary, and the rest of the pro-
cess is latent. For other cases, the only difference is the change

of notation. Let (uy, ... ttys.vo sty joee ty 3 A8 ..o,
As,, ..., As, ;... As,. ) be the unconditional joint char-
acteristic function of {As,,...,As, ..., As ..., As, i}
with | <7 <t+4+j<p+1. We have
E[As{As}2 ]
=0y, U U
Ao Ao, ASppjnenes As,)/
ikl+k2 akl Asr J* ASf+j|M]="'=Mp+\=O.
where k,, k, € {0, 1, ... }. Further, we define
Asz Asﬁi - E[Asf(‘) Asfﬂ]
K KE Kb K
fr(g) = ASIIASr;j - E[ASIRASI;J'] s
ke kP kS kS e 0,1, it t+je{l,...,p+1),

as the vector of various chosen moment conditions.

With the vector of the population moment conditions
denoted previously by f,(6) and the vector of corresponding
sample moment conditions with sample size T denoted by
gr(0), the GMM estimator is defined as

A

Or = argmin{J; (6) = g7(0)Wr (0)8(0)}. (15)
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where © denotes the permissible parameter space and W, a
positive-definite weighting matrix, which is chosen to yield the
smallest asymptotic covariance matrix of the GMM estimator
of # as in Hansen (1982). Under regularity conditions, the
estimator 6 is consistent and asymptotically normal, that is,

T'2(6; —6) ~ AN (0, V;), (16)
and a consistent estimator of V; is given by VT =
(1/T)(D'(8)S~'(8)D'(#))~". where D(f) is the Jacobian
matrix of g,(6) with respect to 6 evaluated at the estimated
parameters, and S(f) is a consistent estimator of S(6) =
E[f.(6)f/(8)]. Under the null hypothesis that the model is
true, the minimized value of J,(8) in (15) is x? distributed
with degrees of freedom equal to the number of orthogonality
conditions net of the number of parameters to be estimated.
This x? statistic provides a goodness-of-fit test for the model,
and a high value of this statistic suggests that the model is
misspecified.

3.2 Empirical Distribution Function Estimation of
the Continuous-Time Stochastic Processes

Before we discuss the estimation of the AD and AJD
models via the ECF, it is worthwhile to briefly outline the
ECF estimation method for stationary stochastic processes.
Suppose a vector of random variables v has the distribution
function F(y; 6) where 6 € O, the parameter space that spec-
ifies the distribution, and the characteristic function is defined
as the Fourier transformation of the distribution function. In
particular, the joint characteristic function of y, denoted by
Yiu; v, 6), is defined as

W(u . 0) = Elexplin's}] = [explin'y} dF (»:0).  (17)

and the joint empirical characteristic function, denoted by
¥, (u; y), of the random vector y is the sample counterpart of
the characteristic function.

l n
W, (u;y) = ;Zem{iuﬁvy} =/eXP{iu’y}dF,,(y; 6), (18)
j=1

where F,(v) is the empirical distribution function. Because
there is a unique Fourier-Stieltjes transformation, the joint
characteristic function and the joint empirical characteristic
function defined previously contain the same amount of infor-
mation as the distribution function and the empirical distri-
bution function (i.e., the sampling observations), respectively.
The basic idea of the empirical characteristic function esti-
mation method for time series models was first proposed
by Feuerverger (1990), who extended earlier results on the
ECF method (see Feuerverger and Mureika, 1977, Feuerverger
and McDunnough, 1981) to estimate stationary stochastic
processes. He proposed splitting the data into n =T — p
overlapping blocks, each of length p+ 1, and using the joint
characteristic function of each block to estimate the parameter
vector 6 by minimizing the following weighted distance:

min [ [ 195, 6) = ,3) P e(wydu (19)
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or, under standard regularity conditions, solving the first-order
conditions of the preceding optimization problem
[ [ty 0= g, i Hydu=0,  (20)
where r(u; y. 0) and ¥, (u; ¥) are given in (17) and (18) and
Y= X x,), j=12.00.,n =T — p, with X;
being observations on the time series. Both ¢(-) and w(:) are
weighting functions. Because (20) solves the first-order con-
ditions of (19), for these two procedures to be equivalent it
is necessary for w(-) to be a function of 6 as it involves the
derivative of ¢/(-) with respect to 6. As ¥(u; y, 8) is a func-
tion of the unknown parameters, that is, 8, and ¢ (u; v) is a
function of the data, the ECF method merely minimizes (19)

with respect to 8. Feuerverger (1990) also showed that using
(20) with w(u, #) chosen as

1
(zﬂ-)pﬂ

oln f(x;fx,_ph v x; ) o
% ff 70 exp(—iu;y;) dy,

results in an estimator asymptotically equivalent to maximum
likelihood. Lemma 4 gives the asymptotic distribution associ-
ated with the ECF estimator derived from (19).

w(u, ) =

Lemma 4. The parameter estimators 6 obtained from the
empirical characteristic function method are consistent and
asymptotically normally distributed with

V(6 -8) = N (O, Q), 1)
where ) = B™'(#)A(8)B'(0) is the variance-covariance of
the parameter estimators with both A(f) and B(6) defined

in the Appendix. A consistent estimator of the variance-
covariance is also given in the Appendix.

Proof. See the Appendix.

In Section 2, we noted that for the AD and AJD mod-
els the joint characteristic function often has a closed form.
This expression can be used in the previously outlined estima-
tion strategy to develop relatively efficient estimators of the
unknown parameters.

In the full Markov model where all variables are observed,
our proposed estimator will be an alternative to those proposed
in Singleton (1999) and Chacko and Viceira (1999). Both
these papers use the conditional characteristic function rather
than the joint characteristic function, with the Singleton (1999)
approach making full use of the conditioning information. The
major difference between our approach and the approach in
Singleton (1999) is that, instead of conditioning on the ini-
tial observation, our approach includes the initial observation
in the joint unconditional distribution. In many situations and
for commonly used samples, the treatment of the first obser-
vation as random or deterministic can sometimes have a major
effect on the estimation; see, for example, Stambaugh (1999).
These effects are often particularly important when the sample
size is small or the persistence of the process is high. Another
advantage of our approach is that it avoids these problems.
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With large sample size and for the Markov models, the
approaches would be equivalent as it is clear that we would
simply need blocks of length 2. Therefore, in situations where
all variables in the model are observed, we recommend the use
of the Singleton (1999) GMM-CCF estimator or our estima-
tor with block size of 2, or p = 1. Singleton’s (1999) estimator
uses a finite grid of points for the estimation of the condi-
tional characteristic function and his estimator hinges on the
choice of the number of points and their value. Our estimator
with p =1 only requires the choice of the weighting function
®(u). How these estimators compare in finite samples and how
they perform for different models are important and interest-
ing issues. However, these issues are beyond the scope of this
article and will be examined in a separate Monte Carlo study.

As we mentioned in Section 1, the more challenging esti-
mation problem arises for the AD and AJD models where
some of the variables are unobserved or latent. In this case,
the difficulty arises with the estimation methods based on
the conditional characteristic function as not all the condi-
tioning information is observed. These unobserved state vari-
ables therefore need to be integrated out. The issue is further
complicated when the observed state variables, as part of the
whole state variables, which are Markovian, are not necessar-
ily Markovian. That is, the future states may depend on not
only the current states, but also their past and, in some cases,
even the entire history. This situation can be handled with
our estimator and was also a subject of discussion in both
Chacko and Viceira (1999) and Singleton (1999). Chacko and
Viceira’s (1999) strategy is to first examine the conditional
characteristic function and then to integrate out the condi-
tioning information, resulting in the marginal or unconditional
characteristic function, from which moment conditions and a
GMM estimator are derived. Unfortunately, the marginal char-
acteristic function is unable to explain any time series behav-
ior in the observed process. Singleton’s (1999) approach relies
on simulation methods to integrate out the dependence of the
conditional characteristic function on the unobserved or latent
variables. However, it could be argued that the use of simula-
tion along with discretization of the continuous-time process
seems to negate the tractability arguments associated with the
affine AD and AJD models in terms of their characteristic
functions.

The proposed estimators in this article, both the GMM
and the ECF, exploit the known form of the joint uncondi-
tional characteristic function. As shown in Section 2, the joint
unconditional characteristic function often has closed analyti-
cal form for the AD and AJD models; thus, (19) or (20) can
be readily used for the estimation of the processes. One of
the advantages of the estimators proposed in this article is
that they are exact approaches, in the sense that they require
neither discretization nor simulation. More specifically, in the
GMM case we are able to use both marginal and joint moment
conditions, resulting in a parsimonious, powerful, and intu-
itive GMM procedure. The ECF estimator is also appealing
as it essentially performs GMM with a continuum of moment
conditions and has the added property of relative efficiency.
When the weighting function is asymptotically optimal, the
ECF method has the same asymptotic efficiency as the ML
estimation method. Furthermore, the joint unconditional char-
acteristic function reflects both the static and the time series
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behavior of the observed process. As will be discussed later
in this section, for Markov processes, it is sufficient to have a
block size of 2, or p = 1, in the estimation, whereas, for non-
Markov processes, it would appear that there is no general
solution to the choice of the block size.

We will conclude this section by examining in some detail
the Singleton (1999) empirical conditional characteristic func-
tion (ECCF) estimator for Markov models, showing how it
can be extended to non-Markov models and how easily it can
be adapted to generate the exact ML estimator rather than
the conditional ML estimator. More specifically, Singleton’s
(1999) results exploit the particular dependency in Markov
models, resulting in the following optimal estimating equa-
tions, similar to (20), which result in conditional maximum
likelihood estimation (MLE):

T .
Z/w(u, Ox;_)(e"Y —y(ulx; ) du=0,

where

d lnf(xjixj—l)e

I
w(u, B]x,_,) = E/ -2

lH.\', dx_/

and _
Ylulx; ) = E[e"V|x;_].

The following lemma extends some of the ideas in
Singleton (1999) to non-Markov models and gives the optimal
estimating equations, which result in exact maximum likeli-
hood estimators.

Lemma 5. For a general stationary stochastic process with
the conditional likelihood given by

n
L= I_If(lelj-])’
j=2
where /;_, signifies information up to and including time j — 1,
the optimal weighting function associated with observation j
is given by

/a lnf(xj“j—i) dr

] —iux
w,(u, 0]1,_,) = ;fe o .

and the resulting estimating equations leading to the condi-
tional MLE are

ZZ( [, 611, ) du) =0,

(23)

For exact MLE, we need to amend the estimating equations
to take into account the additional information in the marginal
pdf of x,, that is, f(x,). The estimating equations become

fwx(u, B)e" " dx, + Z/ w(u, Ol1,_)e"" dx; =0, (24)

j=2

with
I [ e dInf(x)
w,(u.0) = by /e %5 dx,. (25)

Proof. See the Appendix.
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If the process is Markov, then

f(xj“j—l) = f(xj|xj—])

and, unlike in the general case, this pdf maintains a constant
form because the information set is now just the (j — 1)th
observation. Consequently, the weighting function will also be
of constant form, namely,

w;(u, 011, ) = wy(u. 0]x;_), Vj>2.

When the conditional density is unknown but the process
is Markov, we can obtain an approximation to the optimal
weighting function by approximating the In f(x;|x; ), for
example, via an Edgeworth expansion. This approach is cur-
rently under investigation by the authors.

However, when the process is not Markov and f(x;|/;_,)
is not known, we cannot use the Edgeworth approach as the
form of f(x[{,_;) is not constant. Consequently, we have no
alternative but to use some simulation approach along with the
ECF as in Singleton (1999) or use the weighted function of
the integrated mean squared error (MSE) given by (19). Using
(19) raises the issues of the dimension of the joint characteris-
tic function, that is, the length of the overlapping blocks given
by (p+1) and the choice of the weighting function ¢(u).

Unfortunately, it would appear that there is no general solu-
tion to the choice of p or ¢(u), except perhaps in a Markov
model where p =1 is clearly sufficient to capture the depen-
dency in the data. Consequently, optimal values for p and
¢(u) need to be considered on a case-by-case basis.

4. AN EMPIRICAL APPLICATION: ESTIMATION OF
THE STOCHASTIC VOLATILITY MODEL

In this section, an empirical application of the proposed
methods in Section 3, namely, the ECF method and GMM, is
undertaken for the SV model as defined in (10), namely,

ds, = pdt+ V" dw,
dv,=B(a-V,))dt+ oV, dw},

dW, dW! =pdt, tef{0,T]. (26)
The dataset in our application consists of the daily S&P 500
index returns over the period from 1990 to 1999, obtained
from DataStream International. The summary statistics of the
static and dynamic properties of daily S&P 500 index returns
are reported in Table 1, from which we can see that the daily
index returns are skewed with excess kurtosis. As for the
dynamic properties, the autocorrelations of index returns are,
in general, low. For the squared return series, the first-order
autocorrelation is low but not negligible, and higher order
autocorrelations are overall diminishing.

The GMM estimation, as proposed in Section 3, is based
on both the marginal and the joint moment conditions of the
observed return process As,, which is shown to be station-
ary. There are obviously an infinite number of moments that
may be used in GMM estimation. The primary guidance of
the moment selection in this article is the Monte Carlo evi-
dence in Andersen and Sgrensen (1996) on the GMM esti-
mation of a discrete-time SV model. First, in determining the
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number of moments used in the estimation, we keep in mind
the following fundamental trade-off: Inclusion of additional
moments improves estimation performance for a given degree
of precision in the estimation of the weight matrix, but in finite
samples this must be balanced against the deterioration in the
estimate of the weighting matrix as the number of moments
increases. Second, very high order moments should be avoided
due to their erratic finite sample behavior caused by the pres-
ence of fat tails in the asset return distribution. Asymptotic
normality of the GMM estimator requires finite variance of the
moment conditions and good estimates of these quantities in
finite samples. Thus, our moment selection tends to focus on
the lower order moments, which is consistent with Andersen
and Sgrensen (1996) and Jacquier et al. (1994). Third, differ-
ent from the discrete-time SV model, the absolute moments
of the asset returns cannot be derived for the continuous-time
model. The Monte Carlo evidence in Andersen and Sgrensen
(1996), however, suggests that inclusion of these kinds of
moments is, in general, unlikely to improve estimation perfor-
mance and, at best, the gains are quite minor.

The exact moment conditions are chosen with further con-
siderations of the particular model. First of all, because
stochastic volatility allows for skewness and excess kurtosis,
the first four unconditional moments are important. Second,
because the autocorrelation of squared returns is determined
by the SV process and its correlation with asset returns, the
joint moments of the squared returns are important for the
identification of the SV process. As the autocorrelation is vary-
ing over time, we use these moment conditions with different
lags. Consequently, the moments included in the GMM esti-
mation consist of the first four unconditional moments of the
asset returns and the first five orders of autocorrelation of the
squared returns. The weight matrix is estimated by the Bar-
lett kernel proposed by Newey and West (1987) with a fixed
lag length of 20. The starting values are set as the method of
moments estimates of the parameters, which are obtained by
matching the first four unconditional moments and the first-
order autocorrelation of the squared returns to the data.

The ECF estimation is also based on the time series
observations of index returns As,. We note that whereas the
bivariate stochastic process {s,, V,} is a Markov process by
the continuous-time model specification, the marginal process
{5,} and the return process {As,} are non-Markovian. Because
of the lack of the exact optimal weighting function in (20),
our estimation is based on the minimization problem in (19)
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with the weighting function being the pdf of a multivariate
normal distribution with zero mean and variance-covariance
matrix ¥ = o2/, namely,

() = 1 . i u'u }
¢ J2ma2)r P 202 )
As we have pointed out in the general discussion of the ECF
method, for non-Markovian processes there are no general
solutions for the choice of optimal weighting function ¢(-) or
the block size p. A practical solution for the choice of optimal
weighting function is to use the idea in the GMM procedure,
that is, choosing the weighting function that minimizes the
variance of the parameter estimates. In our particular choice
of the weighting function, this amounts to choosing the value
of a,. The choice of the block size p is more complicated,
depending on the exact structure of the DGP. For instance,
for an AR(q) process we have that asymptotic efficiency will
be achieved with p set to ¢ (see Knight and Yu 2000). How-
ever, for an invertible MA(g) process, which is, in essence, an
AR(c0), it is clear that we need as large as possible a block
size to achieve asymptotic efficiency. For a general nonlinear
process, increasing the block size should, in principle, lead
to gains in asymptotic efficiency; however, it also can sub-
stantially increase the computational burden in the estimation.
Thus, in general, there is a trade-off between large blocks
for asymptotic efficiency and small blocks for computational
efficiency. In addition, we note that, with fixed sample size,
increasing the block size will reduce the number of sampling
blocks in the ECF estimation. In our application, to highlight
the effect of varying block size and to ease the computational
burden, we consider, in the ECF estimation, five different
block sizes of 2-6, thatis, p=1,2,3,4, and 5. With p =5,
the block size exceeds the span of a 1-week period. The start-
ing values of the parameters in the ECF estimation are also
set as the method of moments estimates of the parameters.
Table 2 reports the parameter estimates and asymptotic stan-
dard errors for the SV model based on different estimation
methods. For the ECF estimation, we only report for each
p the parameter estimates using the multivariate normal pdf
as weighting function, with the standard deviation parameter
chosen among various values to minimize the variance of the
parameter estimates. First, the SV model has a reasonable fit
to the S&P 500 index returns over the sample period. The
Hansen-J x? test statistic for the model specification based on

Table 1. Summary Statistics of S&P 500 Index Returns for the Period 1990-1999

Static properties

Standard
N Mean deviation Skewness  Kurtosis  Maximum Minimum
As, x100 2,527 5581 x10°2 8.853 x10~! —.346 8.30 4.989 -7.113
Dynamic properties (autocorrelations)
N p(1) p(2) p3) p(4) p(5) p(10) p(20)
As, x 100 2,527 .016 .003 —.057 —.014 —.013 .047 .018
{As, x 100)? 2,527 213 41 074 .074 115 .052 .050
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Table 2. Estimation Results of the SV Model Based on Different Methods for the Period 1990-1999

Method u Ja B o p
GMM .056 .867 269 774 -.271
(017) (.021) (.131) (295) (107)
ECF (p=1) 056 885 230 820 —273
(017) (.023) (101) (201) (114)
ECF (p=2) .055 .886 297 942 —.246
(.016) (.023) (.128) (283) (117)
ECF (p=3) .056 874 .313 .960 —.263
(017) (.022) (118) (261) (101)
ECF (p=4) .059 871 274 773 _ 244
(017) (.021) (.102) (177) (109)
ECF (p =5) .059 .863 214 713 —.265
(017) (.020) (.075) (175) (.096)

NOTE: The numbers in parentheses are standard errors of the estimates. The GMM estimates are based on the first four unconditional
moments and first five cross-moments of squared returns. The Hansen-J y2(4) = 3.628 with p value = .458. ECF estimation is based
on the minimization of the integrated MSE of the analytical CF and ECF using the normal probability density function as the weighting
function with zero mean and the value of standard error chosen among various values to minimize the variance of the parameter

estimates. p+ 1 represents the block size used in the application.

GMM estimation has a p value of .458. Second, in both the
GMM and the ECF estimation, the estimate of 3 is, in gen-
eral, significant, suggesting there exists mean reversion in the
volatility process. Third, the ECF estimates are, in general,
sensitive to the choice of block size p. Whereas the estimate
of the expected asset return u and that of the long-run mean
of volatility a (or /@) are relatively stable, the estimates of
parameters reflecting the dynamic properties of the model are,
as expected, varying with different values of p and have rela-
tively larger standard errors. In particular, the mean reversion
parameter 3 has estimates that range from .214 to .313, and
the asymmetric correlation parameter between the asset return
and stochastic volatility has estimates that range from —.244
to —.273.

Many other estimation methods proposed for the dynamic
latent variable model have also been applied to the SV model,
mostly using the S&P 500 index returns as well. For instance,
Andersen et al. (1998) and Chernov and Ghysels (1999) esti-
mated the SV mode!l using EMM based on daily S&P 500
index returns from 1980 to 1996 and from November 1985
to October 1994, respectively. Singleton (1999) estimated the
SV model using SMM based on daily S&P 500 index returns
over the period 1990-1997. Chacko and Viceira (1999) and
Pan (1999) also estimated the SV model using weekly or
monthly asset returns. In these studies, the data source, sam-
pling period, or the drift function specification varies from one
to another. Overall, our estimation results based on the daily
S&P 500 index returns over the period 1990—1999 are compa-
rable to the SMM estimates in Singleton (1999). A noticeable
difference between our estimation results and those obtained
by EMM is the value of the mean reversion parameter and the
conditional variance of the volatility process. Our estimation
results indicate a much stronger mean reversion and higher
volatility for the stochastic volatility process. An intuitive jus-
tification is that, in the SV model framework, to incorporate
the negative skewness and fat tails of the S&P 500 index return
distribution, a negative correlation between asset return and
volatility and a significant level of variation in the stochas-
tic volatility are required. It is also noted that the parameters
in the SV process are tied to each other as the unconditional
mean and variance of the volatility are given, respectively, by

a and a(o?/2B). Tt is easy to see that, given o (the long-run
mean of volatility) and the variance of the volatility, a high
value of ¢ will induce a high value of 8 and vice versa.

A systematic comparison of the finite sample properties
of alternative estimators, including the ones proposed in this
article, calls for a Monte Carlo simulation study. Because of
the intensive computation involved in some of the estimation
methods, especially the EMM approach, this task will not be
pursued in this article but in a separate study. To gauge the per-
formance of our estimators, however, we investigate the impli-
cations of the parameter estimates on the static and dynamic
properties of the underlying process. Intuitively, when the
basic statistical properties of the estimated model are not con-
sistent with those of the data, the following conclusions are in
order: Either the model is a poor candidate of the DGP or the
estimation method employed has less desirable finite sample
properties. Based on this intuition, we exploit the analytical
moments derived from the model to calculate the major sum-
mary statistics from alternative parameter estimates. Table 3
presents the exact unconditional moments calculated from var-
ious parameter estimates, together with those calculated from
the data. Overall, the GMM and ECF estimates provide the
skewness and kurtosis of asset returns and the standard devia-
tion of squared returns that are very close to their data coun-
terparts. Unfortunately, increasing the block size, p, does not
significantly improve, and in some cases harms, the model’s
ability to capture the static properties of the data. We believe
that this is more than likely because, although the larger block
size helps the estimator account for the dependencies in the
data, it may, at the same time, make estimation of the uncon-
ditional moments more difficult. Figure 1 plots the first 20
orders of autocorrelations of the squared returns calculated
from various parameter estimates, together with those calcu-
lated from the data and the associated two standard error band.
The GMM and ECF estimates all generate a relatively high
first-order autocorrelation with higher orders of autocorrela-
tions quickly vanishing. For the ECF estimates, as p increases
from 1 to 5, it is expected that the model can better capture
the dynamic properties of the data. As shown in Figure I,
the first five orders of autocorrelation of squared asset returns
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Table 3. Comparison Between Data Moments and Model Moments Calculated From Different
Parameter Estimates

Standard Standard
Method deviation of As, Skewness of As, Kurtosis of As, deviation of (As,)?
Data .885x 1072 —.346 8.303 2108 x10°¢
GMM 867 x 102 —-.332 7173 1.868x 10~
ECF (p=1) .885x 102 —-.352 8.307 2117 x10°¢
ECF (p=2) 886 x 102 —.356 8.302 2121 x107*
ECF (p=3) 874 x10°2 —.391 8.366 2.073x10°*
ECF (p=4) 871x1072 —.297 7.026 1.862x 10~*
ECF (p =5) 863 x 1072 —.306 7.547 1.906x 10-*

NOTE: The data moments of S&P 500 index returns are calculated from daily returns over the sample period from 1990 to 1999,
Parameter estimates using GMM and ECF are based on the same dataset.

calculated from the ECF estimates appear to fit those calcu-
lated from the data reasonably well. Also, the structure of the
correlogram of the squared asset returns generated from the
model is reasonably successful in matching its counterpart of
the data. Although all the correlograms are decreasing overall,
that associated with the data is not monotonic. However, the
ECF estimates with p =5 are almost always contained within
the two standard error band.

5. CONCLUSION

Concerning the statistical properties and the estimation of
AD and AJD models, this article has made several contribu-
tions. First, we have shown how the joint characteristic func-
tion can be derived for AD and AJD models, thus enabling
various statistical properties of these processes to be exam-
ined. As an illustration, from the joint characteristic function
of asset returns, we derive analytically the exacr static and
dynamic properties of the continuous-time square-root SV pro-
cess. Second, using the joint characteristic function, we pro-
pose alternative estimators, both GMM and ECF, for these
Markov AD and AJD models. More important, we show how
in the latent variable case these estimators are both compu-
tationally efficient and asymptotically relatively efficient. The
estimation is based on either exact moment conditions or the
exact joint characteristic function and requires neither dis-
cretization of the continuous-time process nor simulation of
the sampling path. Consequently, our approach has the favor-
able properties of ease of implementation and computational

— Uata 199C-1929
o s Z=s.. banc

— ECF{;y=5)
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Serared Retore

of

1

crrelation
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Figure 1. Correlogram of Squared Asset Return.

efficiency. Finally, the illustrative examples, in particular the
SV model along with the empirical application, have demon-
strated the usefulness and elegance of the proposed techniques.
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APPENDIX: PROOF OF LEMMAS 1-5

Proof of Lemma 1. Using the following iterative proce-
dure, we have, from (2),

Ylu,,uy,y ...

r p+t

expyiy _upx,
=1

U3 X Xy X X))

;

E[exp{iu;u+1x1)+l }|Xp] lx()]

=FE

P

iy ux,

L k=1
»

i oux,
k=1

=FE|exp

exp{C(l,upH)—i—D(l.upH)'xl,}

]

p—1

=exp{C(l,u,,$1)}E[exp{iZu;xk }E
k=1

x,,_l]|x0].

x [exp{i(u, —iD(1.u,,,)) x,}
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Introducing the notation u;, | =u,,, and u; = u, —iD(1, u; )

fork=1,2,...,p, we have
Gluy g, ooty X X, X [X)
p—1
=exp{C(1, u{,H)} [expliZu;xk}exp{C(l,u;)
k=1

+D(1, u;)'xp_,}’xo]

p+1

= exp{ > oo, uZ)} exp{D(1, u})'x,}.
k=
Taking expectations with respect to x, results in the joint
unconditional characteristic function given by (5).

Proof of Lemma 2. Using the following iterative proce-
dure, we have, from (8),

Yluly,ul,, ...,

Ul 38182, 05 8,01%)

r pti
=E|expii Y uls, xo}
L k=1
_ r
=E|exp{iy_ulis yE[expfiul’, . pHHsp,vp]lxn:|
L k=1
- »
= E|expliy ulis, texp{C(l,ul,_,0)
L k=1

+DI(1, ulp+|,0)'s,,+D2(],u1p+|,0)’vp}|x0:|

p—I

k=1

:exp{C(l,u]pH,O)}E[exp{

E[exp{i(ul,—iD1(1,ul,.,,0))'s

P

Sp—l ° l’,p—l] |x0] .

Introducing the notation ul} = ul,, u2; =0 and ul} =
uly, —iD1(1, ul}y ), u2; ), u2; = —iD2(1, ul}, |, u2;,,) for
k=1,2,.

Ylul,ul,, ...,

+D2(1,ul,.,0)v,}

k1
., p, we have

Ul 158y, 520 e s S,pn]X)

p—1

=exp{C(1, ulp,r,,uZpH)} I:exp{iZul’kskI
k=1

X exp{C(l,ul u2y)+ DI(1, ul}, u2r)'s,_

+ D2(1, uly, u2)'v, ,}|x0}

P’

ptl
=expi > C(1, ul}, u2})

k=1

exp{D1(1, ul}, u2})'s,

+D2(1, ulj. u2‘{)'v0},

Taking expectations with respect to x, results in the uncondi-
tional joint characteristic function given in (9).
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Proof of Lemma 3. Applying the results of Lemma 2
directly to the SV model, we derive the joint characteristic
function of As; = s, — 55, As; =5, s, ...,As,, =5
where p > 1, that is,

hluy, s .oy VAs, )
= E[expliu, As) +iuy Asy + - +iu,,, As,, }]

prl s,n

Upprs s, Asy, o

= E[E[exp{iu, As, +iuy As, + - +iu,. As,y } [ s,.0,]]
= E[exp{iu, As, +iuy As, + -+ iu,As,
+C(l;u[,+,,0)+D(l:L¢p+,,0)v,,}].
Introducing the notation “l])+1 =U,. uZpJrl =0 and ul; =
U, w2y = —iD(l;uly ,u2; ) fork =1, , p. we have
Yluyuy,. o u, 3 As Asy, L As, L)

—exp{c( 1 u 1p—H uzp+ l)}

xE exp{:Zu,‘Asri—D(l ull w2 v ”

k=1

=exp

r 41
xE exp{ (I‘ZD(I;MI*.,MZ,‘:))UO”.

k=1

Taking expectations with respect to v,, which follows a
Gamma distribution, we have

uy sty s As) Asy, o As, )

p+l1 0_2 p+1 —2Ba;o
=exp ZC(];M!*,LQZ)}(1——2D(1;ulz.u2:))

k=1 28,2

Proof of Lemma 4. We present details on how we calcu-
late the asymptotic covariance matrix of the ECF estimator.
Let our ECF estimator be given by 6. where

6 = arg min s(6)

and
5(0) = [ -+ [1(Re[w, ()] = Re[(u. 6)))?

+ (Im[y, ()] ~ Im[yr (e, 6)])*}dep(u).

Now because

Re[y,(u)] = Zcosu Y
and
Im[, (u)] = Zsmu Vis
we have a5(0) -
s 2
35 =7 KO
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where

K, (6) = [/ --f@%’—m—](cosu{yj—lze[lp(u, 9)])
+ dlIm[y(u, 0)]

(sinu'y; —Im

[, 0)])]d¢(u)-

a0
Consequently,
ds(0
a2 4 Njo, 4400,
a0
where

A(0) = lim E[% 33 Kj(O)Kk(O)]

and is given by

A(0) = lim —

n—oc

a0
x Y > cov(cosr'y;, cosu'y,)
J ok

[/ /[GRe[d/(r 0)] dRe[¢r(u. 6)]

+ dRe[yr(r, 0)] dIm[y(u, 0)]
a0 a6’
x 3> cov(cosr'y,. sinu'y,)
ik
dIm[y(r, )] dRe[(u, 0)]
a0 a0’

x Y3 cov(sinr'y;.cosu'y,)
ik

n dlm[y(r, 8)] dIm[y(u, 0)]
a0 ag

x Y > cov(sinr'y;. sin u’yk):]}
ik

x do(r)de(u).

The double-summation covariance expressions are readily
found and given in the lemma in Knight and Satchell (1997,
p. 170). That is, we note that

373 cov(cos r'y;, cosu'y,) = n*cov(Re[ i, (r)], Re[y, (u)])
Jook

- nz ' (‘()’RR)r.u

using the notation in Knight and Satchell (1997). Expressions
for the other double sums are similar.
Thus,

A(8) = lim n

n—c

{f /[3 Re [r,h(r #)] 0 Re [adé’(u 0] (D),

d Re [1Jf(r,6)] d Im [¥(u, 8)]
a6 g

'((lRl)r.u

L 1m [¢(r,6)] 6 Im (¥ (u, 6)]

a6 o'

'(‘(}’H)r.u} }

xdeo(r)de(u).

+2
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Also we note that

Ps(0)] 2 [K ()
el o | =22 )

=Zﬁ:/‘ /[8 Re [{;//6:" 6)] 3 Re E;[;/(r 0]

r, 0 r,
LA P

__ / /[E) Re [ ¢l(r 0)] d Re [Y(r, 6)]
a6

d Im [¥(r,60)] 3 Im [¢(r, 0)]]d¢(r)

8Im[

39 o0
— —2B(6).

Thus, standard asymptotic theory results in
Jr(B—8) 5> N0, B (8)A(6)B~'(9)).

Proof of Lemma 5. When

.
]nf(X])"'I"Z ]nf(xj“j—l)’

InL =
j=2
MLE is achieved when
dlnL  dlnf(x)) ~dInf(xli_))
= ; =0.
a6 a6 +J§ a0
Now, from the definition of w,(r,8) and w;(r,8[I,_|) , we
have 3In f(x))
néOXI :fwl(’» 0)e ™ dr
and

alnf(x 0 f (1) ~ Juceon,

_)evvdr.

Substituting into the preceding equation involving the score
function, we have

dinL
a0

=0= /w,(r B)e”"dr-i-Z/w(r 017 e dr =0.

Jj=2

[Received December 1999. Revised April 2001.]
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