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ABSTRACT

This article proposes a new approach to exploit the information in high-frequency
data for the statistical inference of continuous-time affine jump diffusion (AJD)
models with latent variables. For this purpose, we construct unbiased estimators
of the latent variables and their power functions on the basis of the observed state
variables over extended horizons. With the estimates of the latent variables, we
propose a generalized method of moments (GMM) procedure for the estimation
of AJD models with the distinguishing feature that moments of both observed
and latent state variables can be used without resorting to path simulation
or discretization of the continuous-time process. Using high frequency return
observations of the S&P 500 index, we implement our estimation approach
to various continuous-time asset return models with stochastic volatility and
random jumps.
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1T INTRODUCTION

Continuous-time jump diffusion models with latent state variables play an
important role in finance as they are commonly used for the modeling of asset
returns and provide a convenient framework for the pricing of derivatives and
risk management. It is well known, however, that the statistical inference of such
models poses a great challenge for the following two reasons. First, the transition
density of the continuous-time jump diffusion process is, with the exception of
a few special cases, generally unknown or unavailable in closed form so that
the conventional likelihood-based inference is often inapplicable. Second, any
inference procedure has to deal with the unobserved latent variables, which
typically involves either using proxies for the latent variables or integrating out
the latent variables in the likelihood function. Since the high-dimensional integral
in the likelihood function mostly cannot be reduced to one (or substantially
lower) dimensional integrals, the numerical integration often has to resort to
path simulation of the discretized continuous-time process and is therefore
computationally intensive. In addition to the challenge of model inference, the
presence of latent variables can also complicate model applications. For instance,
the implementation of risk management or portfolio allocation strategies often
requires the conditional mean, conditional variance, and/or jump intensity of the
asset price process as input parameters. Hence, accurate estimates of both model
parameters and the latent state variables are crucial.

This article proposes a framework for the estimation of continuous-time
jump diffusion models using unbiased estimates of the latent state variables.
Specifically, we develop model-based estimators of latent state variables for the
general affine jump diffusion (AJD) models of Duffie, Pan, and Singleton (2000).
The key features of the latent variable estimator are that it is derived from the exact
model structure without discretization of the continuous-time process, is unbiased
with minimum-variance, and can exploit the information in high-frequency data.
With the proposed latent variable estimators, we then develop a new generalized
method of moments (GMM) estimation procedure for continuous-time jump
diffusion models. To illustrate our approach, we apply the GMM method to
various stochastic volatility models using S&P 500 high-frequency data.

The latent variable estimator we propose in this article is derived from the
dynamic relation between the latent state variable and the observed state variable.
For continuous-time AJD models, such relations can be readily uncovered from
the conditional characteristic function. Intuitively, the resulting estimator can be
viewed as a weighted sum of functionals of the observed state variables, with
weights explicitly determined by the model structure. For example, for a stochastic
volatility model, the conditional variance estimator is the weighted sum of re-
scaled squared (high-frequency) returns. Owing to the analytical tractability of
the AJD model, the latent state variable estimator is generally available in closed
form and its finite sample properties can be established. In particular, we show
that the estimator is conditionally unbiased and has minimum variance when
optimal weights are used. A further advantage of our approach is that unbiased
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minimum-variance estimators of power functions of the latent state variable can also
be constructed in a straightforward fashion. As demonstrated in this article, these
estimators form the basis of the new estimation method for the continuous-time
jump diffusion models.

The GMM procedure we propose in this article involves matching the sample
moments of both observed and unobserved state variables to their corresponding
population moments. With the unbiased estimators of the latent variables and its
power functions, the high-order moments of both observed and unobserved state
variables can be included in the estimation. Further, owing to the tractability of the
AJD class, population moments are available in closed form so that implementation
of the GMM procedure is straightforward. The approach is similar to that of
Bollerslev and Zhou (2002) who match the model moments of integrated volatility
to the corresponding sample moments calculated from the model-free realized
variance or Pan (2002) who matches the model moments of spot volatility to the
corresponding sample moments calculated from option-implied volatility. Our
approach shares with these studies the advantage that with proxies of the latent
variables, there is no path simulation involved in the estimation. The further
advantage here is that with the unbiased estimators of the power functions of
the latent variable, our approach can involve higher-order moment conditions
without the potential error-in-variable problem. Moreover, the use of a model-
based variance estimator, instead of a nonparametric proxy of integrated variance,
allows for more efficient use of information through smoothing.

The remainder of this article is organized as follows. In the next section,
we first develop the unbiased minimum-variance estimators for the latent state
variables and their power functions under the AJD class of models. Using the
stochastic volatility model, we illustrate the construction of the estimators and the
computation of optimal weighting vector. Next, on the basis of the latent variable
estimators, we outline the GMM estimation procedure for the AJD models. An
empirical application is undertaken in Section 3 where the latent variables and
parameters of various stochastic volatility with random jump models are estimated
using the high-frequency data of the S&P 500 index. With the estimated asset return
volatilities under a two-factor stochastic volatility model, we further examine their
relation with other market variables. Our findings suggest that the two distinctly
behaved volatility components reflect different types of information in the market.
Section 4 concludes.

2 ESTIMATION OF AFFINE JUMP DIFFUSION MODELS WITH LATENT
VARIABLES

The model considered in our study is the widely used AJD model with latent
variables [see Dulffie, Pan, and Singleton (2000)]. Let X; € R", t > 0, denote an
n-dimensional vector of state variables. Using the same notation as in Duffie,
Pan, and Singleton (2000), we fix a probability space (€2, F, P) and an information
filtration (F;) = {F; : t > 0} and suppose that X is a Markov process relative to F;
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in some state space D € R" following the stochastic differential equation (SDE):
dX; = p(X)dt + o (X)AW, + dZ, (1)

where W; is an (F;) —standard Brownian motion in R", and u(-) : D — R" and
o(:) : D — R™" are respectively the drift function and diffusion function. Z is
a pure jump process whose jumps have a fixed probability distribution J on
R" and arrive with intensity {A(X¢) : ¢ > 0}, for some A(:) : D — [0, c0). Following
Duffie, Pan, and Singleton (2000) we assume that, conditional on the path of X,
the jump times of Z; are the jump times of a Poisson process with time varying
intensity {A(X;) : 0 < s < t}, and the jump size Z; at a jump time ¢ is independent
of {X;:0 <s < t}. The initial value of the stochastic process Xy is assumed to
be drawn from the marginal distribution of the process. For X; to be a well-
defined Markov process, regularity conditions on the filtration (F) = {F; : t > 0}
and restrictions on the state space as well as on the coefficient functions, namely
(D, u(-),0(:), A(-), J), are required. For technical details, [see, for example, Ethier
and Kurtz (1986), Duffie and Kan (1996), Duffie, Pan, and Singleton (2000), and
Dai and Singleton (2000)].

For convenience and tractability, an affine structure (on D) is often imposed
on the coefficient functions u(-), o(-)o(-)/, and A(-):

w(Xp) = Ko + K1.X,
[o(Xno (X1)']; = [Holij + [H1l; X,
MXp) = lo+hXy, 2)

where K = (Kp, K1) € R" x R™" H = (Hy,H1) € R™" x R [ = (Iy,]) € Rx
R". Let g(c) = [gn exp{c-z}dJ(z) be the jump transform whenever the integral
is well defined, where c € C" the set of n-tuples of complex numbers, g(-) deter-
mines the jump size distribution. It is clear that the set of parameters (K,H,1,g)
completely specifies the AJD process and determines its statistical properties,
given the initial condition Xj.

As mentioned in the introduction, statistical inference of continuous-time
models has posed a great challenge to statisticians and econometricians as it
requires the knowledge of dynamic properties or the transition density of the
process. Under regularity conditions, the transition density function of the jump
diffusion process as defined in Equation (1) satisfies both the Kolmogorov forward
and backward (or Fokker—Planck) equations of the Markov process. However,
the transition density functions of the multivariate diffusion and jump diffusion
process in general do not have a closed analytical form. The presence of latent
or unobserved variables, as considered in this article, presents an even greater
challenge to statistical inference. Since the latent variables are not directly observed,
any inference procedure must either integrate out the latent state variables from
the model or rely on some proxies of the latent variables.

Despite these difficulties, remarkable progress has been made in recent years
regarding the estimation of nonlinear latent variable models in general and the SV
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models in particular. A number of estimation procedures have been developed,
including the QMLE [e.g. Ruiz (1994), Harvey and Shephard (1996)], MLE [e.g. Lo
(1988), Bates (2006), Ait-Sahalia and Kimmel (2006)], SMM [Dulffie and Singleton
(1993)], indirect inference [e.g. Gouriéroux, Monfort, and Renault (1993), EMM
[Gallant and Tauchen (1996)], Bayesian MCMC [e.g. Jacquier, Polson, and Rossi
(1994), Eraker (2001), Chib, Nardari, and Shephard (2002)], ECF [e.g. Singleton
(2001), Jiang and Knight (2002), Carrasco, Chernov, Florens, and Ghysels (2002)],
and GMM [e.g. Melino and Turnbull (1990), Andersen and Serensen (1996),
Bollerslev and Zhou (2002), Pan (2002)].

This article contributes to this burgeoning literature by developing an
alternative method for the estimation of continuous-time latent AJD models.
In what follows, we first outline the unbiased latent variable estimator and then
provide details of the GMM procedure.

2.1 Latent Variable Estimation for the Affine Jump Diffusion Models

For simplicity of notation, we partition the vector X; into two sub-vectors, i.e.
X = (S;, V;)/, where S; € R™, n > m > 0, denotes the vector of observed state
variables and V; € R"™™ denotes the vector of unobserved or latent variables. In
financial models, S; often represents observed asset prices, interest rates, exchange
rates, trading volume etc., while V; can be unobserved instantaneous volatility,
instantaneous mean, jump intensity, information flow, etc. We also assume that
observations of the state variables S; are equally spaced with sampling interval 6
over the time period [0, T]. That is, the sequence {St+k5}kN=o fort=0,1,...,T—-1
is observed. In financial applications, the unit time interval usually corresponds
to one trading day, thus with § <1 we explicitly work with high-frequency or
intraday data. It is noted that the approach outlined below also works with
unequal but nonrandom sampling intervals, with the only difference being more
cumbersome notations.

The key result derived in Duffie, Pan, and Singleton (2000), which we will
exploit here, is that the conditional characteristic function (CCF) of the AJD process
as defined in Equations (1) and (2) is of the following functional form:

wt (M, XH—S) =E [exp {iMXt+§} |‘7:t] = exp {C (81 1/[) + D (5/ M), Xt} 7 (3)

where D(-) and C(-) are the solutions of complex-valued Ricatti equations:

LD;? %) =KD @6,u) + %D 8, u) H1D (8,u) + I (g (D (8, 1)) — 1) ,
8C;i’ D KyD (8, u) + %D (8,u) HoD (8,u) + Iy (g (D (8, u)) — 1), @)

with boundary conditions D (0, #) = iu and C (0,u) = 0. With certain specification
of the coefficient function (K, H,I, g), explicit solutions of D (-) and C(-) can be
found. In other cases, as noted in Duffie, Pan, and Singleton (2000), the solution
would have to be found numerically by solving the relevant ODEs.
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With the distinction made between observed and unobserved state variables,
we can specialize Equation (3) as follows:

Yy (1,2, Stys, Vies) = E [exp (i} Sys + iy Vis | | F],
= exp {C (8, u1,u2) + D1 (8, u1,u2)" Sy + D2 (8, u1,u2)' Vi}, (5)

where C (8,u1,u2) = C(8,u),(D1(8,u1,u), D2 (8,u1,u2)’) =D@G,u) and u=
(1}, 15)". Setting 1> = 0 in Equation (5) yields:

¥y (u1,Srys) = E [eXp {i”,lst-HS} |-7:t] ,
= exp {C(8; u1,0) + D1 (8; u1,0)' Sy + D2 (8; u1,0)' Vi } . (6)

From this it follows (see Appendix B for a proof) that the I cumulant of
ASiiks = Stiks — St4(k—1)s, for k = 1, conditional on F; is given by:

KO[AS, sl Fi] = c® (k) +d ) S +dY k) Vi, forl=1,2,. .. 7)

where

9! ) )
Dk = TR {C(8,u1,0) + C((k — 1)8, —iD1 (8, u1,0) — u1, —iD2 (8, 11,0))} lu, =0,
1
1
i k) = Z,af—u), {D1 (k — 1)8, D1 (8, u1,0) — g, —iD2 (8, 11,00} luyo,
1

L ‘ ‘
d;” k) = Toy {D2 ((k — 1)8, —iD1 (8,141,0) — 11, —iD2 (8, u1,0))} luy=0 -

In particular, for I = {1, 2} we have

AP (k) Vi = E[ASis] 7] — ¢ (k) — dV k)’ Sy, 8)
AP (k) Vi = Var [ASy sl Fi] — @ (k) — dP (k) S,. )

The above expressions make explicit the link between the latent state variables
and the conditional cumulants of the observed state variables. Note that when
both d(12) = d(22) = 0, higher-order cumulants are needed for the identification of
latent variables. These results are similar to the conditional moments derived in
Meddahi (2002) for the eigenfunction SV models proposed in Meddahi (2001).
Note that because in financial models the observed state variable S; is often a
first-difference stationary process (e.g. log asset price) and the latent variable V;
often a stationary process (e.g. stochastic volatility), we express the above results
in terms of AS; and V.

The relation between the observed and unobserved variables through the
conditional cumulants point to the possibility of constructing an unbiased
estimator of the latent variables from observations of the observed state variables.
In particular, we can construct an unbiased minimum-variance estimator of the
latent variable V; on the basis of the observations of the observed state variable S;
over the forward period [t, f + t]. For notational convenience, we present only the
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case where the dimensions of Sy and V; are both equal to 1. Following Equations (8)
and (9), and with discrete observations of S; over the interval [t, t + t],i.e. {St1xs }kN:ZO,
we define the following Nt x 1 vector

=0 1), 0 2),..., 9 (N1, (10)
where
AP () (ASy s — O (k) —d (k) S) ifd!) 0

9 =1 d? ()7 (ASir)? — (cV (k) +dV (k) S2 ifd)) =0,d7 #0
—c@ (ky —d? (k) Sy)

for k=1,2,...,Nt. Note that by construction we have E[¥(k)| 7;] = V;. Thus,
given a set of observed state variables from the AJD model in Equations (1) and
(2) over time interval [¢t, ¢ + 7], i.e. {St+k5}£]:’0, an unbiased estimator of the latent
state variable! V; can now be computed as:

V=W, (11)

where W is an Nt x 1 weighting vector with weights summing to unity
and ¥ is as given in Equations (10). For any choice of weighting vector
W, the latent variable estimator specified by Equation (11) is unbiased, i.e.
E[Vi|F] =V}, and has a variance equal to Var[V|F] = WE,W, where £; =
E [0+9}|F¢] — E[9¢|F] E[9¢|F:]'. The optimal weighting vector that leads to the
minimum-variance estimator can be derived as:

-1
DIN]

* _
W= 5 >hmr
t

(12)

where 1 is an Nt x 1 vector of ones. Note that when the weighting vector is chosen

optimally, the variance of the estimator reduces to Var[’l;t|]-'t] = (L’Et_ 1[) ' and
we refer to the estimator as the unbiased minimum-variance (UMV) estimator
throughout the remainder of this article. For the general case, diagonal elements
of X can be obtained directly from the F;-conditional characteristic function of
ASiiks,k > 0. Expressions for the off-diagonal elements can be derived using the
joint Fi-conditional characteristic function of AS; ks and AS;js for j # k > 0. In
certain cases, the covariance matrix X; may itself depend on the latent state variable
that we aim to estimate. If that occurs, the optimal weights can be computed using
a simple iterative procedure, which parallels the construction of the optimal GMM
weighting matrix.

Compared to existing methods, the latent variable estimator outlined above
has a number of distinguishing features. Different from the Kalman filter, the
estimator is derived within the general AJD framework of Duffie, Pan, and

! Ttis also clear from here that the approach developed in this article can be extended to affine discrete-time
processes, such as the compound autoregressive processes introduced by Darolles, Gouriéroux, and Jasiak
(2001).
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Singleton (2000) and therefore applies to a wider range of models. A key feature
of the model-based approach is that it allows for the efficient use of neighboring
information through smoothing over extended horizons by exploiting the model
structure. In this aspect, the estimator is similar to the EWMA and Nelson ARCH
filter for the spot variance and the nonparametric smoothing method developed in
Andreou and Ghysels (2002) for the integrated variance. The important difference
here is that the weighting vector is derived from the exact model structure
and set optimally so as to ensure unbiasedness and minimum variance of the
estimator. Perhaps most closely related to our article is the work by Foster and
Nelson (1996) who develop variance and covariance smoothing estimators for
a general continuous semi-martingale process. While their specification of the
variance process is more general than ours, the weights (and smoothing windows)
they derive are optimal only asymptotically, whereas ours are optimal even in
a finite sample. Further, our approach remains valid in the presence of random
jumps. This is particularly important since a number of recent articles find that
jumps constitute a critical ingredient in asset return modeling [see for example
Andersen, Benzoni, and Lund (2002), Bakshi, Cao, and Chen (1997), Bates (2000),
Das (2002), Eraker, Johannes, and Polson (2003), Johannes (2004), and Pan (2002)].
Finally, in contrast to various simulation-based methods, our estimator is derived
from the continuous-time model without discretization, and its computation is
straightforward requiring no path simulations.

A further feature of the present framework is that unbiased estimators of
power functions of the latent state variables can also be constructed conveniently
from the dynamic relationship between observed variables and latent variables. In
general, the moments of a random variable are related to the cumulants through
the following relationship [Kendall and Stuart (1977), p70]:

E[(AStxs) 1 Fil =) o o

m=1

L T Tm
KO (ASy455171) KPn) (AS1i40172) L!

— !,
fork > 0, where the second summation extends over all nonnegative integer values
of the s such that

pim1 +pamo + -+ punty = L.

By substituting the conditional cumulants derived in Equation (7) into the above
relationship, we obtain:

E[ASy k5|74 ak) buk) 0 - .0 é
E[(ASpik)*| ) 3 ca(k)  ba(k) bp(k) 0 - 0 Vté
E[(ASt-;k(s)H}-t] Cka) bLl.(k) bLz.(k) bLL.(k) V:L

t

(13)
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The expressions of each element in the above matrix can be solved via iteration.
For instance, we have:

c1 (k) = ¢V (k) +dV (k) Sy,
by (k) = d k),

c2 (k) = (€D (k) + d (k) 5% + @ (k) +d2 (k) S,
b (k) = 2V (k) + d (k) Sp)d” (k) +dP k),
ba (k) = (d3) (k)2

From Equation (13), it is straightforward to see that unbiased estimators of
V2,...,VE can be constructed recursively on the basis of the moments of lower
orders. For instance, when d(21) (k) # 0, from Equation (10) we have:

-2
VE=(d ®) ~ (ELASH1) 1F]+a () Vi+c (),

fork=1,2,...,Nr,ak) = —d? (k) — 24" (k)(cV(k) + d'" (k)S) and e(k) = —(cD (k)+
dgl)(k)St)z. With the unbiased estimator of V; and the observed state variables, the
unbiased minimum-variance estimator of V? can be constructed. It is noted that the
statistical inference of the model often involves high-order moments and therefore
nonlinear functions of latent variables. As we will see later on, the unbiased esti-
mators of power functions of latent variables facilitate nicely the implementation
of moments-based estimation methods.

A few remarks are in order at this stage. First, it is emphasized that the
UMV estimator has minimum variance for given sampling frequency N and
sampling horizon 7. In general, increasing N or t can further improve the accuracy
of the estimator. In practice, the choice of sampling frequency and horizon is
often based on the structure of the process and subject to the availability of
data. For instance, for a transient and volatile variance process, increasing the
sampling frequency will be more helpful for the estimation of the spot variance
than increasing the sampling horizon. On the other hand, for a highly persistent
variance process, increasing the sampling horizon may be helpful to uncover its
long run dynamics. Second, we note that the efficiency gain associated with any
model-based estimation approach, including the one outlined here, comes at the
cost of potential model misspecification or model risk. Thus, when implementing
the estimator it is important to ensure that the model provides a reasonable
description of the data and is sufficiently flexible to capture its salient features.

2.2 [lustration: Latent Variable Estimation for the SVJ Model

In continuous-time asset return models the observed state variable S; typically
denotes the logarithmic asset price, while the latent or unobserved variable
Vi often represents the conditional volatility of returns. Below, we use the
stochastic volatility with random jump (SV]) model to illustrate the latent
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state estimation approach. Let the logarithmic asset price, S; = In P;, follow the
stochastic differential equation:

dS; = ( — pyr) dt + VidWs + InJidg; (1),
AV = B (a — V) dt + o/VidW?, (14)

where dW;dW} = pdt, In]; ~ iid ./\/'(,u], a]), and dg;(1) ~ iid Poisson (Adt). In this
model the instantaneous asset return is driven by stochastic volatility and a
random jump component. The stochastic volatility component follows a square-
root process that can be correlated with the asset return and has a reflecting
barrier at 0 which is attainable when 2a < o2. The parameter 8 measures the
mean reversion of the volatility process, and the correlation between dW*® and
dW? measures the level of asymmetry of the conditional volatility, or the so-called
“leverage effect”. The jump term is driven by a Poisson process with constant jump
intensity and the jump size follows an independent log-normal distribution. It is
noted that our approach can be easily extended to the case where the jump intensity
is specified as a linear function of the state variable V; as considered in Andersen,
Benzoni, and Lund (2002) and Pan (2002). The SV] model in Equation (14) has
an associated closed-form expression for European option prices [see for example
Heston (1993), Bakshi, Cao, and Chen (1997)] and is widely used in the finance
literature, [e.g. Bates (1996, 2000), Bakshi, Cao, and Chen (1997), Bakshi, Cao, and
Chen (2000), Bakshi and Madan (2000), and Scott (1997)].

For the SV] specification in Equation (14), the joint CCF of (Sits, Vits)
can be obtained analytically by solving the complex-valued Ricatti equations
in Equation (4). The solution is given in Appendix A for the general model
specification in Equation (19). On the basis of this, closed form expressions for
the conditional cumulants of any order can be derived for both the observed and
the latent variable. In particular, the second-order conditional cumulant of the
observed variable AS;. ;s is derived as:

Var [ASixs|Ft] = a (k) +c (k) Vi,

where a(k) = a(8 + B~ le (1 — ef%)) + ((7]2 + M%)M and c (k) = B le kP3PS — 1),
Referring to the general notations in Equation (7), for this specific example we
have d(zl) =0 and d(zz) =c(k) # 0. On the basis of Equations (10) and (11), for
d(zl) (k) =0 and d(22) (k) # 0, the unbiased estimator of the latent spot variance is
then given as:

(ASti)® — (1 — j2) 8)* —a (k)

Vi=W39, with 9k = -

(15)

fork =1,2,...,Nt, where the Nt x 1 weighting vector W can be chosen optimally,
ie. Wo X, 1, so as to minimize the variance of the estimator. On the basis of the
CCF, a closed-form expression for X; can be derived as a function of the model
parameters and the latent state variable V;. Since the optimal weights depend on
the latent state variable that we aim to estimate, the UMYV estimator is infeasible. In
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practice, this issue can be resolved through the use of an iterative procedure that
parallels the construction of the GMM optimal weighting matrix. Jiang and Oomen
(2006) report simulation results for the SV and SV] model, which indicate that for a
reasonable choice of initial weighting vector (e.g. flat) the efficiency loss due to the
use of a feasible optimal weighting vector is negligible. They also provide extensive
simulations on the performance of the spot variance estimator and find that it com-
pares favorably to various alternative methods, including EWMA and the Nelson
ARCH filter in the presence of jumps. As can be seen from Equation (15), the
estimator of the time-f spot variance is equal to a constant plus the weighted sum
of squared (high-frequency) returns over the interval [t,f + t]. When W is chosen
optimally, the weighting vector is downward sloping so that future return obser-
vations receive progressively less weight. In particular, the closer g is to 0 (i.e. the
more persistent the volatility process is), the slower is the decay in these weights.

From Equation (13) above, unbiased estimators of power functions of the
latent spot variance can also be constructed. For instance, an unbiased estimator
of V2 can be derived using an unbiased estimate of V; in conjunction with the
following expression:

1
Vi=c(k? <5E[(Ast+ka)4 |F] —ak)? —2a(k)yck) Vi —b (k)) ,

for k=1,2,..,Nt and b (k) = K®[AS; 45| F] which is available in closed form
from the CCF (for simplicity of notation we have assumed that © = w;A).

2.3 GMM Estimation Using the Latent State Variable Estimator

Using the latent state variable estimator developed above, we now outline the
details of a novel GMM estimation approach. A key feature of the proposed
procedure here is that in addition to matching moments of observed state variables,
the unbiased estimator of latent state variables and its power functions also allows
us to match moments of the latent variables. With the empirical application in mind
and in line with Bollerslev and Zhou (2002), we focus on the case where the moment
conditions are evaluated using low-frequency data. Namely, while the latent
variable estimation is based on the high-frequency or intraday data (with sampling
interval § < 1), the moment conditions in the GMM estimation are evaluated at a
daily frequency (with sampling interval § = 1). Also, consistent with the discussion
above, we consider the case where the observed state variables S; are first
difference-stationary and the latent variables V; are stationary. Hence, the moment
conditions are derived from the following CCF, which is based on Equation (5):

Wt (ull Uz, Ast-‘rl/ VH—l) = Wt (Ml, Uz, St+1l Vf+1) eiiuiS[' (16)

The lemma below justifies the use of moment conditions involving power functions
of both observed and unobserved variables.

Lemma 1.1. Let X; = (S}, V}) follow the AJD process as in Equations (1) and (2) for
a given set of parameters 6y € ®. On the basis of the joint CCF in Equation (16) the
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Fi-conditional moments of ASyy1 and Vi can be derived as:

3L5+ant (u1,uz, ASpy1, Vie1)

E[(AS1)5VE | 7] =
N o iLstLodults gus?

u=0

Iy
= Y (L) (ASHR Y
0<Is+Ilp<Ls+Ly

where Is, I, Ls, L, € {0,1,. . .}, t=0,...,T—1and c () is a function of the model
parameters as characterized in the proof. Let Vf” denote the unbiased estimator of Vf”
developed in Section 2.1 and define:

e (Ls L) = (ASu)= Vit = > cr, (s L) (ASH" VY. (17)
0<ls+ly<Ls+Ly

It then holds that:
Elet (Ls,Ly) | F:] = 0.
As special cases, we have

E [Vﬁ”Lﬂ] = VI orequivalently E [Vi” - Viv|-7:t] =0
VO0<t<T-11<I, <L,

Proof See Appendix B.

Lemma 1.1 above underlines the distinguishing feature of the GMM estimator,
i.e. the use of exact moments and unbiased estimators of the latent variables as well
as their power functions. It is clear from Lemma 1.1 that for a given choice of L; and
L,, the function ¢; (Ls, L,) constitutes a valid moment restriction. We denote the
vector of moment conditions by f; (9), with g = dim(f; (9)). Instrumental variables
z; € F; that are uncorrelated with f; (8) can be used to generate additional moment
restrictions. Given the conditional information set in our model, the natural
candidates of the instrumental variables are the historical returns and r-day
period lagged latent variable estimates.? Identification of the parameter vector @
requires the specification of a vector of moment restrictions h:(6) = f; (6) ® (1,z;)
such that it has expectation zero when evaluated at the true population parameter
0o,i.e. E[h(00)|F:] = 0,and has a dimension that exceeds the number of parameters
to be estimated, i.e. dim(h) = g* = g(1 + dim(z)) > dim(9). Note that Lemma 1.1

2 The study of optimal instruments in the literature has focused on linear models. For instance, in the
absence of conditional heteroskedasticity, the explicit expressions for the optimal instruments are derived
in [e.g. Hansen (1985) and Hansen and Singleton (1991), Hansen and Singleton 1996]. When both serial
correlation and conditional heteroskedasticity are present, Hansen (1985) and Hansen, Heaton, and Ogaki
(1988) present a characterization of the efficiency bound for GMM estimators that corresponds to a given
system of conditional moment restrictions.



J1aANG & OoMmEN | Estimating Latent Variables Using High-Frequency Data 13

implies that {h:(09)} is a martingale difference sequence and therefore serially
uncorrelated.

Practical implementation of the GMM estimator involves replacing the
population moments by their unbiased sample counterpart and then minimizing
a quadratic form of the moment restrictions over the admissible parameter space,
ie.

6 = argmin{J (9) = h (§) Wh (0)}, (18)
0e®

where 1 (6) = % ZtT;ll h¢ (9), ® denotes the admissible parameter space and W is a
positive semidefinite weighting matrix. Hansen (1982) shows that under regularity
conditions, the GMM estimator in Equation (18) is consistent and asymptotically
normal. Further, the asymptotic variance of § can be minimized through an optimal
choice of weighing matrix, i.e. W = S (6) ' where S () = E [ () h (9)']. In practice,
this efficient GMM estimator is typically implemented using a two-step procedure:
in the first step a consistent estimate §(1) is obtained using an arbitrary weighting
matrix, which is then used in the second step to obtain the efficient estimator using
W = §(5<1))—1. A consistent estimator of the asymptotic covariance matrix of the
GMM estimator is given by %(hg(@)’Whg (0))~! where hg(0) = 9h(0)/90 is evaluated
at the estimated parameters. Further, because the GMM criterion function | (6)
measures the distance between /(0) and zero, it serves as a goodness-of-fit test for
the model, i.e. a high value of this test suggests that the model is misspecified. As
shown by Hansen (1982), under the null hypothesis of correct model specification
we have [ (0) < Xq%_p.

Asmentioned earlier, a distinguishing feature of the proposed GMM approach
is that the moments of both observed and latent state variables can be included. As a
result, the set of moment conditions is greatly expanded leading to more robust and
efficient parameter estimates. Since the population moments are derived directly
from the CCF in Equation (3), they are exact in the sense that they correspond to the
continuous-time model without any discretization or approximation error. Further,
compared to the simulation-based methods, our approach is computationally less
demanding since it does not rely on path simulation or numerical integration over
latent state variables. It is noted that the use of unconditional and conditional
moments of returns and volatility to estimate SV models has also been suggested,
but not formally pursued, by Das and Sundaram (1999), Meddahi (2002), Meddahi
and Renault (2004), among others. Meddahi (2002), in particular, derives a number
of conditional and unconditional moments for the eigenfunction SV models that
can be used for model estimation in a similar fashion as the method proposed in
this article.

3 EMPIRICAL APPLICATION

The GMM estimation approach proposed in this article can be applied to AJD
models for asset return dynamics, interest rate dynamics, etc. In finance literature,
continuous-time models with latent state variables, such as stochastic mean and
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stochastic volatility, have been proposed for both asset return and term structure
dynamics. Our application focuses on the estimation of equity index return models
with alternative specifications. The general model specification incorporates a
random jump component and two stochastic volatility components (hereafter the
SV2] model). The SV2] model specifies the dynamics of the logarithmic asset price
S; = In P; as follows:

dSy = (u — At + v/ VidWi* + UdWi* + InJidqi(),
dVy = B (@ — Vi) dt + o/VidW},
AUy =« (6 — Uy) dt + y/UdWY, (19)

where dWPdW} = pdt, dW*dW} = ndt, In]J; ~iid ./\/'(,u], 012), and dg;(2) ~
iid Poisson (Adt). In the SV2] model, the asset return is driven by a random
jump and two stochastic volatility components. Each stochastic volatility compo-
nent follows a square-root process and can be correlated with the asset return.
The jump term is driven by a Poisson process with constant jump intensity, and
the jump size follows an iid log-normal distribution. The model nests many other
models as special cases. In particular, when xk = y = 6 = 0, we have the SV] model
as discussed in Section 2.2. When A = 0, we have the SV(2) model, which has been
considered in Alizadeh, Brandt, and Diebold (2002), Bates (2000), and Chacko and
Viceira (2003).

With a single stochastic volatility component, the UMV estimate of the
instantaneous variance, and its power functions, can be obtained following the
procedure outlined for the SV] model in Section 2.2. When there are multiple
stochastic volatility components to identify, we need to rely on distinct moment
conditions of the observed asset returns. Obviously, for the SV2] model various
combinations of moments can be employed for the identification of V; and U;. In
practice, the natural choices are those among the lowest order cumulants. On the
basis of the SV2] model, we first simulate the cumulants of various orders with
given parameter values and then compare them with the analytical cumulants
derived from the model. The difference between the numerical cumulants
calculated from the simulated paths and their theoretical counterparts indicates
the robustness of the particular cumulant. We find that among the first four orders
of conditional cumulants, the second and fourth-order cumulants are much more
stable than the first- and third-order cumulants. Thus, we rely on the second-order
conditional cumulants of asset returns for the identification and estimation of
the instantaneous variance V; and U; and the fourth-order conditional cumulants
of asset returns for the identification and estimation of Vt2 and Llf, respectively.
On the basis of the joint CCF of (Si45, Vigs, Uits) for the SV2] model given in
Appendix A, the conditional second-order cumulant of AS; s can be derived as:

KP[AS; 1151 F1] = a(8,K) + (8, k) Vi + cu(8, k) Uy,
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where ¢,(8,k) = B Le 3 (ePP — 1), c,(8,k) = ke (e — 1), and a(8,k) = a(s —
Ble kB (e — 1)) + 6(8 — kLT (e*® — 1)) + (o7 + p})18. Keeping in mind that
the two volatility series are most likely to capture the random components
over different frequency of asset returns [see for example Alizadeh, Brandt, and
Diebold (2002), Chacko and Viceira (2003)], we use return observations at two
different sampling frequencies to construct the estimators, namely § = 5 minutes
and 6* = half-day. In other words, the estimation of V; and U; is based on

o (8,k) Vi + ¢y (8,k) Uy = KP[Spiks45 — SeymslFil —a(8,k), k=0,1,..Nt -1,
and

Cy (8*/ k) Vt + Cy (8*/ k) uf = K(Z)[St+k5+8* - Si’+k8|‘7:t] —a (8*/ k) ’
k=0,1,..Nt — 1.

Simulations show that these two frequencies are effective in identifying the two
stochastic volatility components as long as the forward period used in estimation
is sufficiently long (up to 5 days or a week). The other condition is that there
is sufficient differential in the persistence level (or the mean reversion) of the
two distinct volatility processes. Relevant conditional variance and covariance
expressions of asset returns for the construction of UMV estimators are derived
from the CCF in Appendix A. In addition, K®[AS, k5| Fi]is derived from the same
CCF and used to construct the estimators of V7 and U?. Similar to the identification
of V; and Uy, we use return observations with two different frequencies to construct
the estimators, namely § = 5 minutes and §* = half day. For the product term of
Viand Uy (i.e. Vi - Uy) in the Vi anfl th2 estimation, we simply use the product of
their respective estimates (i.e. V; - Uy).

Regarding the choice of moment conditions in the GMM estimation, we follow
the guidance provided by the Monte Carlo study of Andersen and Serensen (1996)
on the estimation of a discrete-time SV model. Firstly, in determining the number
of moments used in the estimation, we keep in mind the following fundamental
trade-off: inclusion of additional moments improves estimation performance for
a given degree of precision in the estimation of the weighting matrix, but in finite
samples this must be balanced against the deterioration in the estimate of the
weighting matrix as the number of moments increases. Secondly, very-high-order
moments should be avoided owing to their erratic finite sample behavior caused
by the presence of fat tails in the asset return distribution. Asymptotic normality
of the GMM estimator requires finite variance of the moment conditions and good
estimates of these quantities in finite samples. Thus our moment selection focuses
on the lower-order moments, which is consistent with Andersen and Serensen
(1996) and Jacquier, Polson, and Rossi (1994). Using the notation above, the vector
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of moment conditions are specified as:

-1 1

(ASe)= VY —  E[(ASH)H V]
L?E 12,02

foy = ASH)EVL — E(ASk)SV4 17
q/7 .q q

(ASe)= Vi, —  E[(AS1)= Vi IF]

where Lé,L; are nonnegative integers fori=1,2,. . .,gand t=0,1,. . . T —1.

It is noted that our approach admits the moment conditions involving the
latent variables in the estimation as the unbiased estimators of the power functions
of latent variables are available. This is different from Bollerslev and Zhou (2002),
in which a nuisance parameter needs to be included in order to adjust for the
potential bias. The exact conditional moment conditions used in the estimation are

determined with further consideration of the particular model specification:

e For the SV model, we set {(L},L1); . . .; (L3, L3)} = {(1,1); (0,1); (0,2)} with
the lagged stochastic volatility as instrument variable, resulting in six
moment conditions for four parameters. The cross moment of asset return
and variance is important for the identification of the correlation between
asset return and stochastic variance, and the first and second conditional
moments of instantaneous variance is important for the identification of the
mean-reversion parameter and the conditional variance of the stochastic
volatility process. For the SV2 model, we use the moment conditions of
the SV model for each SV component, resulting in 12 moment conditions

for 8 parameters.

e For the SV] model, the extra moment conditions in addition to those
of the SV model are the third and fourth conditional moments of asset
returns, resulting in 10 moment conditions for 7 parameters. Since the
random jump component is intended to capture the skewness and excess
kurtosis of asset return distribution, these high moments are important
for the identification of jump parameters. For the SV2] model, we use the
same moment conditions as for the SV2 model, plus the third and fourth
conditional moments of asset returns as used in the SV] model estimation,
resulting in 16 moment conditions for 11 parameters.

3.1 The Data

The data set we use in this article consists of the 5-minute S&P 500 index returns
over the period January 2, 1987 to June 30, 1995. To mitigate concerns about the
impact of market microstructure noise [e.g. Bandi and Russell (2006)], we also
perform our analysis using 10-minute data but find that the results are similar.
Daily returns are extracted on the basis of index levels at the beginning of each
trading day. Table 1 reports summary statistics of both intraday 5-minute and
daily returns. As the summary statistics suggest, the distribution of high-frequency
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Table 1 Summary statistics S&P 500 Index returns

Returns Absolute returns
5-min Daily 5-min Daily
Mean 479 x 1074 3.77 x 1072 429 x 1072 6.30 x 1071
Standard deviation 0.105 1.007 0.096 0.787
Skewness —1.52 —3.68 18.55 8.57
Kurtosis 429.8 74.66 583.1 167.4
Minimum —5.96 -19.5 0.00 0.00
Maximum 4.34 8.00 5.96 19.5
Autocorrelation
lag1 -0.193 0.053 0.601 0.218
lag 2 0.204 —0.057 0.451 0.231
lag 3 —0.083 —0.048 0.379 0.278
lag 4 0.058 —0.038 0.341 0.180
lag 5 —0.080 0.060 0.345 0.237

This table reports the summary statistics of the S&P 500 index returns and absolute returns over the period
from January 1987 to June 1995.

returns is extremely fat-tailed as measured by the kurtosis (429.8). The daily returns
exhibit less kurtosis but more negative skewness (—3.68 for daily return versus
—1.52 for 5-minute return). The kurtosis of daily returns, however, is still very high
at 74.66, suggesting the distribution is also fat-tailed. Finally, the highly significant
positive autocorrelations of absolute returns suggest that both the intraday and
daily return volatilities are highly persistent over time.

Another well-known feature of intraday return data is the intraday
seasonality pattern in volatility. More specifically, the volatility of intraday returns
demonstrates a U-shaped pattern during the trading hours, with increased market
activity around the market opening and closing and diminished market activity
around lunch time. Since the intraday seasonality may affect the optimal weights,
we remove it by following Engle and Russell (1998) to fit a cubic spline with nodes
set at half-hour intervals.

Before turning to the estimation results, we note that since the estimator
of stochastic volatility relies on the parameter values and volatility estimates,
in each iteration of the GMM optimization procedure the parameter values and
the volatility estimates are updated accordingly. The updating procedure is very
similar to the implied state generalized method of moments (IS-GMM) proposed
in Pan (2002) and is also closely related to latent backfitting approach proposed by
Pastorello, Patilea, and Renault (2003). To simplify the estimation procedure, we
estimate the constant return parameter p first using a robust estimation procedure.
The estimate of the constant return parameter is 0.095 with a standard error of
0.043. Further, for the estimation of the spot variance, we need to set the time
horizon, t, over which the high-frequency return observations are used. With the



18 Journal of Financial Econometrics

Table 2 GMM estimation results of alternative return models for S&P 500 Index

sV SV] SV2 SV2J
Vo 0.166 (0.089) 0.150 (0.064) 0.104 (0.058) 0.097 (0.057)
B 7.550 (3.570) 5.641 (2.421) 1.003 (0.467) 0.897 (0.469)
o 2.971 (0.561) 2.003 (0.328) 0.820 (0.121) 0.990 (0.117)
P —0.430 (0.112) —0.316 (0.097) 0.052 (0.036) 0.028 (0.034)
NG 0.129 (0.079) 0.112 (0.077)
K 8.437 (4.003) 6.230 (2.889)
Y 3.680 (0.499) 2.711 (0.323)
n —0.694 (0.191) —0.478 (0.135)
A 0.562 (0.351) 0.751 (0.367)
Ky —0.071 (0.101) —0.067 (0.090)
oy 0.064 (0.009) 0.051 (0.007)

GMM test of overidentifying restrictions

x2 13.67 13.21 14.11 13.24
d.of. 2 3 4 5
p-value 0.11% 0.42% 0.70% 2.12%

This table reports the GMM estimation results for various specifications of the SV2] model in Equation (19)
using S&P 500 index returns over the period from January 1987 to June 1995. The moment conditions used
for the GMM estimation are given in Section 3. Standard errors are reported in parenthesis next to the
parameter estimates. The blank cells indicate that the parameter is restricted to be zero.

guidance of simulations, we set t = 5 trading days (or equivalently one week) for
the models with only stochastic volatility and ¢ = 10 trading days (or equivalently
two weeks) for models with random jumps. Increasing the horizon does not
change the results much because the weights given to observations outside this
interval is fairly low.

3.2 Estimation Results and Diagnostic Tests for SVJ models

The estimation results for the SV, SV2, SV], and SV2] models are reported in
Table 2, together with the Hansen-J test. The estimation results for the SV model
have higher values for both the mean-reversion parameter and the conditional
variance of the SV process than those reported in the literature, see Bates (2006),
albeit that our sample covers a much shorter time period owing to limited
availability of high-frequency return observations. It is noted that a smaller value
of the mean-reversion parameter in the SV process implies a stronger intertemporal
persistence of volatility. We also experiment by including higher-order (third and
fourth) return moments in the estimation. It results in a more negative estimate of
p when the third-order return moment is included, and a smaller estimate of the
mean-reversion parameter f when the fourth-order return moment is included.
This suggests that the estimation results of the SV model are sensitive to the choice
of moment conditions, a clear indication of model misspecification. The boundary
condition 02 < 2B« is also clearly violated.
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The SV2 model identifies two distinct stochastic volatility components with
markedly different behavior. Namely, the first component, V}, is highly persistent
(with a half-life of about 170 days) and relatively less volatile than the second
component, U, which is much less persistent (with a half-life of about 20 days) but
more volatile. Interestingly, there appears to be a significant negative correlation
between returns and the second volatility component but no significant correlation
between returns and the first component. Finally, in terms of model specification,
the SV2 model improves over the SV model, albeit that the p-value of the J-test
remains below 1%.

The estimation results of both SV] and SV2] models indicate that the jump
component is highly significant, suggesting the importance of including random
jump in the asset return model. However, the model specification test (J-test)
shows only modest improvement, with the SV2] model having a p-value of just
over 2% for the J-test. This may be partially due to the fact that higher-order
moment conditions are used in the estimation of the SV] and SV2]J models. It is
also noted that inclusion of jumps to the SV models leads to a less volatile and
slightly more persistent stochastic variance process. The jump parameter estimates
suggest infrequent, highly volatile, and, on average, negative jumps. This is hardly
surprising since our sample includes the 1987 crash, which is likely to drive much
of the significance of the jump component. The results are overall in line with
Bates (2006) for the S&P 500 index and Chernov, Gallant, Ghysels, and Tauchen
(2003) for the DJIA index.

Asnoted by Bollerslev and Zhou (2002), the standard Hansen J-test reported in
Table 2 is not particularly informative about the sources of model misspecification.
Following Tauchen (1985), we compute a series of diagnostic t-tests associated
with each of the moment conditions used in the estimation. Using the notations in
Section 3, we have:

t = diag{[W — (@) (e (@) W "hs (8)) e (@) 1) />V/Th(B), (20)

where W refers to the estimated weighting matrix. The diagnostic t-test in
Equation (20) explicitly takes into account the variations resulting from the errors
in parameter estimation. Intuitively, a large t-statistic indicates that the associated
moment condition contributes significantly towards the model misspecification.
Table 3 reports these diagnostic t-tests for all the moment conditions used in the
estimation of the various stochastic volatility models. Overall, it is clear that the
t-statistics are higher for higher-order moments, confirming the findings in earlier
studies such as Andersen and Serensen (1996) and Jacquier, Polson, and Rossi
(1994) and justifying the rationale of focusing on the lower-order moments in
the estimation. For the SV model, the apparent poor fit comes from the moment
involving the squared variance, namely E [/Vtzlft] with a t-statistic of —4.773. This
suggests that the SV model is not flexible enough to incorporate the dynamics of the
volatility or the high volatility-of-volatility. The observation is consistent with that
in Bollerslev and Zhou (2002) for the exchange rate models. This is also consistent
with the fact that the boundary condition 02 < 28« of the SV model based on



20 Journal of Financial Econometrics

parameter estimates is clearly violated. Considering the fact that only the very low
orders of moment conditions are used in the SV model estimation, the poor fit
of moment conditions suggests severe misspecification of the SV model. With the
additional jump component in the SV] model, the moment conditions associated
with the stochastic volatility process are all improved as reflected in the lower
t-statistics. However, the SV component remains severely misspecified for the S&P
500 index return variance. Further, the diagnostic t-statistics associated with the
third and fourth return moments are highly significant. This suggests that even
the SV] model cannot generate sufficient negative skewness and excess kurtosis
to fully account for the features of daily S&P 500 index returns. Re-estimating
the model using returns after the 1987 market crash leads to substantially lower
t-statistics for both the third and fourth return moment conditions. This is an
indication that the poor fit of the third and fourth return moments is mainly due to
the market crash. With constant jump intensity and normally distributed jumps,
the SV] model’s apparent poor fit to extreme returns is probably not surprising.
Comparison between the SV2 and SV models suggests that decomposing the
return variance into two components improves the model specification, which is
consistent with the Hansen J-test reported in Table 2. While the affine SV model

Table 3 Moment condition tests

SV SV] SV2 SV2]
Panel A: Moment restrictions
E[Vt+1 | Fi] — Vt+1 —0.032 —0.011 0.007 0.003
E[VHI | Ft] — t+1 —4.773 -3.170 —0.410 —0.308
E[V,+1 ASt+1|_’F,] — Vt+1ASt+1 1.410 0.319 0.779 0.616
E[Ut+1 | Fi] — Ut+1 —0.045 —0.061
E[Umlff] uz,, —4.848 —4.020
E[Us1ASi111F] — U1 ASi 1.532 0.302
E[(ASi+1)%1Fi] — (ASi41)? 2.950 2.972
E[(AS111)*1 7] — (ASt1)* —6.641 ~5.879
Panel B: Moment restrictions with instruments
E[VHth | F] — VHth . —2.339 —-2.122 —0.876 —0.879
E[VtHVt ,|}",] t+1V¢ . -2.732 —2.501 —1.035 -1.170
E[Vis1AS11Vio|Fi] = Vi1 ASi1 Vi 1.660 1.213 0.951 0.764
E[ut+lut | Fi] = ut+1ut T —2.661 -1.970
E[U2,, U | 7] - U2, U, —2.010 ~1.221
E[Uf+1A5t+1Ut | F] — Ut+1A5t+1 U, 1.733 0.790
E[(ASt41)? Zt | F] = (ASq)° Zt T 3.220 3.355
E[(AS11)*Zi—e|Fi] — (AS111)*Zi—e —9.071 —8.156

This table reports the diagnostic t—test statistic (given by Equation 20) associated with each of the moment
conditions used in the GMM estimation of various models. Note that the instrument of return moments is
set as Z; = V; in the SV] model and Z; = V; + U; in the SV2] model.
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is still severely misspecified for the more volatile and less persistent volatility
component, it is not rejected for the less volatile and more persistent volatility
component. The diagnostic tests of the SV2] model suggest that the SV components
and random jump component are to certain extent complementary to each other.
Relative to the SV2 model, the additional jump component in the SV2] model
improves the fit of moment conditions associated with the volatility process, in
particular those of the more volatile and less persistent volatility component.
The t-statistics of these moment condition are in general reduced. Compared to
the SV] model, the additional volatility component in the SV2] model seems to
improve the fit of the fourth return moment, even though not so for the third
return moment. This is likely because the mixture of distribution of the additional
SV component can further incorporate a high level of kurtosis in returns. Overall,
the moment condition tests confirm the specification tests reported in Table 2 and
further pinpoint the sources of model misspecification.

3.3 Further Examination of the Stochastic Volatility Components

As noted earlier, a useful by-product of the model inference proposed in this
article is the estimates of stochastic volatility. That is, the estimates of daily spot
variance associated with all four models are obtained as a result of the estimation
procedure. In Figure 1, we plot the estimated volatility series for the SV and
SV2 models in Panels A and B, respectively. The volatility estimates of the SV]
and SV2] models behave similarly and are therefore not plotted. Consistent with
the model parameter estimates, the first volatility component of the SV2 model
appears to be quite stable, while the second component is highly volatile and
behaves similar to that of the univariate component of the SV model in Panel A. To
further understand the characteristic of each volatility component in the following
we investigate their relation to various market variables.

In finance literature, asset price volatility is believed to be directly related to
the rate of flow of market information [e.g. Clark (1973), Tauchen and Pitts (1983),
Ross (1989), Andersen (1996)]. Various studies have focused on the relationship
between asset price volatility and market activity. For instance, the relation
between trading volume and price volatility has been investigated in many
empirical studies [e.g. Clark (1973), Tauchen and Pitts (1983), Lamoureux and
Lastrapes (1990), Gallant, Rossi, and Tauchen (1992)] or using theoretical models
[e.g. Karpoff (1986), Harris and Raviv (1993), He and Wang (1995)]. In particular,
the model in Harris and Raviv (1993) predicts that the trading in speculative
markets is mainly driven by the differential opinions among traders. At the
same time, return volatility has also been linked to returns through the “leverage
effect” [e.g. Black (1976), Christie (1982), Tauchen, Zhang, and Liu (1996)] and
the risk premium or ““feedback effect” [e.g. Merton (1980), Engle, Lilien, and
Robins (1987), French, Schwert, and Stambaug (1987), Ghysels, Santa-Clara, and
Valkanov (2005), Brandt and Kang (2004)]. Interestingly, while the ““leverage
effect” suggests a negative correlation between asset return and conditional
volatility, the risk premium or “feedback effect” predicts a positive relation
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Figure 1 Estimated volatility components for SV and SV2 model. The figure plots the logarithmic
estimated spot volatility for the S&P 500 index over the period from January 1987 to June 1995
under the SV model in Panel A, and the two volatility components under the SV2 model in Panel
B. The SV2 model is specified in Equation (14) with 2 = 0, while the SV model is obtained by
further imposing the restrictionsk =y =6 = 0.

between asset return and conditional volatility. It is noted, however, that the
extensive empirical literature on volume—volatility and return—volatility relations
has, to the best of our knowledge, concentrated exclusively on a single component
of volatility measure. Below, we use the two volatility components, identified
from the SV2 model, to examine the volume-volatility and return—volatility
relationship. The motivation of our analysis is similar to that of Chan and Fong
(2000) who investigate the volatility—volume relationship by decomposing trade
volume into two distinct components, namely number of transactions and trade
size. The aim of our analysis is to provide further understanding or interpretation
of the decomposed volatility series in terms of their respective market information
content.

Using the time series estimates of the two volatility components, we perform
linear regressions for both the trading volume and return of the S&P 500 index.
The results are reported below, with Newey—West t-statistics in parenthesis under
the coefficient estimates:

Volume; = —0.003 + 0.201V; + 0.059U; R? = 18.1% 1)
(3.50) (2.53) (1.30)
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Return; = —0.058 +7.354V; — 3.176U; R? = 3.86% (22)
(202 (1.64) .77)

where V; and U; are the two daily spot volatility components estimated at
the beginning of the day under the SV2 model, Return; and Volume; are the
daily return and the time-detrended daily trading volume of the S&P 500 index,
respectively. In the volume regression, while the coefficients of both volatility com-
ponents are positive, only the first coefficient is significant at conventional critical
levels. Thatis, trading volume is mainly driven by the first volatility component V;.
In contrast, the coefficients of the two volatility components in the return regres-
sion have opposite signs, with both coefficients marginally significant at about
10% critical level. The first volatility component, V;, has a relation with return
as predicted by the risk premium or feedback effect, while the second volatility
component, U;, has a relation with return as predicted by the leverage effect.

The volume regression results provide evidence to support the conjecture of
the model in Harris and Raviv (1993), i.e. the trading activity is mainly driven by
a subset of the market information. Such information is believed to be related to
the heterogeneous beliefs among investors. That is, heterogeneous beliefs among
investors tend to drive up the trading activities or increase the trading volume.
The regression results in Equation (21) identifying the more persistent and less
volatile stochastic volatility component V; as the measure of such information
set. It is also believed that homogeneous beliefs among investors tend to have
a directional impact on asset prices as investors adjust the asset valuation and
expected market returns according to the common belief. That is, such information
tends to have significant impact on asset return but may not induce higher
trading activities. The regression results in Equations (21) and (21) identify the less
persistent and more volatile stochastic volatility component U, as the measure of
such information set. The results in Equation (21) further suggest that such volatile
or less anticipated informational shock has an asymmetric relation with the market
return. That is, a negative informational shock tends to have a larger impact on
market return than a positive one, or the so-called leverage effect. On the other
hand, the positive coefficient of the stochastic volatility component V; suggests
that a highly persistent or more anticipated information flow comes with a positive
risk premium required by investors to compensate the expected risk factor. The
results seem to reconcile the seemingly contradicting return—volatility relations as
predicted by the leverage effect and the risk premium or feedback effect.

To summarize, our estimation results suggest that at least three distinct factors
are identified from the asset return dynamics of the S&P 500 index, namely a highly
persistent and less volatile SV volatility component, a less persistent but more
volatile SV component, and a random jump component. Further analysis also
provides evidence that these distinct factors are associated with different types
of information in the market and have different impact on market activities. The
decomposition of such information may help us to further understand the links
between information flow and trading activity as well as asset return dynamics in
the financial market.
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4 CONCLUSION

This article proposes a new approach for the statistical inference of continuous-
time jump diffusion models with latent variables. We first construct unbiased
minimum-variance estimators for the latent variables as well as their power
functions. The estimators are based on the exact dynamic relationship between
the observed state variables and latent variables and therefore are consistent
with model specification. When applied to models with stochastic volatility, the
estimators can exploit the high-frequency return observations with improved finite
sample performance. With the estimators of latent variables as well as their power
functions, we propose a new GMM procedure for continuous-time AJD models
with latent variables. The distinguishing feature of the method is that moments
of both observed and unobserved latent variables can be used. The estimation
involves neither path simulation nor discretization of the continuous time process,
and does not suffer from the error-in-variable problem even when the moments
of latent variables are included. We apply our GMM estimator to a number of
commonly used continuous-time asset return models with stochastic volatility and
random jumps using the high-frequency S&P 500 index return observations. Our
results suggest that at least three distinct factors are identified from the asset return
dynamics, namely a highly persistent and stable stochastic volatility component,
a less persistent and more volatile stochastic volatility component, as well as a
random jump component. Finally, an exploratory analysis into the characteristics
of the estimated volatility series suggests that the distinctly behaved volatility
components represent different types of market information and are related to
different aspects of market activities.

APPENDIX : A Conditional Characteristic Functions of the SV2] Model

For the SV2] model in Equation (19), the joint CCF of (S¢is, Viis, Uits) can be
written as:

Yy (U1, Uz, u3, Stis, Vigs, Urys) = exp{C (8, uy, up, u3) + D1 (8, u1, u2, u3) Sy
+ DZ (81 Uy, up, 1/[3) Vt + D3 (81 Uy, up, 1/[3) ut}l

where C (-), D1 (-) and D2 (-) are solved from the Ricatti equations as:

C (8, uy,uz,u3) = (lurp + ifauy + ikOuz) 6

af 1—gle ™9
+%5 [(bl —h1)s —2In (W

B 1—g2e
+ 2 [(bz —h2)8 —2In (W

. 1 .
+Ad(expliupy — Eu%a]z} =1 —iuypy)
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D1 (8, u1,up, u3) = iug

b1 —hl 1—e /8
02 1—gle s

b2 —h2 1—¢ 2
yz 1— gZE*hZB

D2 (8, u1,u2,u3) = iup +

D3 (8, u1,uz,u3) = iuz +

with
h1 (u,up, u3) = [b1% + o*(uf + 2pouius + Ziﬂuz)]l/z

) 12
h2 (u1,up, u3) = [b2* + y*(ui + 20y urus + 2ikus)| /

and b1 (uy,up,u3) = B — poiuy — o?upi, b2 (u1,up,u3) = k — nyiug — y*usi,
gl (u1,up,uz) = (b1l — hl) / (b1 + hl), gZ (u1,up,uz) = (b2 — h2) / (b2 + h2).

APPENDIX: B

Proof of Equation (7). Using Equations (5) and (6), the law of iterated
expectations, and D = i(—iD), we have:

Vi (U1, ASiiks) = E [exp {iu1(Spaks — Stvk—15)} | ]
= E [E [exp {iu1Sr4ks — it1Sise—1)s} | Frak-1)s] | Ft
= E [exp {C (8; u1,0) + (D1 (8; u1,0)" — i11) Sy k—1)s
+D2(8; u1,0) Vigg—nys} | Fi]
= exp{C (8; u1, 0) 1y (—iD1 (8; u1,0) — u1, —iD2 (8; u1,0)’,

Sttk—1)8 Vit (k-1)s)

The conditional cumulant expressions now follow directly. B

Proof of Lemma 1.1. The result that E [¢; (Ls, L,) | F¢] = 0 follows directly from
the unbiasedness of the estimates of power functions of the latent state variables.
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In particular:

Eler (Lo L) 1Al = EIASH )R VR, — 30 cr (1) (ASHE VEIA]
0<ls+ly<Ls+Ly

= E[[(AsM)LSV%mﬂml

- Z Loty Us 1) (ASD" V,{U|ft
0<ls+ly<Ls+Ly

= E[(AS) Vi IFl = Y e, (s L) (ASHS VY
0<ls+lp<Ls+Ly

=0

Itis easy to verify from the exponential affine characteristic function in Equation (5)
or Equation (16) that E[(AS;41 )L Vtle | Ft]is a bivariate polynomial in terms of AS;4q
and V41 up to orders of L; + L,. The coefficients c;, 1, (Is,[,) can thus be obtained

recursively as illustrated below. For L; = 0 and L, = 1, we have:

d oC oD1 0D2
.ﬂ = <— + —AS + —Vt>
10us |,—o

iUy 10uUn 10
=¢0,1 (0,0) 4+ con (1,0) AS; +¢o1 (0,1) Vy

E[Vin|F] =

u=0

so that co1(0,0) = 9C/(idua)lu=o0, co1(1,0) = dD1/(iduz)lu—o, and cg1(0,1) =

9D2/(idus)|y=o. Similarly, for Ly = 1 and L, = 1, we have

32y, ] aC D1 D2
E[ASt 1 Vi | Fi]l = ——— = — || —+ —AS+—V
[ i t+1| t] i28u18u2 u=0 i8u1 [(iauz + iauz et ou Uy t) w:l
_( @?C 9°D1 9°D2
- i28u18u2 i28u18u2 ! i28u18u2 ! =0
aC aD1 oD2
— + —AS+—V;
10Uy 10Uy 10uUn
aC (D1 —i aD2
W (€ DL —im) o D2
1017 10Uq 1017 u=0

=01,1(0,0) +¢c11 (1,0) AS; 4+¢1,1 (0, 1) Vi +c11 (1,1) AS,V;
+c11(2,0) (AS)* +¢1,1 (0,2) V7

where
92C
0,0) =25——
1,1 (0,0) Pamauz |,
92D1 aC (dD1 aC aD1
L=\t | o 1)+
1“0u10uy 10Uy \ 10uq 1uy 10Uz / |,

92D1 9C 9D1  aC aD1
i20u10uy 10Uy 10Uy i0uq 101y

u=0

1,1 (1,0) = (

u=0
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82D2 aC aD2  3C D2
c1,1(0,1) = A A T a o T o o
=0u 0up 10U 10Uy 10Uy 10U2 ) |,
oD10D2 9D10D2
1) =|7+—7F7—+-"77"7—7
10Uy 10Uy 1duq 10uUn /|,
82D1
2,00 = 57—
1,1 (2,0) Pt |,
82D2
0,2) = ——
c1,1(0,2) 2ot |,

The coefficients ¢y 1, (Is,l,) for higher-order moments can be derived using a
similar recursive procedure. B
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