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What could potentially aggravate implicit volatility “smile" and
“asymmetry” ? — A note

Abstract

This research note shows that the implied Black-Scholes volatility calculated using
the bisection algorithm can have significant biases, which are more severe for in-the-
money (ITM) options than for out-of-the-money (OTM) options. The biases are shown
to have important implications as they could potentially aggravate the well-documented
smile or smirk and asymmetry of implied Black-Scholes volatility for equity options.
The findings caution the use of bisection agorithm for the calculation of Black-Scholes
implied volatility. This research note also shows that the biases can be eliminated us-
ing the optimization algorithm which uses at least the first derivative of the objective
function.

The implicit or implied volatility is defined as the value of the standard derivation of the
underlying asset returns at given time that equates the option price calculated from appro-
priate option pricing formulas to the observed option price. In the case of the Black-Scholes
(1973) model, the Black-Scholes implicit or implied volatility is defined as!

CBS(St7K7 O-impaT_taT) = C* (1)
where C* is the observed option price and
Cps(Sy, K,0,T —t,r) = S[®(d) — e " ®(d — ovVT —t)] 2

isthe Black-Scholes formulafor the European call option priceswith z; = In(.S; / K e (1)
andd = z;/o/T — t+0ovT — t/2,where S, isthe asset priceat timet, K isthe strike price
of the option, 7'(> t) is the expiration date of the option, r is the non-stochastic risk-free
rate of return, and @(-) is the cumulative distribution function (CDF) of a standard normal

distribution. In the above Black-Scholes formula, the risk-free rate r is assumed as constant
and known, S; is observed, the strike price K and expiration date 7" are specified in the

LIn time series literature, both standard derivation o and variance o2 are often referred as volatility.



option’s contract, and the only unobserved parameter is the underlying volatility o. Since
0Cps/0c = St\/mcb’(d) > 0, i.e. the sengitivity of option price with respect to the
change of underlying volatility (often referred as option’s vega) is strictly positive, Cps(-) is
astrictly increasing function of o and there is a unique solution of o in equation (1).

In the continuous-time diffusion model framework, estimation of the diffusion parame-
ter o from underlying asset return time series is not as straightforward as it appears to be.
Consider the following general Black-Scholes (1973) and Merton (1973) asset return model

in which the drift function x(-) can be non-constant but any arbitrary function of the asset
price S; and timet or even other economic variables, as pointed out in Lo and Wang (1995).
It is noted that the drift term does not enter into the option pricing formula, asit is replaced
by the risk-free rate of return in the risk-neutral process. However, the drift function (-) and
the diffusion coefficient o are related to each other through the transition density function
of the underlying asset return process and/or the marginal density function of a stationary
underlying return process, thus the estimation of o depends critically on the specification of
the drift function u(-) given observations of underlying asset returns. For example, when
the drift term is specified as a linear mean-reverting function, i.e. the asset return follows a
trended Ornstein-Uhlenbeck process instead of a geometric Brownian motion process as in
Black and Scholes (1973), the estimator of volatility o> would be different than that of the
Black-Scholes volatility based on the same set of asset return observations. For details, see
Lo and Wang (1995). Only in the casethat (-) = p, can the maximum likelihood estimators
of a = p — 20% and o be obtained from & = (In Sr — In Sy) /T, 6% = S (In(S;/S;—1) —
&)?/T based on a set of asset price observations {Sg, S1, ..., Sr}. Infact, in pricing options
the time series based definition of volatility is secondary and seldom used.

Since there is a one-to-one rel ationship between the volatility and the Black-Scholes op-
tion price as in equation (1), volatility can also be backed out from observed option price.
By doing so, the specification of the drift term x(-) becomes irrelevant as it does not enter
the option pricing formula. However, more often than not, C”; is a cross-section of option
pricesat timetforr =T —t € R, andi = 1,2, ..., N, there aso will be a cross-section

~imp

of implied volatility at time ¢, 5.,", which is not necessarily constant. The Black-Scholes
model imposes a flat term structure of volatility, i.e. the volatility is constant across both
maturity and moneyness of options. If option prices in the market were confirmable with
the Black-Scholesformula, all the Black-Scholesimplied volatility corresponding to various

options written on the same asset would coincide with the volatility parameter o of the un-
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derlying asset. Inreality thisis not the case, and the Black-Scholesimplied volatility heavily
depends on the calendar time, the time to maturity, and the moneyness of the options. Many
studies, e.g. Rubinstein (1985), use this approach to examine the cross-sectional pricing er-
rors of the Black-Scholes model based on the implied volatility from observed option prices
using equation (1). Empirical studies have found various patterns of the implied volatility
across different strike prices and maturities. The price distortions, well-known to practition-
ers, are usually documented in the empirical literature under the terminology of the smile
or smirk effect, referring to the U-shaped or tilted U-shaped pattern of implied volatilities
across different strike prices. More specifically, the following stylized facts are extensively
documented in the literature (see for instance Rubinstein (1985), Clewlow and Xu (1993),
Taylor and Xu (1993)) for the implied Black-Scholes volatility: (i) The U-shaped pattern of
implied volatility as a function of moneyness has its minimum centered at near-the-money
options; (ii) The volatility smile is often but not always symmetric as a function of money-
ness; and (iii) The amplitude of the smile or smirk increases quickly when time to maturity
decreases. Indeed, for short maturity options the smile or smirk effect is very pronounced
while it almost completely disappears for longer maturity options.

However, the inversion of implied volatility as a function of the observed option price
o™ = g™P(C*) has no explicit analytical form, thus calculation of the implied volatility
in general relies on numerical procedures. The commonly used methods in solving equation
(1) are the bisection algorithm which searches the value of # through iteration and the
optimization algorithm which minimizes the squared distance between the model price and
observed price. We refer the former method as Method | and the latter as Method I1.

Method I: bisection algorithm

Exploiting thefact that C'zs(-) isastrictly monotonic function of o, theiterative bisection
algorithm can be employed to solve equation (1). In this case, the first step amounts to
choosing the values for a and b such that

Cps(Sy, K,a, T —t,r) < C* (4
and
Cps(Sy, K,b,T —t,r) > C"* (5)

The next step is to evaluate Cps(-) at ¢ = (a + b)/2, if Cps(Sy, K, ¢, T —t,r) < C*, then
replace a by (a + b)/2 and continue the iteration. Otherwise, replace b by (a + b)/2 and
continue the iteration. The stopping ruleisif |a — b| < ¢, a pre-set permissible error, then



6" = (a + b)/2 is the solution. This method is used in Roncalli (1997) whose GAUSS
codes are included in the American University GAUSS archives.

Method I1: optimization algorithm

Also exploiting the fact that C'zg is a strictly monotonic function of o, the following
optimization can be employed to solve equation (1),

6" = argmin(Cpg(S;, K, 0™, T —t,r) — C*)? (6)

which has a unique solution for o™, The above minimization problem is rather simple and
can be solved using any available optimization method.

The difference between these two methods is that Method | only involves the eval uation
of thefunctional values and requires much less computational time, while method I involves
the evaluation of the first derivative and sometimes second derivative (depending on the
algorithm) of the objective function and requires more computational time. In this note we
illustrate that the first method can lead to considerable biases of implied volatility, while
the second leads to very accurate values of implied volatility. The program used in this
note for the first method is from Roncalli (1997), which is posted in the internet with the
address given in the reference, and the program for the second method is written by the
author, both in GAUSS language. The convergence limit ¢ in the first method is set as 10~°
and the initial interval is set as [a,b] = [1078,0.1]. The results are shown to be robust to
the change of convergence limit and initial interval around these values. The optimization
problem in the second method is solved using the procedure “OPTMUM" of GAUSS 3.2
with the default optimization method BFGS (i.e. the Broyden, Fletcher, Goldfab and Shanno
method, see e.g. Broyden, 1965) which uses both first and second derivative information.
Alternative optimization methods, such as the Newton-Raphson method which uses only the
first derivative of the objective function, are shown to work also very well. The convergence
is indicated by the return codes (0 indicates normal cornvergence). The starting value in
method |1 isset as o = 1% which is different from the true value.

For numerical analysis, we set the asset price as S; = $40.00, strike price as K =
[$30, $50], maturity date as 7' — ¢ = 21,63, 126, 252 business days (or 1-month, 3-month,
6-month, and 1-year respectively), standard derivation of daily continuously-compounded
asset returns as o = 0.02 or 2%, and the annual continuously-compounded risk-free rate as
r = 5%. Similar numbers are used in Lo and Wang (1995) for numerical analysis of option
pricing models. Figure 1 shows the implied volatility calculated using both methods from
the theoretical option prices generated by the Black-Scholes model. The horizontal axis rep-
resents moneyness of the options, which ismeasured by In(S;/K'). It is obviousthat Method
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[l yields very accurate valuation of implied volatility and the term structure of volatility is
flat across both moneyness and maturity as assumed in the Black-Scholes model. However,
Method | results in considerable biases of implied volatility, with the implied volatility of
short-term in the money (ITM) options in particular overvalued. Thus the implied volatility
appears to be asymmetric and skewed to the left. The implied volatility curve of short-term
options has a more pronounced curvature, while that of long-term options is relatively flat.
The asymmetric implied volatility curve calculated using method | happens to be agreeable
with the well-documented implied Black-Scholes volatility “smile” or “smirk”.

Figure 2 shows the implied volatility calculated using both methods from the theoretical
option prices generated by the Merton (1976) jump-diffusion model. The jump-diffusion
model in Merton (1976) assumes that asset return follows a mixture of continuous diffusion
path and discontinuous jump path, i.e.

dS:/S; = (a(-) — Aag)dt + odW; + (Y; — 1)dQ:(N) @)
where

a(-) —the instantaneous expected return on the asset;

0% — the instantaneous vol atility of the asset’s return conditional on no arrivals
of important new information (i.e. the Poisson jump event does not occur);

Q):(\) — a Poisson counting process which is assumed to bei.i.d. over time,
A is the mean number of jumps per unit of time, i.e. the intensity parameter of
the Poisson distribution with Prob(dQ.(\) = 1) = Adt, Prob(dQ;(\) = 0) =
1 — \dt;

Y; — 1 — therandom jump size (Y; > 0) representing the percentage change of
asset priceif the Poisson event occurs, [ (Y, — 1)dgx(7) isacompound Poisson
process, and «y is the expectation of the relative jump size, i.e. ay = E[Y; — 1];

dQ:(X), dW; — assumed to be statistically independent.

Merton (1976) showsthat, when Y; followsalog-normal distribution, i.e. In Y; ~ iid N (In(1+
ag) — 3%, v%), thus Y (n) has alog-normal distribution with the variance of logarithm of
Y (n), Var[nY (n)] = v*n, and Ey,»)[Y (n)] = (1 + a)", aclosed-form solution of the
European call option price is given by

o) 67/\17(>\/7')n

C]V[(St,t) = ZTCBS(ShKu V?”HT_tu,%”L) (8)

n=0



where N = A(1+ay), V2 = o2 +nv?/7,v, =r—Aag+nln(l+ag)/r,and T = T —t. The
option price is simply the weighted sum of the Black-Scholes price conditional on knowing
that exactly n Poisson jumps will occur during the life of the option with each weight being
the probability that a Poisson random variable with intensity \'~ will take on the value n. In
Figure 2, the asset price, strike price, maturity dates of the option and the risk-free rate of
return are set asthe same asin Figure 1. The jump and volatility parameter values are set as
02 =0.75 x (0.02)%,\ = 1/4, a0 = 0.0,> = x(0.02)?, i.e. the jump intensity is 25% and
the expectation of jump size is zero. Since the asset return distribution has fatter tails due
to the mixture of normal distributions and is symmetric due to the zero expectation of jump
size, theimplied volatility curve is expected to have a smile shape and be symmetric. When
calculating the jJump diffusion option prices, we truncate the summation in (8) fromn = 0
ton = 50. Asshown in Ball and Torous (1985) and verified in our calculation, the error due
to this truncation is negligible. Asindicated by the convergence codes and the symmetry of
asset return distribution (g = 0.0), Method Il again gives very accurate values of implied
volatility. The implied volatility is essentially symmetric around the at-the-money (ATM)
options and exhibits obvious U-shaped pattern or smile. The implied volatility curve of
short-term options exhibits very pronounced smile, while that of long-term optionsis almost
flat. However, Method | again generates significant upward biases of implied volatility, in
particular for the short-term deep ITM options. As aresult of the biases, the implied volatil-
ity appearsto be asymmetric, skewed to theleft, and has its minimum at in-the-money (ITM)
options. Compared to the true implied volatility curves, the implied volatility curves exhibit
much more pronounced smilesfor short-maturity options and smirks for longer-maturity op-
tions. The asymmetry of the implied volatility curves appears to suggest that there might
be a negative skewness, or negative expected jump, in the underlying asset returns. And
again, the asymmetric implied volatility curve calculated using method | suggests that the
deep ITM call options (equivalently the deep OTM put options by put-call parity) are priced
at significant premiums relative to the deep OTM call options. Such numerical biases thus
potentially have very important implications since the smiles or smirks and asymmetry of im-
plied volatility are actually also the well-documented stylized factsin the literature for equity
option prices. These biases caution the use of bisection algorithm as they could potentially
aggravate the “smile" or “smirk™ and the asymmetry of implied Black-Scholes volatility.
The problem for method | is a numerical problem of accuracy since it only involves
the evaluation of the option pricing formula in the right-hand side of equation (1), i.e. the
evaluation of the CDF of the standard normal distribution. A known fact about the normal



distribution is that it has very thin tails, its numerical functional values over the thin tails
would be virtually constant and thus have poor numerical accuracy, see Figure 3. The poor
numerical accuracy in the procedure of method | can be further confirmed by the following
calculations. We first calculate Black-Scholes option prices for deep ITM options with the
input of different volatility values . The Black-Scholes option pricing formula generates
almost the same option prices C'zs for a wide range of different volatility input o, as the
plots of CDF ®(-) against o suggest that they are extremely flat for different inputs of o. We
then use Method | to calculate implied volatility from these option prices, it turns out that the
implied volatilities for these deep ITM options are amost the same even though we know
that the underlying Black-Scholesvolatilitiesare actually different. When theiterative search
procedure of the bisection algorithm startswith evaluating whether Cz5(S;, K, ¢, T —t,r) <
C* holds, where ¢ = (a + b)/2 (i.e. choosing the high-range value of o which satisfies the
numerical equality (1)), there tends to be an over-valuation of the implied volatility. Such
biases are difficult to eliminate by the bisection agorithm itself due to the limited precision
of computers. Intuitively, due to the very thin tails of the normal distribution, the prices of
short-term deep I TM options are not sensitive to the change of the level of volatility. That is,
vega = 9Cps/00 = Si\/T — t®'(d) is small when both T — ¢ and d are small. Asin such
cases, the asset price has 0" probability dropping below the strike price K for quite arange
of different values of o. (It should be noted that based on empirical asset return distributions
with negative skewness and excess kurtosis, such probability may not be zero but positive,
and yet such options can be actively traded in the market.) Method 1, on the other hand,
uses the first derivative and in some cases the second derivative (depends on the algorithm)
in the optimization procedure. The first and second order conditions of the optimization
problem in (1) are respectively 25;/T — t®'(d)(Cs — C*) and 28;/T — t®"(d)(Cps —
C*) + 2(S;/T — t®'(d))?. From the plots of functional values of the normal CDF ®(d), the
normal PDF &'(d), and the first derivative of the normal PDF ®”(d) as shown in Figure 3,
it is obvious that ®”(d) is more sensitive to the change of d than ®'(d) is, and further ®'(d)
is more sensitive to the change of d than ®(d) is. Noticeably ®(d) is virtually flat for high
values of d, while ®'(d) and " (d) are changing with d even for very high values of d. The
use of first order condition and in some cases the second order condition as well thus leads
to a more accurate solution of the implied volatility.

The numerical biases of implied volatility due to method | (the bisection algorithm) are
not trivial for at least the following two reasons. Firstly, aswe have noted, the above reported
biases of implied volatility calculated using bisection algorithm happen to coincide with the



well-documented empirical stylized facts about equity option prices. Due to the biases, the
documented smiles or smirks and asymmetry might be, to a certain extent, aggravated by
the numerical biases. Secondly, the biases are found to be more severe for ITM options
than for OTM options. Aswell-known, it is the correction of the pricing errorsfor relatively
expensive options, namely the long-term and ITM options which are of more economic sig-
nificance, that presents one of the most severe challengesin option pricing theory. Moreover,
the biases of implied volatility may provide misleading information for developing alterna-
tive option pricing models. Therefore, it isimportant to implement the accurate algorithm in
computing implied volatility.
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Figure 1: Implied Volatility of the Black-Scholes Model using Different Algorithms
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Figure2: Implied Volatility of the Merton Jump-Diffusion Model using Different Algorithms
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Figure 3: Functional Values of the Norma CDF, PDF and the First Derivative of PDF
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