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Summary In this paper, we consider the estimation of Markov models where the transition
density is unknown. The approach we propose is based on the empirical characteristic
function estimation procedure with an approximate optimal weight function. The approximate
optimal weight function is obtained through an Edgeworth/Gram–Charlier expansion of the
logarithmic transition density of the Markov process. We derive the estimating equations and
demonstrate that they are similar to the approximate maximum likelihood estimation (AMLE).
However, in contrast to the conventional AMLE our approach ensures the consistency of
the estimator even with the approximate likelihood function. We illustrate our approach with
examples of various Markov processes. Monte Carlo simulations are performed to investigate
the finite sample properties of the proposed estimator in comparison with other methods.

Keywords: Approximate MLE, Edgeworth/Gram–Charlier expansion, Empirical charac-
teristic function (ECF), Markov process.

1. INTRODUCTION

The estimation of Markov models can proceed straightforwardly via the maximum likelihood
estimation (MLE) method when the transition density is known in closed form. However, when
the transition density is unknown alternative estimators to MLE need to be considered. Various
estimation methods have been proposed and applied in the literature, e.g. the quasi-maximum
likelihood (QML) method by Bollerslev and Wooldridge (1992), Fisher and Gilles (1996)
among others, the maximum likelihood method based on closed-form Hermite expansion of the
likelihood function by Aı̈t-Sahalia (2002, 2003), the generalized method of moments (GMM) by
Hansen and Scheinkman (1996) and Liu (1997), as well as various simulation-based methods
such as the simulated moments estimator (SME) by Duffie and Singleton (1993), the indirect
inference approach by Gouriéroux et al. (1993), the efficient method of moments (EMM) by
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Gallant and Tauchen (1996) and Gallant and Long (1997) with applications by Chernov and
Ghysels (2000) and Andersen et al. (2002) to continuous-time asset return models, and the
Bayesian MCMC method by Jones (1998), etc.

In recent literature, a number of estimation methods have also been developed in the
frequency domain. These methods exploit the analytical conditional characteristic function
(CCF) of the state variables. It is noted that, for many Markov processes, while a closed form of
the transition density is unavailable, the associated CCF of the state variables can often be derived
analytically. For instance, in the continuous time finance literature, models specified within the
affine framework often have closed-form CCF. This observation opens the door to alternative
estimation methods using the CCF. In this regard we have the estimators developed in Singleton
(2001), Jiang and Knight (2002) and Chacko and Viceira (2003) for continuous time diffusion
and jump-diffusion models. The basic idea is to minimize the integrated distance between the
empirical characteristic function (ECF) or joint ECF and their theoretical counterparts. Singleton
(2001) also proposes to use the likelihood function obtained by Fourier inversion of the CCF. In
a recent paper, Carrasco et al. (2007) extend the ECF approach by using a continuum of moment
conditions for the estimation of general dynamic models.

The ECF estimation method is asymptotically efficient as there is a one-to-one relationship
between the CCF and the transition density function. However, the practical implementation
of the method involves two issues: namely the choice of the discrete grids at which the ECF
and CCF are matched, and the weight function used in the estimation procedure. While in the
univariate case the choice of discrete grids has received some attention, see Feuerverger and
Mureika (1977), Schmidt (1982), Knight and Satchell (1997), Yu (1998) and Singleton (2001),
in the multivariate case the choice is indeed an open question. With given discrete grids, Singleton
(2001) proposes using a numerical procedure in the GMM framework to find the optimal weight
function, and shows that the optimal weight function is simply the covariance of the ECF
evaluated at the discrete grid points.

In this paper, we propose an alternative approach to address the issues involved in the
ECF estimation procedure. Instead of choosing the discrete grid points first and then finding
the optimal weight function following a numerical procedure, we propose a closed-form or
analytical approximation of the optimal weight function in the ECF estimation procedure. As
a result, the choice of the discrete grid can be avoided and the estimation can proceed based on
the analytical conditional cumulants. The basic idea stems from the fact that, due to the one-to-
one correspondence between the CCF and the transition density, the first-order conditions for ML
estimation can indeed be written as the sum of a weighted integral of the difference between ECF
and CCF. The optimal weight in this set-up is the inverse Fourier transform of the t th score. Thus
by approximating the logarithmic transition density of the Markov process we can approximate
the optimal weight function and hence solve the integral for the appropriate estimating equations.
We demonstrate that the estimating equations are similar to the approximate maximum likelihood
estimation (AMLE). However, in contrast to the conventional AMLE our approach ensures the
consistency of the estimator even with the approximate optimal weight function.

The method applies to processes with closed-form CCF, e.g. the common continuous-time
affine diffusion and jump-diffusion processes with known analytical CCF, the discrete time
compound autoregressive (CAR) processes introduced by Darolles et al. (2006). The CAR
processes are a class of non-linear dynamic processes characterized by the conditional log-
Laplace transforms which are affine functions of lagged values of the process. Furthermore,
since only the conditional cumulants are required, the method also applies to processes where
the conditional cumulants to certain orders can be derived.
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The paper is organized as follows. Section 2 proposes the ECF estimation approach with
approximate optimal weight function and derives the appropriate estimating equations. In
particular, we relate our approach to various existing estimation methods, especially the QMLE
and AMLE. In Section 3, we illustrate the application of our approach with examples of
various Markov processes in both discrete time and continuous time and for both univariate
and multivariate cases. In Section 4, we perform Monte Carlo simulations to investigate the
finite sample properties of the proposed estimation procedure. A brief conclusion is contained in
Section 5. Proofs are given in Appendix A.

2. ECF METHOD AND CONSISTENT AMLE (C-AMLE)

Let xt ∈ R
N, t > 0, be an N-dimensional stationary Markov process defined in either a discrete

time set or a continuous time set with a complete probability space (�,F , P ). Suppose that
{xt }Tt=1 represents an observed sample over a discrete set of time from the Markov process. Let
f (xt+1 | xt ; θ ) : R

N × R
N × � → R denote the measurable transition density for the Markov

process and θ ∈ � ⊂ R
Q denote the parameter vector of the data-generating process for xt .

Following Singleton (2001), a consistent estimator of the parameters based on the empirical
characteristic function (ECF) can be derived from the following equation:

1

T

T∑
t=1

∫
..

∫
w(r, t | xt ; θ )(eir ′xt+1 − φ(r, xt+1 | xt ; θ )) dr = 0, (2.1)

where φ(r, xt+1 | xt ; θ ) = E[exp(ir ′xt+1) | xt ] is the CCF and w(r, t | xt ; θ ) ∈ W (r, t | xt ; θ ) with
w(r, t | xt ; θ ) being the set of ‘instrument’ or ‘weight’ functions as defined in Singleton (2001).
Namely, for each ‘instrument’ or ‘weight’ function w(r, t | xt ; θ ) : R

N × R
+ × R

N × � → C
Q

where C
Q denotes the complex numbers, we have w(r, t | xt ; θ ) ∈ It and w(r, t | xt ; θ ) =

w̄(−r, t | xt ; θ ), t = 1, 2, . . . , T + 1, where It is the σ -algebra generated by xt . The ECF
estimation procedure has been proposed by Feuerverger and Mureika (1977), Schmidt (1982)
and Feuerverger and McDunnough (1981) for i.i.d. cases, and Feuerverger (1990) for generic
stationary Markov processes using the joint ECF of state variables.

As shown in Feuerverger (1990), Singleton (2001), Jiang and Knight (2002) and Carrasco
et al. (2007), there exists an optimal ‘instrument’ or ‘weight’ function in the sense that the
estimator defined in (2.1) is also an efficient estimator with the same asymptotic properties as
ML estimator. We summarize these results in the following lemma. Following Singleton (2001),
we impose the same regularity conditions on the ECF estimation procedure as those imposed by
Hansen (1982) for GMM.

LEMMA 2.1. Under standard regularity conditions where w(r, t | xt ; θ ) ∈ W (r, t | xt ; θ ) is a
well-defined ‘instrument’ or ‘weight’ function, equation (2.1) leads to consistent parameter
estimators. Furthermore, let f (xt+1 | xt ; θ ) be the transition density of the Markov process, the
following weight function is optimal:

w(r, t | xt ; θ ) = 1

(2π )N

∫
..

∫
∂ ln f (xt+1 | xt ; θ )

∂θ
e−ir ′xt+1dxt+1 (2.2)

in the sense that the estimators based on equation (2.1) are equivalent to MLE.

It is noted that the optimal weight function is determined by the logarithm of the transition
density or likelihood function of the Markov process. When f (xt+1 | xt ; θ ) is explicitly known,
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the Markov model can be estimated straightforwardly via the ML method and it can be shown
that the estimation equation (2.1) will result exactly in conditional ML estimator. However, if
f (xt+1 | xt ; θ ) is not known explicitly but φ(r, xt+1 | xt ; θ ) is, then (2.1) must be implemented
with other than the optimal weight function w(r, t | xt ; θ ).

Thus, the implementation of the estimation procedure in (2.1) involves two issues, namely
the choice of the discrete grids at which the ECF and CCF are matched, and the weight function.
Since with a discrete grid the estimation problem in (2.1) is essentially the GMM in the frequency
domain, Singleton (2001) proposes a GMM approach to deal with the issues involved in the
implementation of (2.1). Namely, the integral in (2.1) is first approximated with a sum over
a discrete set of r and then the optimal weight function can be obtained by appealing to the
GMM framework following a numerical procedure. As shown in Singleton (2001), under certain
regularity conditions as the grid of r’s becomes increasingly fine in R

N , the asymptotic efficiency
of the estimator approaches that of MLE. The appeal to GMM to find the optimal weight matrix
in essence is a GLS solution but its major drawback is the necessity to choose the vectors r over
which the sum and hence the integral is approximated. In the scalar Markov case the choice of the
discrete grids has been considered in the literature, at least in the i.i.d. case; see Feuerverger and
Mureika (1977), Schmidt (1982), Knight and Satchell (1997), Yu (1998) and Singleton (2001). In
the N-dimensional case (N ≥ 2) the problem is much more complicated and there is virtually no
guidance given in the literature. In general, there is an obvious trade-off between finer grids and
coarser grids. With too coarse a grid, the GMM estimation based on selected set of moments is
easier to implement but would achieve lower asymptotic efficiency. While with too fine a grid, the
implementation of the estimation procedure can become infeasible due to the singularity of the
covariance matrix. Thus, in practice there is a limitation to the actual implementation of a very
fine grid. In the context of the estimation of mixture distributions, Carrasco and Florens (2000)
provide Monte Carlo evidence of efficiency loss relative to MLE due to the use of a discrete grid.
In a recent paper, Carrasco et al. (2007) propose a GMM approach with a continuum of moment
conditions and address the singularity problem via a penalization term.

In this paper, we propose an alternative approach than the one in Singleton (2001) to deal
with the issues involved in the implementation of (2.1). Instead of choosing the vectors r first
and then finding the optimal weight function following a numerical procedure, we propose
an approximation to the optimal weight function in (2.2) and derive the estimating equations
accordingly. As a result, the choice of the discrete grid is avoided and the estimation is relatively
straightforward to implement. We show that our approach is similar to the approximate MLE as
both are based on the approximate likelihood function or the approximate score. As in the case of
the conventional approximate MLE, approximating the optimal weight function does result in an
efficiency loss relative to MLE. However, in contrast to the conventional approximate MLE, our
approach ensures the consistency of parameter estimators even with the approximated likelihood
function.

2.1. Approximate optimal weight function and consistent AMLE (C-AMLE)

In this paper, we propose a closed-form or analytical approximation to the logarithmic transition
density of the Markov process, i.e. ln f (xt+1 | xt ; θ ), which will then, via (2.2), give us an
approximate weight function in (2.1) and hence result in a consistent estimator. We consider
series expansions for the log transition density rather than for the density itself. In addition to
the fact that the log transition density appears explicitly in the optimal weight function and thus
is the function we aim to approximate, for a number of other reasons better approximations are
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often obtained by approximating the log transition density and then exponentiating. Since the
solution of (2.1) requires the knowledge of φ(r, xt+1 | xt ; θ ) or ln φ(r, xt+1 | xt ; θ ), we can use
this function to develop approximations to ln f (xt+1 | xt ; θ ). The approximation we propose is
the multivariate Edgeworth/Gram–Charlier expansion.

Following McCullagh (1987), using the tensor notation, we have the general Gram–
Charlier/Edgeworth expansion for the log multivariate density ln f (xt+1 | xt ; θ ) given by

ln f (xt+1 | xt ; θ ) = ln f0(xt+1 | xt ; θ )

+ 1

3!
Ki,j,khijk(xt+1 | xt )

+ 1

4!
Ki,j,k,lhijkl(xt+1 | xt )

+ 1

5!
Ki,j,k,l,mhijklm(xt+1 | xt )

+ 1

6!
[Ki,j,k,l,m,nhijklmn(xt+1 | xt ) + Ki,j,kKl,m,nhijk,lmn(xt+1 | xt )[10]]

+ . . . .,
(2.3)

where f0(xt+1 | xt ; θ ) is chosen such that its first-order and second-order moments agree with
those of xt+1 conditional on xt . Upon letting ψ(r, xt+1 | xt ; θ ) = ln φ(−ir, xt+1 | xt ; θ ) (the
cumulant generating function), we have the conditional cumulants of various orders:

λi = ∂

∂ri

ψ(r, xt+1 | xt ; θ )|r=0

λi,j = ∂2

∂ri∂rj

ψ(r, xt+1|xt ; θ )|r=0

Ki,j,k = ∂3

∂ri∂rj ∂rk

ψ(r, xt+1|xt ; θ )|r=0

Ki,j,k,l = ∂4

∂ri∂rj ∂rk∂rl

ψ(r, xt+1|xt ; θ )|r=0

· · · .

It is noted that Edgeworth series used for approximations to distributions are most conveniently
expressed using cumulants. Moreover, where approximate normality is involved, higher-order
cumulants can usually be neglected but not higher-order moments. In this paper, since we often
deal with situations where the log CCF has simpler expression, the cumulants can be more
conveniently obtained than the moments. Furthermore, the Hermite polynomial tensors in the
general Edgeworth/Gram–Charlier expansion of equation (2.3) are given by

hi = λi,j (xj − λj )

hij = hihj − λi,j

hijk = hihjhk − hiλj,k[3]

hijkl = hihjhkhl − hihjλk,l[6] + λi,jλk,l[3]

hijklm = hihjhkhlhm − hihjhkλl,m[10] + hiλj,kλl,m[15]
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hijklmn = hi . . . hn − hihjhkhlλm,n[15] + hihjλk,lλm,n[45] − λi,jλk,lλm,n[15]

. . . .

hijk,lmn = hijklmn − hijkhlmn.

In tensor notation, it is understood that any index repeated once as a subscript and once
as a superscript is interpreted as sums over these repeated scripts, i.e. hi = λi,j (xj − λj ) =∑

j λi,j (xj − λj ), etc. Also, the numbers in square brackets refer to the number of permutations
of the various subscripts.

In this paper, for simplicity we let the initial approximating function be the multivariate
normal density with mean vector λi and covariance matrix λi,j , i.e.

f0(xt+1 | xt ; θ ) = (2π )−N/2|λi,j |−1/2 exp

(
−1

2

(
xi

t+1 − λi
)(

x
j

t+1 − λj
)
λi,j

)
, (2.4)

with xt+1 being an N × 1 vector whose ith element is xi
t+1, mean λi and covariance matrix

λi,j , λi,j is the inverse matrix of λi,j and |λi,j | is the determinant of the covariance matrix.
For clarity of presentation as well as ease of notation and yet without loss of generality, in

the following discussion we focus on the Gram–Charlier series expansion and set the truncation
order p = 4; consequently we have,

ln f̂p(xt+1 | xt ; θ ) = −N

2
ln 2π − 1

2
ln |λi,j | − 1

2
(xi − λi)(xj − λj )λi,j

+ 1

3!
Ki,j,khijk + 1

4!
Ki,j,k,lhijkl

= ln f (xt+1 | xt ; θ ) − ln f �
p (xt+1 | xt ; θ ), (2.5)

where ln f �
p (xt+1 | xt ; θ ) is the approximation error. The Edgeworth series and Gram–Charlier

series are formally identical when the expansion order is infinite and the main difference is the
different criteria used in collecting terms in a truncated series. As a result, with the same order of
expansion for the Edgeworth series and Gram–Charlier series, different cumulants or moments
may appear in the estimating equations.

Let the parameter vector to be estimated be denoted by θ ∈ �, then all cumulants and the
Hermite tensors are functions of θ . The approximate score function, i.e. the derivative of the
ln f̂p(xt+1 | xt ; θ ), is given by

∂ ln f̂p(xt+1 | xt ; θ )

∂θ
= − 1

2|λi,j |
∂

∂θ
|λi,j | + ∂λi

∂θ
hi − 1

2
(xi − λi)(xj − λj )

∂λi,j

∂θ

+1

6

[
∂Ki,j,k

∂θ
hijk + Ki,j,k ∂hijk

∂θ

]

+ 1

24

[
∂Ki,j,k,l

∂θ
hijkl + Ki,j,k,l ∂hijkl

∂θ

]
. (2.6)

Using the approximate score in (2.6), we can define an approximate optimal weight function
from (2.2) as

ω̂p(r, t | xt ; θ ) = 1

(2π )N

∫
..

∫
∂ ln f̂p(xt+1 | xt ; θ )

∂θ
e−ir ′xt+1dxt+1. (2.7)
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The following theorem states the estimating equation for a consistent estimator of θ . Since
the estimation is based on an approximate likelihood function, we refer to the estimator as
the AMLE. The asymptotic distribution of the proposed estimator is derived under standard
regularity conditions as in Singleton (2001).

THEOREM 2.1. (Consistent Approximate MLE) Given the approximate optimal weight function
in (2.7), the ECF procedure in (2.1) can be written as

1

T

T∑
t=1

∫
ω̂p(r, t | xt ; θ )(eir ′xt+1 − φ(r, xt+1 | xt ; θ ))dr = 0, (2.8)

with w(r, t | xt ; θ ) replaced by ω̂p(r, t | xt ; θ ). From the above equation, we have the following
estimating equation for our proposed estimator which we refer to as the approximate MLE. That
is

1

T

T∑
t=1

{
∂ ln f̂p(xt+1 | xt ; θ )

∂θ
− E

[
∂ ln f̂p(xt+1 | xt ; θ )

∂θ

∣∣∣∣ xt

]}
= 0. (2.9)

Under standard regularity conditions, the approximate ML estimator defined in (2.8) or (2.9) is
consistent and asymptotically normal, i.e. as T → ∞:

√
T (θ̂p − θ )

d−→ N (0,�p), (2.10)

where the limiting covariance matrix �p is given in Appendix A.

The estimating equation in (2.9) is based on the approximate likelihood function or the
approximate score.1 However, in contrast to the conventional AMLE it also includes the second
term, i.e. the expectation of the approximate score. It is clear that when the true transition density
of the Markov process f (xt+1 | xt ; θ ) is known and f̂p(xt+1 | xt ; θ ) = f (xt+1 | xt ; θ ), then we

have E[ ∂ ln f̂p(xt+1 | xt ;θ)
∂θ

] = 0. However, this will not necessarily be the case if we approximate
f (xt+1 | xt ; θ ), i.e. f̂p(xt+1 | xt ; θ ) 
= f (xt+1 | xt ; θ ). The inclusion of the second term ensures
the consistency of the proposed estimator and it does not require convergence of the infinite
expansion. However, as noted in the proof, if as p goes to infinity we have ln f̂p → ln f , i.e.
convergence, then the estimator becomes the ECF estimator proposed in Singleton (2001) with
optimal weight function and thus achieves ML efficiency. Conditions needed for the convergence
of the Edgeworth/Gram–Charlier series are given in Cramér (1925) for the univariate case and
in Skovgaard (1986) for the multivariate case. As Cramér (1946, p. 224) notes, ‘in practical
applications it is in most cases only of little value to know the convergence properties of our
expansions. What we really want to know is whether a small number of terms—usually not more
than two or three—suffice to give a good approximation to f (x)’. In our simulations, reported in
Section 4, we note that an expansion involving corrections for skewness and kurtosis does indeed
work very well.

1 Note that the estimating equation in (2.9) is equivalent to the ECF procedure in (2.8). One can thus resort to (2.8)
for model estimation when the conditional expectation in (2.9) is difficult to compute. We note that when analytical
expression of the CCF is unavailable, an approximate efficient estimator based on discretizing the integral in (2.8) is
proposed in Singleton (2001) and a simulated method of moments is proposed in Carrasco et al. (2007).
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Since the QML estimation is a special case of approximate MLE, it is also a special case
of our estimator (with expansion p = 2). In fact, the consistency of the QML estimation can
be easily seen from our framework. For this and one technical note, we add the following
remarks.

REMARK 2.1. If one was merely to approximate f (xt+1 | xt ; θ ) by a normal
density, i.e. only the initial approximating density f̂p(xt+1 | xt ; θ ) = f0(xt+1 | xt ; θ ) and
f̂p(xt+1 | xt ; θ ) 
= f (xt+1 | xt ; θ ), the approach is essentially the QML estimation. From (2.4),
we have

E

[
∂ ln f̂p(xt+1 |xt ; θ )

∂θ

]
= 0

which shows, via the results in Bollerslev and Wooldridge (1992), the consistency of QML
estimation.

REMARK 2.2. The reader may be concerned that in the definitions (2.2) and (2.7) the score and
approximate score may not be integrable. However, using the theory of generalized functions
these integrals will exist. In the univariate case, the approximate score is a polynomial in xt+1

and consequently the approximate optimal weight will be a function involving the Dirac delta
function and its derivatives. The result is similar in the multivariate case with the multivariate
Dirac delta function playing the central role.

2.2. The approximate MLE (C-AMLE) versus other methods

In the following we further derive the estimating equations based on (2.9) and illustrate the
similarity and difference of our estimator with other estimation methods. From the definition of
the Hermite polynomials we can readily establish that

∂hi

∂θ
= ∂λi,j

∂θ
(xj − λj ) − λi,j

∂λj

∂θ

= λ̄i,j (xj − λj ) − λi,j λ̄
j = h̄i − z̄i

∂hijk

∂θ
= ∂hi

∂θ
hjhk[3] − ∂hi

∂θ
λj,k[3] − hi

∂λj,k

∂θ
[3]

∂hijkl

∂θ
= ∂hi

∂θ
hjhkhl[4] − hihj

∂λk,l

∂θ
[6] − ∂hi

∂θ
hjλk,l[12] + ∂λi,j

∂θ
λk,l[6].

Substituting these derivatives into the expansion given by (2.6) and taking expectations
we can derive the appropriate estimating equations, which are stated in the following
lemma.

LEMMA 2.2. For an N-dimensional Markov process with known CCF associated with an
unknown transition density, following the ECF estimation procedure with approximate optimal
weight function the use of an Edgeworth/Gram–Charlier approximation for the unknown
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transition density as in (2.5) results in the following estimating equations.

1

T

T∑
t=1

{
∂λi

∂θ
hi − 1

2
[(xi − λi)(xj − λj ) − λi,j ]

∂λi,j

∂θ

+1

6

[
∂Ki,j,k

∂θ
(hijk − E(hijk | xt )) + 3Ki,j,k

[
(h̄ihjhk − E[h̄ihjhk | xt ])

− z̄i(hjhk − E[hjhk | xt ]) − −
hi λj,k − hi

∂λj,k

∂θ

]]

+ 1

24

[
∂Ki,j,k,l

∂θ
(hijkl − E(hijkl | xt )) + Ki,j,k,l

[
4(h̄ihjhkhl − E[h̄ihjhkhl | xt ])

− 4z̄i(hjhkhl − E[hjhkhl | xt ]) − 12(h̄ihjλk,l − E[h̄ihjλk,l | xt ])

+ 12z̄ihjλk,l − 6(hihj − E[hihj | xt ])
∂λk,l

∂θ

]]}
= 0.

(2.11)

If θ is of dimension Q then there will be Q such equations, the solution of which will lead to
approximate ML estimation.

The results in Lemma 2.2 underline the distinguishing feature of our method, i.e. while the
estimating equations are derived based on the approximation of scores, the approximate scores
are not used directly for estimation as in the common AMLE. Instead, these scores are used
to construct the optimal weight function in the ECF estimation procedure and the estimating
equations only involve certain conditional cumulants. Clearly, an advantage of the proposed
method is that since only the conditional cumulants are required in the estimation, the method
applies to general Markov processes where the conditional cumulants to certain orders are
available in closed form. The following remark discusses the relationship between our method
and alternative estimation methods in the literature.

REMARK 2.3. The estimating equations in (2.11) show clearly that similar to the method
of moments (MM) and the GMM, our method is also based on the conditional cumulants or
equivalently conditional moments of various orders. While our method is similar to the MM in
that the number of moment restrictions is the same as the dimension of the parameter vector, our
estimating equations may involve more moments than the dimension of the parameter vector.
While our method is similar to the GMM in that the number of moments involved in the
estimation may be higher than the dimension of the parameter vector, the number of moment
restrictions is the same as the dimension of the parameter vector. In particular, GMM relies on
a numerical procedure to find the optimal weights for various moment conditions, the moment
restrictions in our method have their own non-linear structure or specific weights of various
moment conditions as defined in the estimating equations.

While the estimating equations in the general case are cumbersome as in (2.11), in the
univariate case they collapse into the well-known method of moments as we will now illustrate,
albeit the moment restrictions are a system of conventional moment conditions. In the univariate
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case we essentially just let i = j = k = l = 1 and thus drop the superscript index

λ11 = 1/K2

h1 = (xt+1 − K1)/K2, h11 = h2 = h2
1 − 1/K2

h111 = h3
1 − 3h1/K2, h1111 = h4

1 − 6h2
1/K2 + 3/K2

2

with

∂h1

∂θ
= −h1

∂K2/∂θ

K2
− ∂K1/∂θ

K2
, h1

∂h1

∂θ
= −h2

1
∂K2/∂θ

K2
− h1

∂K1/∂θ

K2

h2
1
∂h1

∂θ
= −h3

1
∂K2/∂θ

K2
− h2

1
∂K1/∂θ

K2
, h3

1
∂h1

∂θ
= −h4

1
∂K2/∂θ

K2
− h3

1
∂K1/∂θ

K2

and since

E[h1 | xt ] = 0, E
[
h2

1 | xt

] = 1/K2

E[h11 | xt ] = 0, E
[
h111 | xt

] = K3/K
3
2

E[h1111 | xt ] = E
[
h4

1 | xt

] − 6E
[
h2

1 | xt

]
/K2 + 3/K2

2 = K4/K
4
2 .

The estimating equations collapse to

1

T

T∑
t=1

h1
∂K1

∂θ
+ 1

2

(
h2

1 − 1

K2

)
∂K2

∂θ
+ 1

6

[
∂K3

∂θ

(
h3

1 − K3

K3
2

)
− 3∂K3/∂θ

K2
h1

]

−K3

2

[(
h3

1 − K3

K3
2

)
∂K2/∂θ

K2
+

(
h2

1 − 1

K2

)
∂K1/∂θ

K2
− 2h1

∂K2/∂θ

K2
2

]

+ 1

24

[
∂K4

∂θ

(
h4

1 − (K4 + 3K2
2 )

K4
2

)
− 6

∂K4/∂θ

K2

(
h2

1 − 1

K2

)]

−K4

24

[
4

(
h4

1 −
(

K4 + 3K2
2

K4
2

))
∂K2/∂θ

K2
+ 4

(
h3

1 − K3

K3
2

)
∂K1/∂θ

K2

− 18

(
h2

1 − 1

K2

)
∂K2/∂θ

K2
− 12h1

∂K1/∂θ

K2
2

]
= 0.

(2.12)

Again the derivatives are taken with respect to all elements in the Q-dimensional parameter
vector θ .

The above estimating equations can be readily put into a more recognizable
form by combining coefficients on (hj

1 − E(hj

1 | xt )), j = 1, 2, 3, 4 (p = 4). Letting Ai
jt be

the appropriate coefficient on (hj

1 − E(hj

1 | xt )), j = 1, 2, 3, 4 (p = 4), associated with the
derivative with respect to the ith element of θ , we have the estimating equations given by

1

T

T∑
t=1

Atgt = 0,
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where At is a Q × 4 (p = 4) matrix with the ith row being associated with ∂
∂θi and gt is a

4 × 1 (p = 4) vector given by

gt =

⎡
⎢⎢⎢⎢⎣

h1

h2
1 − 1/K2

h3
1 − K3/K

3
2

h4
1 − (

K4 + 3K2
2

)
/K4

2

⎤
⎥⎥⎥⎥⎦ .

More specifically, we have

A1t = ∂K1

∂θ
− ∂K3/∂θ

2K2
+ K3

∂K2/∂θ

K2
2

+ K4
∂K1/∂θ

2K2
2

A2t = ∂K2/∂θ

2
− K3

∂K1/∂θ

2K2
− ∂K4/∂θ

4K2
+ 3K4

∂K2/∂θ

4K2
2

A3t = ∂K3/∂θ

6
− K3

∂K2/∂θ

2K2
− K4

∂K1/∂θ

6K2

A4t = ∂K4/∂θ

24
− K4

∂K2/∂θ

6K2
.

3. ILLUSTRATIVE EXAMPLES OF MARKOV PROCESSES

EXAMPLE 3.1. The Ornstein–Uhlenbeck Process (Equivalence to MLE) (Univariate
Continuous-Time Gaussian Process). The OU process is a univariate diffusion process specified
by the following stochastic differential equation:

dxt = β(α − xt )dt + σdwt , (3.1)

where wt is a standard Brownian motion. The OU process has a normal transition density
function given by f (xt+τ | xt ; θ ) = 1√

2πs2
exp{− (xt+τ −α−(xt−α)e−βτ )2

2s2 }, where s2 = σ 2

2β
(1 − e−2βτ ).

The conditional log-likelihood is given by ln L = ∑T
t=1 ln f (xt+1 | xt ; θ ) and maximization of

the likelihood function leads to the ML estimator.
As a member of the affine class of diffusions, the CCF of the OU process is given by

φ(r, xt+1 | xt ; θ ) = exp{ir(α + (xt − α)e−β) − r2σ 2

4β
(1 − e−2β )}. The conditional cumulants can

be easily derived as

K1 = (
α + (xt − α)e−β

)
K2 = σ 2

2β
(1 − e−2β ), Ki = 0,∀ i ≥ 3.

Substituting the cumulants into the estimating equation in (2.12) for the univariate case, we have

1

T

T∑
t=1

(
h1

∂K1

∂θ
+ 1

2

(
h2

1 − 1

K2

)
∂K2

∂θ

)
= 0,

where h1 = (xt+1 − K1)/K2, θ = (α, β, σ ). It is straightforward to verify that this is equivalent
to MLE.
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EXAMPLE 3.2. The Square-Root Diffusion Process (Univariate Continuous-Time Non-
Gaussian Process). The square-root process is a univariate diffusion specified by the following
stochastic differential equation:

dxt = β(α − xt )dt + σ
√

xtdwt . (3.2)

The transition density of the square-root process is non-central chi-square and the marginal
density is a gamma function. The square-root process is also a member of the affine class of
diffusions and has the following CCF: φ(r, xt+τ | xt ; θ ) = (1 − ir

c
)−(q+1) exp{ ire−βτ

(1−ir/c)xt }, where

c = 2β/(σ 2(1 − e−βτ )), q = 2αβ

σ 2 − 1. The following four cumulants can be easily derived:

K1 = α(1 − e−βτ ) + xte
−βτ

K2 = ασ 2

2β
(1 − e−βτ )2 + xtσ

2

β
e−βτ (1 − e−βτ )

K3 = ασ 4

2β2
(1 − e−βτ )3 + 3xtσ

4

2β2
e−βτ (1 − e−βτ )2

K4 = 3ασ 6

4β3
(1 − e−βτ )4 + 3xtσ

6

β3
e−βτ (1 − e−βτ )3.

Again, it is straightforward to apply the estimating equation in (2.12) for the univariate case
using the above results. The derivatives of these cumulants with respect to the parameter vector
θ = (α, β, σ 2) can be easily derived.

EXAMPLE 3.3. The Autoregressive Gamma Process (Univariate Discrete-Time Non-Linear
Non-Gaussian Process). Darolles et al. (2006) introduced a class of non-linear Markov processes,
termed CAR processes, in the following general non-linear Markov framework:

yt = h(yt−1, εt , θ ),

where εt is an i.i.d. stochastic process and θ is the parameter vector. The CAR processes are
characterized by the conditional log-Laplace transforms which are affine functions of the lagged
variables of the process. With the closed-form conditional log-Laplace transforms or equivalently
the CCF of the state variables, the method proposed in this paper can be readily used for the
statistical inference of this class of processes.

Among the CAR processes, a very interesting model is the discrete time counterpart of the
square-root diffusion process (as presented in Example 3.2 above) in continuous time, namely
the autoregressive gamma process. The process is specified through the following compounding
distribution:

yt | xt ∼ γ (δ + xt )

xt | yt−1 ∼ P(βyt−1),
(3.3)

where γ (·) and P(·) are the gamma and Poisson distributions, respectively, and θ = (β, δ)
is the parameter vector. Similar to the square-root diffusion process in continuous-time as in
Example 3.2, the transition density of the process has a non-central gamma distribution and the
marginal density of the process has a gamma distribution, namely, yt | yt−1 ∼ γ (δ, βyt−1) and
(1 − β)yt ∼ γ (δ). The process first introduced in Gouriéroux and Jasiak (2000) has the following
CCF: φ(r, yt | yt−1) = E[exp{iryt | yt−1}] = exp{−a(r)yt−1 + b(r)}, where a(r) = −iβr/(1 −
ir), b(r) = −δ ln(1 − ir) and the marginal characteristic function ψ(r, yt ) = E[exp{iryt }] =
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exp{c(r)}, where c(r) = −δ ln(1 − ir/(1 − β)). The process is stationary when |β| < 1. The
conditional cumulants can be derived as

K1 = βyt + δ, K2 = 2βyt + δ

K3 = 6βyt + 2δ, K4 = 24βyt + 6δ.

It is straightforward to apply the estimating equation in (2.12) for the univariate case using the
above results.

EXAMPLE 3.4. The Double OU Process (Equivalence to MLE) (The Bivariate Continuous-
Time Gaussian Process)

dyt = κ(xt − yt )dt + σdw
y
t

dxt = −βxtdt + σxdwx
t , t ∈ [0, T ],

(3.4)

where κ, β > 0, κ 
= β. The process yt exhibits linear mean reversion to conditional mean xt

which itself follows a mean-reverting process. The transition density of the process is given by

f (yt+τ , xt+τ |Ft ) = (2π )−1|V |−1/2 · exp

{
−1

2

(
yt+τ − my

xt+τ − mx

)′
V −1

(
yt+τ − my

xt+τ − mx

)}
,

where mx = E[xt+τ |Ft ],my = E[yt+τ |Ft ] and

V =
(

Var[yt+τ |Ft ] Cov(yt+τ , xt+τ |Ft )

Cov(xt+τ , yt+τ |Ft ) Var[xt+τ |Ft ]

)
.

The conditional likelihood is given by ln L = ∑T
t=1 ln f (yt+1, xt+1 | yt , xt ; θ ), where θ =

(κ, σ, β, σx) and maximizing the likelihood function leads to the ML estimator.
The joint CCF of (yt+τ , xt+τ ) can be derived in closed form and is given in Appendix B. The

conditional cumulants of various orders can be derived either from the closed-form expression
of CCF or through the moment–cumulant relationship:

μ1 = K1

μ2 = K2 + K2
1

μ3 = K3 + 3K2K1 + K3
1

μ4 = K4 + 4K3K1 + 3K2
2 + 6K2K

2
1 + K4

1 .

For relations between higher-order moments and cumulants, see Kendall and Stuart (1977). Note
that the superscript notation is used for cumulants in the multivariate case and 1 refers to the
cumulants associated with yt and 2 refers to the cumulants associated with xt . We have

K1 = E[yt+τ |Ft ], K1,1 = Var[yt+τ |Ft ], K1,1,1 = K1,1,1,1 = 0

K2 = E[xt+τ |Ft ], K2,2 = Var[xt+τ |Ft ], K2,2,2 = K2,2,2,2 = 0

K1,2 = Cov(yt+τ , xt+τ |Ft ), K1,1,2 = K1,2,2 = K1,1,2,2 = 0.
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Substituting the cumulants into the estimating equation in (2.11) for the multivariate case, we
have the jth estimating equation given by

1

T

T∑
t=1

{
∂K ′

∂θj

h + 1

2

(
h′ ∂V

∂θj

h − tr

(
∂V

∂θj

V −1

))}
= 0,

where h′ = (h1, h2), ∂K ′
∂θj

= ( ∂K1

∂θj
, ∂K2

∂θj
), and here we have used the fact that ∂V −1

∂θj
= −V −1

∂V
∂θj

V −1, with j = 1, 2, 3, 4. It is straightforward to verify that this is equivalent to ML
estimation.

EXAMPLE 3.5. The Discrete Time Stochastic Volatility Process (Bivariate Discrete Time Non-
Linear Process). The following process is often used in the finance literature to model the asset
return process with stochastic conditional volatility.

xt = eht /2εt

ht = α + βht−1 + σνt(
εt

νt

)
∼ N

((
0

0

)
,

(
1 ρ

ρ 1

))
.

(3.5)

It is noted that the return process and stochastic volatility are correlated, reflecting the leverage
effect when ρ < 0. While the stochastic volatility is in general unobserved, a set of recent
literature has shown that it can be either estimated from high frequency return observations
or implied from the derivatives market. As demonstrated in recent studies such as Andersen
et al. (2001) and Barndorff-Nielsen and Shephard (2002a,b), daily volatility can be very well
approximated from high frequency intradaily returns. Such an estimator or proxy of stochastic
volatility can be readily used for the estimation of the process, and in the subsequent analysis we
apply the proposed method to the SV process in the context of bivariate Markov processes.

For the model specified in (3.5) there is no closed-form expression for the CCF; however, we
can still derive the necessary conditional moments of xt , ht and then use them in our estimation.
Substituting ht into the process of xt , we have

xt = e(α+βht−1)/2 · eσνt /2 · εt .

Let gt = ht − α − βht−1, we aim to derive the conditional moments E[xn
t gm

t | ht−1], n,m =
0, 1, . . . . Decomposing the correlated normal random variables, we have

E
[
xn

t gm
t | ht−1

] = en(α+βht−1)/2 · E
[
enσ

√
1−ρ2ut /2 · enσρεt /2 · εn

t · (σνt )
m | ht

]
= en(α+βht−1)/2 ·

m∑
q=0

(
m

q

)
E

[(
σ
√

1 − ρ2ut

)m−q
enσ

√
1−ρ2ut /2]

· E[(σρεt )qεn
t enσρεt /2].

Since E[znerz] = ϕ(n)(r) = ∂ner2/2

∂rn , thus,

E
[(

σ
√

1 − ρ2ut

)m−q
enσ

√
1−ρ2ut /2

] = (
σ
√

1 − ρ2
)m−q

ϕ(m−q)
(
nσ

√
1 − ρ2/2

)
E

[
(σρεt )qεn

t enσρεt /2
] = (σρ)qϕ(q+n)(nσρ/2).
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The conditional moments of various orders can be readily derived. For instance, when n = m =
2, we have E[x2

t g
2
t | ht−1] = σ 2(1 + σ 2 + ρ2(2 + 5σ 2 + σ 4)) · eα+βht−1+σ 2/2. The conditional

cumulants of various orders can be easily derived via the cumulant–moment relationship and
substituting the cumulants into (2.11) for the multivariate case, we have the necessary estimating
equations.

EXAMPLE 3.6. The Continuous-Time Square-Root Volatility Process (Bivariate Continuous-
Time Process). The following process with stochastic volatility is often used in the literature to
model asset return in the continuous time framework:

dxt = μdt + √
vtdws

t

dvt = β (α − vt ) dt + σ
√

vtdwv
t

dws
t dwv

t = ρdt, t ∈ [0, T ],

(3.6)

where β > 0. The process is known to be a positive process with a reflecting barrier at 0, which
is attainable when 2αβ < σ 2. This model has been widely used in the finance literature for asset
return dynamics as it has an associated closed-form expression for European option prices; see
Heston (1993). Similar to the discrete-time SV model, we apply the proposed method in this
paper to the continuous-time SV process in the context of bivariate Markov processes.

The joint CCF of (xt+τ , vt+τ ) can be derived in closed from and is given in Appendix B.
Based on the closed-form expression of the characteristic function, analytical expressions for
the conditional cumulants of any order can be derived as follows with 1 for xt and 2 for vt ,
respectively.

K1 = μτ

K1,1 = ατ + α
1 − eβτ

βekβτ
+ eβτ − 1

βeβkτ
vt

K1,1,1 = 3e−βτ

β2
(α(2 + βτ − eβτ (2 − βτ )) − (1 − eβτ + βτ )vt )ρσ

K1,1,1,1 = 3σ 2(α − 2vt )
(1 − eβτ )2

2β3e2jβτ
+ 6σ 2(α − vt )

τ 2ρ2β2 − (2ρ2 + 1)(eβτ − βτ − 1)

β3ejβτ

+ 3ασ 2 1 + eβτ (βτ − 1) − 8ρ2(eβτ − 1) + 4ρ2τβ(1 + eβτ )

β3eβτ

K1,2 = e−βτ

β
(α(eβτ − 1 − βτ ) + βτvt )ρσ

K1,1,2 = e−2βτ

2β2
(2(1 − eβτ (1 − βτ − β2τ 2ρ2))vt − α(1 − e2βτ (1 + 4ρ2)

+ 2eβτ (βτ + 2ρ2 + 2βτρ2 + β2τ 2ρ2)))σ 2

K1,2,2 = e−2βτ

β2
(α(eβτ − 1)(eβτ − 1 − βτ ) − (1 + 2βτ − eβτ (1 + βτ ))vt )ρσ 3

K1,1,2,2 = e−3βτ

2β3
((−3 + 4eβτ (1 − βτ − ρ2 − 2βτρ2 − 2β2τ 2ρ2) − e2βτ (1 − 2βτ − 4ρ2

− 4βτρ2 − 2β2τ 2ρ2))vt + α(1 + e3βτ (1 + 6ρ2) − e2βτ (1 + 12ρ2

+ 2β2τ 2ρ2 + 2β(τ + 4τρ2)) + eβτ (−1 + 6ρ2 + 4β2τ 2ρ2 + 2β(τ + 4τρ2))))σ 4.
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The cumulants with respect to vt with various orders are given in Example 3.2 for the square-
root diffusion process. Substituting the cumulants into (2.11) for the multivariate case, it is
straightforward to derive the necessary estimating equations.

4. MONTE CARLO SIMULATIONS

In this section, we investigate via simulation the performance of the estimation method proposed
in the paper for the Markov processes in comparison with alternative estimation methods. In
order to focus on the relative performance of various estimators, we restrict our simulations to the
models with exact sampling paths. As a result we focus on the univariate continuous-time square-
root diffusion process and the bivariate discrete-time stochastic volatility process. Through these
two models, we demonstrate the performance of our estimation method for both univariate and
bivariate Markov processes and in both discrete time and continuous time frameworks.

4.1. The continuous-time square-root diffusion process

The square-root diffusion process is specified in (3.2). The parameter values are set as α =
0.075, β = 0.80, σ = 0.100, which are close to the estimates of an interest rate process using
historical U.S. three-month Treasury bill yields. The choice of parameter values gives an integer
value of the degree of freedom for the non-central chi-square transition density function and
makes it feasible to generate exact sampling paths.2 Thus, there is no discretization error and
differences between different estimates are entirely due to the different estimation methods. We
set two sampling intervals, i.e. � = 1/4, 1 with sample size T = 250, 500. In each sampling path
simulation, the first 200 observations are discarded to mitigate the start-up effect. The number of
replications in the Monte Carlo simulation is 1000. The estimation methods we consider include
the C-AML developed in this paper, the MLE, QMLE and GMM.

MLE Solving from the Kolmogorov backward (or Fokker–Planck) equation or from the
CCF via Fourier inversion, the transition density function of the square-root process can be
obtained as

f (xt | xt−τ ; θ ) = ce−u−ν
(ν

u

)q/2
Iq(2(uν)1/2), (4.1)

with xt taking non-negative values, where c = 2β/(σ 2(1 − e−βτ )), u = cxt−τ e
−βt , ν =

cxt , q = 2βα

σ 2 − 1, and Iq(·) is the modified Bessel function of the first kind of order q. The
transition density function is non-central chi-square, χ2[2cxt ; 2q + 2, 2u], with 2q + 2 degrees
of freedom and parameter of non-centrality 2u proportional to the current level of the stochastic
process. If the process displays the property of mean reversion (β > 0), the process is stationary
and its marginal distribution can be derived from the transition density, which is a gamma
probability density function, i.e. g(xt ; θ ) = ωs

�(s)x
s−1
t e−ωxt , where ω = 2β/σ 2 and s = 2αβ/σ 2,

with mean α and variance ασ 2/2β. The MLE is based on

∂ ln g(x1; θ )

∂θ
+

T∑
t=1

∂ ln f (xt+1 | xt ; θ )

∂θ
= 0.

2 The square-root diffusion process specified in (3.2) has a non-central chi-square transition density function with a
degree of freedom 2q + 2, where q = 2βα

σ 2 − 1. Given the parameter values used in our simulation, q equals 11.
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QMLE The QMLE is based on the conditional mean and variance which are given in
Example 3.2 of Section 3 as well as the above unconditional mean and variance of the square-
root process. As mentioned earlier, QMLE is equivalent to the C-AMLE proposed in this paper
when the Edgeworth/Gram–Charlier expansion has an order of 2, namely p = 2.

GMM The same moment conditions as in Chan et al. (1992) are used for GMM, except
that the moment conditions are derived from the continuous-time model and are not subject to
discretization bias, i.e.

ft (θ ) =
[

εt

ε2
t − E

[
ε2
t

∣∣ xt−�

]
]

, (4.2)

where t = 1, 2, . . . , T , θ = (α, β, σ ) and the lagged variable is used as instrumental variable
in the estimation, where εt = �xt − E[�xt | xt−�] with E[�xt | xt−�] = (1 − e−β�)(α −
xt−�), E[ε2

t | xt−�] = σ 2

β
(e−β� − e−2β�)xt−� + ασ 2

2β
(1 − e−β�)2.

The simulation results of alternative estimators are reported in Table 1 for different sampling
intervals and sample sizes. Certain interesting observations for the estimation of the square-root
process are worth noting. The unconditional mean parameter (α) tends to be straightforward
to estimate. Measured by both bias and mean squared error, all four methods have similar
performance. The estimation of the conditional variance parameter (σ ) improves as both sample
size and sampling frequency increases. Among alternative estimators, QMLE has the worst
performance. The mean-reverting parameter (β) turns out to be most difficult to estimate. Overall,
there tends to be an upward bias for all estimators. As the sampling period increases, the upward
bias reduces. In other words, the estimation of β requires a large sample to be accurate.

Overall, the C-AML estimator performs as well as the ML estimator and consistently
outperforms other estimators. The difference with the QML and GMM suggests that the moments
with order higher than 3 are informative and help to improve the parameter estimation in our
estimation procedure. On the other hand, we also perform GMM estimation using the same
moment conditions as those used in the C-AML procedure. The performance of the GMM
estimation generally deteriorates. For example, with sampling interval � = 1/4 and sample
size N = 250, the root mean square error of β estimates increases to 0.2302 (from 0.2211 as
reported in Table 1). The deterioration is mainly caused by the increase in the standard error of
the parameter estimates. Finally, it is noted that since MLE involves numerical evaluation of the
Bessel function of the first kind, computationally the alternative estimators, including C-AML
estimator, all have a certain advantage.

4.2. The discrete-time stochastic volatility process

The discrete-time stochastic volatility process is specified in (3.5). We consider two sets of
parameter values, namely {α, β, σ, ρ} = {−0.35, 0.95, 0.25,−0.50; −0.70, 0.90, 0.35,−0.25}
which are similar to the values used in Andersen and Sørensen (1996) except that we set non-
zero values for ρ in our study. Again, there is no approximation error involved in the path
simulation and differences between different estimates are entirely due to the different estimation
methods. We set two sample sizes T = 250, 500. In each sampling path simulation, the first 200
observations are discarded to mitigate the start-up effect. The number of replications in the Monte
Carlo simulation is 1000. Since neither the transition density function nor the CCF is available
in closed form for the SV process, we only include the QMLE and GMM in our comparison.
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Table 1. Monte Carlo simulation results of the square-root diffusion model.

Parameter Estimation method Mean Median SD
√

m.s.e. (95 percentiles)

Panel A: Sampling Interval � = 1/4, Sample Size = 250

α C-AML 0.0748 0.0746 0.0043 0.0043 (0.0671 0.0829)

(0.075) ML 0.0748 0.0746 0.0043 0.0043 (0.0672 0.0840)

QML 0.0748 0.0746 0.0043 0.0043 (0.0672 0.0838)

GMM 0.0747 0.0746 0.0044 0.0044 (0.0667 0.0839)

β C-AML 0.8925 0.8797 0.2002 0.2205 (0.5535 1.3618)

(0.800) ML 0.8958 0.8803 0.1991 0.2208 (0.5486 1.3545)

QML 0.8929 0.8790 0.2089 0.2285 (0.5221 1.3691)

GMM 0.8840 0.8692 0.2046 0.2211 (0.5465 1.3476)

σ C-AML 0.0995 0.0994 0.0050 0.0051 (0.0894 0.1084)

(0.100) ML 0.0994 0.0994 0.0051 0.0051 (0.0896 0.1100)

QML 0.0712 0.0712 0.0038 0.0291 (0.0642 0.0792)

GMM 0.0997 0.0996 0.0055 0.0055 (0.0894 0.1103)

Panel B: Sampling Interval � = 1/4, Sample Size = 500

α C-AML 0.0748 0.0747 0.0031 0.0031 (0.0686 0.0802)

(0.075) ML 0.0748 0.0746 0.0031 0.0031 (0.0687 0.0811)

QML 0.0748 0.0746 0.0031 0.0031 (0.0688 0.0811)

GMM 0.0747 0.0746 0.0031 0.0031 (0.0687 0.0810)

β C-AML 0.8508 0.8420 0.1374 0.1465 (0.6133 1.1521)

(0.800) ML 0.8517 0.8427 0.1370 0.1464 (0.6094 1.1480)

QML 0.8453 0.8337 0.1450 0.1519 (0.5921 1.1606)

GMM 0.8428 0.8301 0.1403 0.1466 (0.6016 1.1400)

σ C-AML 0.0995 0.0991 0.0034 0.0035 (0.0922 0.1050)

(0.100) ML 0.0990 0.0990 0.0035 0.0036 (0.0924 0.1056)

QML 0.0709 0.0709 0.0026 0.0292 (0.0659 0.0759)

GMM 0.0998 0.0997 0.0037 0.0037 (0.0927 0.1074)

Panel C: Sampling Interval � = 1, Sample Size = 250

α C-AML 0.0749 0.0749 0.0023 0.0023 (0.0705 0.0793)

(0.075) ML 0.0749 0.0749 0.0022 0.0022 (0.0709 0.0796)

QML 0.0749 0.0749 0.0022 0.0022 (0.0709 0.0796)

GMM 0.0750 0.0749 0.0023 0.0023 (0.0708 0.0797)

β C-AML 0.8333 0.8236 0.1424 0.1462 (0.5896 1.1490)

(0.800) ML 0.8385 0.8246 0.1364 0.1417 (0.5955 1.1497)

QML 0.8376 0.8203 0.1473 0.1520 (0.5883 1.1710)

GMM 0.8327 0.8200 0.1438 0.1474 (0.5861 1.1631)
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Table 1. Continued.

Parameter Estimation method Mean Median SD
√

m.s.e. (95 percentiles)

σ C-AML 0.1003 0.0997 0.0067 0.0067 (0.0881 0.1137)

(0.100) ML 0.1002 0.1000 0.0066 0.0066 (0.0883 0.1138)

QML 0.0714 0.0711 0.0050 0.0291 (0.0625 0.0818)

GMM 0.1001 0.0997 0.0070 0.0070 (0.0874 0.1143)

Panel D: Sampling Interval � = 1, Sample Size = 500

α C-AML 0.0750 0.0749 0.0015 0.0015 (0.0718 0.0779)

(0.075) ML 0.0749 0.0748 0.0016 0.0016 (0.0718 0.0781)

QML 0.0749 0.0748 0.0016 0.0016 (0.0718 0.0781)

GMM 0.0749 0.0749 0.0016 0.0016 (0.0718 0.0781)

β C-AML 0.8145 0.8131 0.0991 0.1002 (0.6452 1.0244)

(0.800) ML 0.8212 0.8146 0.0977 0.0999 (0.6531 1.0294)

QML 0.8173 0.8113 0.1051 0.1065 (0.6329 1.0490)

GMM 0.8151 0.8108 0.0998 0.1009 (0.6451 1.0286)

σ C-AML 0.0998 0.0996 0.0047 0.0047 (0.0907 0.1090)

(0.100) ML 0.0997 0.0996 0.0047 0.0047 (0.0911 0.1093)

QML 0.0710 0.0708 0.0036 0.0293 (0.0644 0.0784)

GMM 0.0999 0.0997 0.0049 0.0049 (0.0906 0.1098)

QMLE The QMLE is based on the conditional mean and variance of xt and ht as well as
their cross moment which are given in Example 3.5 of Section 3 as well as the unconditional
mean and variance of xt and ht . Again, QMLE is equivalent to the C-AMLE proposed in this
paper when the Edgeworth/Gram–Charlier expansion has a order of 2, namely p = 2.

GMM The following moment conditions are used in the GMM estimation:

ft (θ ) =

⎡
⎢⎣

νt

ν2
t − E

[
ν2

t

∣∣ ht−1
]

νtxt − E
[
νtxt

∣∣ht−1
]
⎤
⎥⎦ , (4.3)

where νt = (ht − α − βht−1)/σ, t = 1, 2, . . . , T , θ = (α, β, σ ) and the lagged variable ht−1 is
used as instrumental variable in the estimation.

The simulation results for alternative estimators are reported in Table 2 for different
parameter sets and sample sizes. The most noticeable difference between C-AML and the QMLE
and GMM estimators is the performance of the ρ parameter estimation. As measured by both
bias and root mean squared error, the C-AML estimator outperforms both QMLE and GMM,
suggesting that higher moment conditions help to identify the correlation parameter and improve
its estimation. It is not surprising that the estimation of α, β and σ has similar performance
for all three estimators as ht follows a simple AR(1) Gaussian process. We note that in our
simulations, the simulated volatility process is also used in estimation. This is different from
Andersen and Sørensen (1996) where volatility is a latent variable. For this reason, the non-
convergence issue encountered in our simulations is much less severe than in Andersen and
Sørensen (1996) and the relative performance of alternative estimators is not affected even when
we include the non-convergence cases. Our further analysis of the GMM estimation also shows

C© The Author(s). Journal compilation C© Royal Economic Society 2010.



264 G. J. Jiang and J. L. Knight

Table 2. Monte Carlo simulation results of the discrete-time SV model.

Parameter Estimation method Mean Median SD
√

m.s.e. (95 percentiles)

Panel A: Sample Size = 250, Parameter Set I

α C-AML −0.4321 −0.4207 0.1110 0.1380 (−0.6701 −0.2543)

(−0.35) QML −0.4626 −0.4501 0.1322 0.1736 (−0.7529 −0.2533)

GMM −0.4573 −0.4435 0.1318 0.1699 (−0.7427 −0.2497)

β C-AML 0.9383 0.9398 0.0158 0.0197 (0.9045 0.9637)

(0.95) QML 0.9339 0.9362 0.0189 0.0248 (0.8926 0.9638)

GMM 0.9347 0.9367 0.0188 0.0243 (0.8936 0.9642)

σ C-AML 0.2481 0.2484 0.0039 0.0044 (0.2399 0.2550)

(0.25) QML 0.2476 0.2481 0.0043 0.0050 (0.2384 0.2548)

GMM 0.2473 0.2478 0.0044 0.0051 (0.2379 0.2543)

ρ C-AML −0.4779 −0.4804 0.1297 0.1316 (−0.7136 −0.2192)

(−0.50) QML −0.4459 −0.4397 0.1385 0.1486 (−0.7267 −0.2044)

GMM −0.4460 −0.4384 0.1398 0.1498 (−0.7332 −0.2095)

Panel B: Sample Size = 500, Parameter Set I

α C-AML −0.3978 −0.3864 0.0810 0.0940 (−0.5665 −0.2692)

(−0.35) QML −0.4119 −0.3982 0.0914 0.1104 (−0.6171 −0.2665)

GMM −0.4086 −0.3953 0.0913 0.1084 (−0.6123 −0.2636)

β C-AML 0.9432 0.9447 0.0116 0.0134 (0.9185 0.9617)

(0.95) QML 0.9412 0.9432 0.0131 0.0158 (0.9118 0.9621)

GMM 0.9417 0.9437 0.0131 0.0155 (0.9126 0.9623)

σ C-AML 0.2491 0.2493 0.0021 0.0022 (0.2449 0.2526)

(0.25) QML 0.2489 0.2490 0.0023 0.0026 (0.2442 0.2528)

GMM 0.2487 0.2488 0.0023 0.0026 (0.2440 0.2524)

ρ C-AML −0.5023 −0.5031 0.1014 0.1014 (−0.6512 −0.2918)

(−0.50) QML −0.4727 −0.4697 0.1098 0.1131 (−0.6965 −0.2762)

GMM −0.4726 −0.4700 0.1096 0.1129 (−0.6934 −0.2797)

Panel C: Sample Size = 250, Parameter Set II

α C-AML −0.7970 −0.7781 0.1720 0.1975 (−1.1476 −0.5183)

(−0.70) QML −0.8093 −0.7955 0.1705 0.2024 (−1.1717 −0.5315)

GMM −0.7998 −0.7863 0.1706 0.1975 (−1.1569 −0.5161)

β C-AML 0.8861 0.8888 0.0245 0.0282 (0.8364 0.9258)

(0.90) QML 0.8845 0.8867 0.0243 0.0288 (0.8338 0.9242)

GMM 0.8857 0.8877 0.0243 0.0282 (0.8348 0.9260)

σ C-AML 0.3476 0.3480 0.0055 0.0060 (0.3370 0.3572)

(0.35) QML 0.3465 0.3471 0.0058 0.0068 (0.3352 0.3565)

GMM 0.3467 0.3471 0.0057 0.0066 (0.3355 0.3566)
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Table 2. Continued.

Parameter Estimation method Mean Median SD
√

m.s.e. (95 percentiles)

ρ C-AML −0.2473 −0.2354 0.1082 0.1082 (−0.4202 −0.0229)

(−0.25) QML −0.2276 −0.2308 0.1120 0.1142 (−0.4371 −0.0143)

GMM −0.2289 −0.2304 0.1137 0.1156 (−0.4415 −0.0213)

Panel D: Sample Size = 500, Parameter Set II

α C-AML −0.7430 −0.7401 0.1148 0.1225 (−0.9844 −0.5512)

(−0.70) QML −0.7491 −0.7415 0.1189 0.1286 (−0.9889 −0.5493)

GMM −0.7447 −0.7344 0.1186 0.1267 (−0.9877 −0.5456)

β C-AML 0.8939 0.8944 0.0164 0.0175 (0.8595 0.9218)

(0.90) QML 0.8930 0.8943 0.0170 0.0183 (0.8590 0.9212)

GMM 0.8936 0.8950 0.0169 0.0181 (0.8593 0.9219)

σ C-AML 0.3485 0.3487 0.0030 0.0034 (0.3424 0.3537)

(0.35) QML 0.3479 0.3481 0.0033 0.0039 (0.3413 0.3535)

GMM 0.3479 0.3482 0.0033 0.0039 (0.3414 0.3534)

ρ C-AML −0.2463 −0.2437 0.0779 0.0780 (−0.3710 −0.0925)

(−0.25) QML −0.2365 −0.2331 0.0845 0.0855 (−0.3990 −0.0872)

GMM −0.2368 −0.2337 0.0843 0.0853 (−0.4002 −0.0869)

that adding higher-order moments such as E[x3
t | ht−1] or E[xtν

2
t | ht−1] to those in (4.3) helps

to identify the parameter ρ. However, by adding these extra high-order moment conditions in
the GMM estimation, there is in general an increase in the standard errors of the parameter
estimates. As noted in Andersen and Sørensen (1996), this is likely due to the deterioration
in the estimation of the weighting matrix as the number of moments increases. We also note
that as shown theoretically by Newey and Smith (2004), increasing the number of moment
conditions will increase the bias but decrease the standard error of the GMM estimator. To
reconcile these two observations, we follow Andersen and Sørensen (1996) and perform the
following simulations. First, we simulate 10,000 sample observations and estimate the so-called
‘true’ optimal weighting matrix in the GMM procedure. This ‘true’ optimal weighting matrix is
then used in our simulation with different sampling frequencies and sample sizes. In all four cases
of Table 2, we indeed observe a decrease in the standard errors of the GMM estimates. The results
confirm the following fundamental trade-off documented in Andersen and Sørensen (1996):
inclusion of additional moments improves estimation performance for a given degree of precision
in the estimation of the weighting matrix, but in finite samples this must be balanced against the
deterioration in the estimate of the weighting matrix as the number of moments increases. Since
the C-AMLE procedure has a specific analytical structure for moment restrictions as given in
the estimating equations, the weighting matrix is analytically available and there is no need to
estimate the weighting matrix numerically. This further underlines the advantage of our estimator
over the GMM and explains why our estimator achieves better performance with finite samples.

5. CONCLUSION

In this paper, we develop a new estimator for Markov models by combining an approximation
to the logarithmic transition density along with the first-order conditions associated with
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the ECF estimation approach. The estimator is consistent. As an alternative to the MLE due to
the unavailability of the exact likelihood function, the new approach is exact and parsimonious.
The method applies to processes with closed-form CCF, e.g. the common continuous-time affine
diffusion and jump-diffusion processes, the discrete time CAR processes introduced by Darolles
et al. (2006). Furthermore, since only the conditional cumulants are required in the estimation
the method also applies to processes which have analytical expressions for certain orders of
conditional cumulants. Using various examples, we illustrate the application of our approach
to Markov processes in both discrete time and continuous time and for both univariate and
multivariate cases. The Monte Carlo simulations for selected models confirm that the estimator
has desirable finite sample performance in comparison with other methods.
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APPENDIX A: PROOFS OF LEMMAS AND THEOREM

Proof of Lemma 2.1: The proof is essentially along the lines of Singleton (2001). From (2.2), we have

∂ ln f (xt+1 | xt ; θ )

∂θ
=

∫
eir ′xt+1w(r, t | xt ; θ ) dr

and ∫
w(r, t | xt ; θ )φ(r, xt+1 | xt ; θ ) dr

=
∫

w(r, t | xt ; θ )
∫

eir ′xt+1f (xt+1 | xt ; θ ) dxt+1 dr

=
∫ (∫

w(r, t | xt ; θ )eir ′xt+1dr

)
f (xt+1 | xt ; θ ) dxt+1

= E

[∫
eir ′xt+1w(r, t | xt ; θ ) dr

]

= E

[
∂ ln f (xt+1 | xt ; θ )

∂θ

]

Thus the estimating equations (2.1) lead to

1

T

T∑
t=1

[
∂ ln f (xt+1 | xt ; θ )

∂θ
− E

[
∂ ln f (xt+1 | xt ; θ )

∂θ

∣∣∣∣∣ xt

]]
= 0,

which is equivalent as ML estimation. �

Proof of Theorem 2.1: Similar to the manipulation to equation (2.8) as in the proof of Lemma 2.1
except w(r, t | xt ; θ ) being replaced with ŵ(r, t | xt ; θ ), we have equation (2.9). Firstly, from (2.8), we
note immediately from Singleton (2001) that under regularity conditions our estimator is consistent and
asymptotically normally distributed. Secondly, denote equation (2.8) as

H (θ ) = 1

T

T∑
t=1

ht (θ ) = 0

under certain regularity conditions, for a fixed p (the order in Edgeworth/Gram–Charlier expansion) we
have that the asymptotic variance–covariance matrix �p is given by

�p = D(θ )−1�(θ )D(θ )−1,

with D(θ ) = plim 1
T

∑T

t=1
∂ht (θ)

∂θ
and �(θ ) = plimT H (θ )H (θ )′. Refer to equation (2.9), we have

D(θ ) = plim
1

T

T∑
t=1

[
∂2 ln f̂p(xt+1 | xt ; θ )

∂θ∂θ ′ − ∂

∂θ ′ E

[
∂ ln f̂p(xt+1 | xt ; θ )

∂θ

∣∣∣∣∣ xt

]]
.
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Since

E

[
∂ ln f̂p(xt+1 | xt ; θ )

∂θ

∣∣∣∣∣ xt

]
=

∫
∂ ln f̂p(xt+1 | xt ; θ )

∂θ
· f (xt+1 | xt ; θ ) dxt+1,

thus

∂

∂θ ′ E

[
∂ ln f̂p(xt+1 | xt ; θ )

∂θ

∣∣∣∣∣ xt

]
=

∫
∂2 ln f̂p

∂θ∂θ ′ · f (xt+1 | xt ; θ ) · dxt+1 +
∫

∂ ln f̂p

∂θ
· ∂f

∂θ
· dxt+1

= E

[
∂2 ln f̂p

∂θ∂θ ′

∣∣∣∣∣ xt

]
+

∫
∂ ln f̂p

∂θ
· ∂ ln f

∂θ
· f · dxt+1

= E

[
∂2 ln f̂p

∂θ∂θ ′

∣∣∣∣∣ xt

]
+ E

[
∂ ln f̂p

∂θ
· ∂ ln f

∂θ

∣∣∣∣∣ xt

]
.

Furthermore

E

[
∂2 ln f̂p

∂θ∂θ ′

∣∣∣∣∣ xt

]
= E

[
∂

∂θ ′

(
1

f̂p

· ∂f̂p

∂θ

) ∣∣∣∣∣ xt

]

= E

[
− 1

f̂ 2
p

· ∂f̂p

∂θ
· ∂f̂p

∂θ ′ + 1

f̂p

· ∂2f̂p

∂θ∂θ ′

∣∣∣∣∣ xt

]

= −E

[
∂ ln f̂p

∂θ
· ∂ ln f̂p

∂θ ′

∣∣∣∣∣ xt

]
+

∫
1

f̂p

· ∂2f̂p

∂θ∂θ ′ · f · dxt+1


= −E

[
∂ ln f̂p

∂θ
· ∂ ln f̂p

∂θ ′

∣∣∣∣∣ xt

]
.

Note, the last inequality holds if ln f̂p 
= ln f . Consequently,

D(θ ) = plim
1

T

T∑
t=1

{
∂2 ln f̂p(xt+1 | xt ; θ )

∂θ∂θ ′ − E

[
∂ ln f̂p

∂θ
·
(

∂ ln f

∂θ ′ − ∂ ln f̂p

∂θ ′

) ∣∣∣∣∣ xt

]

−
∫

1

f̂p

· ∂2f̂p

∂θ∂θ ′ · f · dxt+1

}
.

On the other hand,

�(θ ) = plim
1

T

∑ ∑
h(θ )h(θ )′

= plim
1

T

∑ {
∂ ln f̂p

∂θ

∂ ln f̂p

∂θ ′ − E

[
∂ ln f̂p

∂θ

∣∣∣∣∣ xt

]
∂ ln f̂p

∂θ ′

−∂ ln f̂p

∂θ
E

[
∂ ln f̂p

∂θ ′

∣∣∣∣∣ xt

]
+ E

[
∂ ln f̂p

∂θ

∣∣∣∣∣ xt

]
E

[
∂ ln f̂p

∂θ ′

∣∣∣∣∣ xt

]}
.

Note that the above results are derived for a fixed p which is the truncation order of the Gram–Charlier
series expansion. If as p goes to infinity we have ln f̂p → ln f , i.e. the expansion is convergent, then we
have

D(θ ) = plim
1

T

∑ ∂2 ln f (xt+1 | xt ; θ )

∂θ∂θ ′
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and

�(θ ) = plim
1

T

∑ ∂ ln f (xt+1 | xt ; θ )

∂θ

∂ ln f (xt+1 | xt ; θ )

∂θ ′ .

In other words, D(θ ) = �(θ ) = I (θ ) and the asymptotic covariance is equal to I (θ )−1. In this case, the
estimator becomes the ECF estimator proposed in Singleton (2001) with optimal weight function and thus
achieves ML efficiency. �

Proof of Lemma 2.2: The results in Lemma 2.2 follow immediately from the substitution of equa-
tion (2.6) into equation (2.9). Alternatively, the estimating equation (2.11) can be derived by substituting
the approximating weight function into equation (2.8) and apply the definition of cumulants. �

APPENDIX B: CCF OF BIVARIATE OU PROCESS AND SV PROCESS

CCF of Bivariate OU Process. The joint characteristic function of (yt+τ , xt+τ ) conditional on Ft can be
written as

ψ(r1, r2; yt+τ , xt+τ | yt , xt ) = E[exp{ir1yt+τ + ir2xt+τ } | yt , xt ]

= exp{C(τ ; r1, r2) + D1(τ ; r1, r2)′ yt + D2(τ ; r1, r2)′ xt },
where C(·),D1(·) and D2(·) are solved from the Ricatti equations as

C(τ ; r1, r2) = 1

4κ
r2

1

(
σ 2 + κ2

(β − κ)2
σ 2

x

)
(e−2κτ − 1) + 1

4β

(
r2 − r1

κ

β − κ

)
σ 2

x (e−2βτ − 1)

+ r1

(
r2 − r1

κ

β − κ

)
κ

β2 − κ2
σ 2

x (e−(β+κ)τ − 1)

D1(τ ; r1, r2) = ir1e
−κτ

D2(τ ; r1, r2) = i

(
r2 − r1

κ

β − κ
(e(β−κ)τ − 1)

)
e−βτ .

CCF of Square-Root SV Process. The joint characteristic function of (xt+τ , vt+τ ) conditional on Ft can
be written as

ψ(r1, r2; xt+τ , vt+τ | xt , vt ) = E[exp{ir1xt+τ + ir2vt+τ } | xt , vt ]

= exp{C(τ ; r1, r2) + D1(τ ; r1, r2)′ xt + D2(τ ; r1, r2)′ vt },
where C(·),D1(·) and D2(·) are solved from the Ricatti equations as

C(τ ; r1, r2) = (ir1μ + iβαr2)τ + αβ

σ 2

[
(b − h)τ − 2 ln

(
1 − ge−hτ

1 − g

)]
D1(τ ; r1, r2) = ir1

D2(τ ; r1, r2) = ir2 + b − h

σ 2

1 − e−hτ

1 − ge−hτ
,

with h(r1, r2) = [b2 + σ 2(r2
1 + 2ρσr1r2 + σ 2r2

2 + 2iβr2)]1/2, b = β − ρσ ir1 − σ 2r2i, g(r1, r2) = (b −
h)/(b + h).
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