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Abstract—Recently, a computer algorithm was presented for joint estimation of random functions, this
coknging technique demonstrated the utility and increased accuracy obtained through best inear unbiased
estimation based on auto- and cross-correlation A worthwhile extension of cokniging 1s coconditional sim-
ulation, a techmique whereby several nonconditionally simulated random functions are conditioned using
cokniging Although coconditional simulation can be performed, one random function at a time, using
knging, this can result 1n an incorrect portrayal of the cross-correlation between the simulated random
functions This 1s particularly true 1f one, or several vanables is sampled sparsely Coconditional simulation
based on cokriging correctly reproduces vanable cross-correlation independent of vanable sampling density

Key Words Conditional Simulation, Cokniging

INTRODUCTION

Conditional simulation (Journel, 1974a) 1s a region-
alhized variable technique for the simulation of the spa-
tial distnbution of a single random function This
technique 1s conditional 1n that the simulation, if de-
stred, 1s forced to assume actual data values at spatial
locations where the random function was observed.
With the development of generalized coknging (Carr,
Mpyers, and Glass, 1985), the feasibility of coconditional
simulation was assured This advanced technique al-
lows several random functions to be simulated, more-
over conditioned, at once

Succinctly restated, coconditional simulation 1s the
simulation of spatial coregionalization (Journel and
Huybregts, 1978, p 516) Its purpose is to model spatial
situations comprising several variables of interest One
example 1nvolves bentonite deposits, here, pH, silt
content, and dry compressive strength may be impor-
tant (Myers and Carr, 1984) Another example involves
the development of tripartite earthquake response
spectra, each a portrant of peak values of acceleration,
velocity, and displacement as a function of natural fre-
quency of vibration during earthquakes (Carr and
McCallister, 1985) To model these situations correctly,
all vanables of importance must be considered

At present, the ssmulation of spatial coregionaliza-
tion 1nvolves the preparation of several conditional
stmulations, one per random function of interest This
process suffers from two major drawbacks

(1) If N random functions are important, 1t is te-

dious to execute a conditional simulation pro-
cess N times, especially if N 1s large
(2) Except at the data locations used for condition-

1ng, the cross-correlation between two random
functions can break down This 1s particularly
true if any of the random functions 1s under-
sampled
These drawbacks may be tolerated, however, for the
sake of simphcity
Developing a procedure for coconditional simulation
has the benefit of achieving correct cross-correlation
between simulated random functions This procedure,
because it rehes on cokniging for conditioning, 1s more
expensive than single vanable conditional simulation
This expense 15 offset by the convenience of multiple
simulation 1n one program run and by the increased
accuracy obtained 1n the reproduction of cross-corre-
lation Moreover, from a quantitative standpoint, the
CPU required for coconditional simulation 1s roughly
twice that required for conditional simulation for the
same number of random functions, hence the increased
cost 1s not exorbitant

A REVIEW OF CONDITIONAL SIMULATION

Each conditional simulation begins by forming a
nonconditional simulation Such a simulation com-
prises a spatially correlated random function having a
desired histogram and variogram A nonconditional
stmulation, however, except by chance, lacks certain
desirable spatial attnbutes Conditioning provides these
spatial attributes

Because the preliminary stage of conditional simu-
lation begins by forming a nonconditional ssmulation,
this latter procedure 1s emphasized mmtially It 1s ac-
knowledged that nonconditional simulation 1s the most
mathematically ngourous and fundamental aspect of
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Figure 1 Example data set for two variable coconditional stmulation, Hermtian transformation

a conditional simulation model Conditioning simply
involves linear esimation and then differencing

Nonconditional simulation in one dimension

Let T represent a collection of random numbers,
and let f'be a weighting function Then, a one-dimen-
sional random function (RF), Y(u), 1s defined as (Jour-
nel and Huybregts, 1978, p 505)

Y(u) = fu S+ DT(Hdr = Txf )

Y has a covaniance 1n this single dimension, expressed
as

Ci(s) = o>+ f+f, (2

where o2 15 the vanance of Y Because Equation 1 de-
scribes a convolution, a method of moving averages
can be employed Hence, Equation 1 becomes (Journel
and Huybregts, 1978, p 505)

yi= 2 luxS(kb) 3

k=—co

This infimite sum can be chpped, and 1t 1s sufficient
to use only (2R + 1) values, #,,4, to form y, Therefore,
Equation 3 becomes

+R
vi= 2 ta f(KD), 4)

k=—R

with, f(kb) = k, for a spherical covariance, and ¢, = a
random number with mean = 0 Thus, y, has a mean
of zero and a fimte variance

Extension to three dimensions the method of
turning bands

A nonconditional simulation 1s needed 1n three-di-
menstonal space The preceding development, how-
ever, was for a one-dimensional, stationary RF An
effective, cost-efficient technique 1s desired for extend-
g the one-dimensional simulation to three space

In three space, the ssmulation of a RF can be en-
visioned as the sum of an infinite number of single-
dimension simulations along lines passing through the
center of a sphere This center 1s the point at which
the simulation will be obtained in three space This
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CO-SIMULATION PROGRAM *&%#%

RESULTS FOR VARTABLF

CO-SIMULATION GRID DIMENSIONS
INITIAL CONSTANTS

MODEL PARAMETERS

groups of three vectors each Each of these groups is
L2 23 23

defined from any other group through a simple rota-

Figure 2B Transformed, nonconditional simulation, van-
tion Let the first group of vectors be

&)

N
Zox) = 1/VN 3 y(x),

=1

— o0

able 1

N

In practice, Equation 5 cannot be solved if N — o

yields the following expression (Journel and Hunbregts,
Hence, N must be clipped This clipping 1s, however,

1978, p 499)
Equation 35, as it turns out, can be solved adequately

if N1s as small as 15, provided these 15 lines join the
midpoint of opposite sides of a regular 1cosohedron
as the method of turning bands, developed by Math-

(Journel and Huybregts, 1978, p 503) This 1s known
eron and refined by Journel (1974a, 1974b)

Figure 2A  Untransformed, nonconditional simulation, van-
arbitrary For 1instance, N can be 1000 or 10,000

where each 1 is one of N lines

—r—

[Talo=t gl
~

Htwuyn

With this method, fifteen vectors of the icosohedron
are defined These vectors can be divided into five

Figure 2C Initial Information for vanable 1
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Figure 3A Varnogram for Figure 2A

k 1 1+ k)
[ICOS, )1 =6 1 —(1 + k) k , (6)
1+ k) k -1

moreover, let k = 0 618033989, one of the roots of the
equation k% + k — 1 = 0 (Journel and Huybregts,
1978, p 503)

The remaining groups of vectors are obtained from
Equation 6 by applying a rotation provided by the fol-
lowing matrix

1 —(1 + k) k
Rl=3| (1 +k) k -1 . (M
k 1 k+1)

where k 1s the same as for equation 6 The remaining
vectors are

[ICOS,] = [ICOS,][R]
[ICOS;] = [ICOS,][R]
[ICOS,] = [ICOS;][R]
[ICOS;] = [ICOS4][R], (3)

and the order of multiphcation 1s as shown Through-
out the process, the constant, 8, given 1n Equation 6
1s etther 1 or 1/2, depending on personal preference
The significance of § will be acknowledged subse-
quently

Once the fifteen vectors are defined, the three-di-
mensional ssimulation can be developed from fifteen
one-dimensional simulations As a first step, correlated
random numbers are generated along each of the fifteen
vectors using the following expression

NR
=y Z fim) TU+m), &)

m=—NR

»(J)

an algorithm similar to Equation 4 For the sitmulation
of correlated random numbers having a sphernical spa-
tial law, the following holds

J R CARR and D E MYERS

RANGE
2(Gnd Spacing)

_ 36
v= NR(NR + 1)2NR + 1)
flm)=m, —NR<m<NR

The constant, y, 1s introduced to give y a variance of
one Before, 1t was acknowledged that Equation 4
yielded a RF having a mean of zero and finite variance,
yet the vanance was not defined explicitly

Further with respect to Equation 9, J correlated ran-
dom numbers are developed with J computed as

NR =

(10)

= [NROW? + NCOL? + NELEV?]'* + 5, (1 1)
where NROW, and NCOL, and NELEV are the num-
ber of rows, columns, and levels, respectively, 1n the
model gnd, the value, 5, 1s added to 1nsure against
exceeding the number of values contained 1n the array,
T Furthermore, J 1s the vanable, NGMAX, reported
in Journel and Huybregts (1978, p 527)

To complete the nonconditional simulation, each
reahization of the simulated random function, Z, 1s
obtained as

15
Zo(x) = —= 2 v(k). 12)
d V—-; ) (
where
k, = ICOS[1, i]uy + ICOSJ[2, 1]vg
+ ICOS[3, 1lwe +J,  (13)

where (1, vy, Wo) 1s the coordinate location of point,
0 1n three space In Equation 13, the subscripts on
ICOS are discarded and, 1nstead, are described by ¢
Furthermore, with respect to Equation 6, 1f § = 1, each
k, must be halved The column, row, and elevation
location (19, vy, wp) of a gnd 1ntersection each has the
range
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Figure 4A Histogram of Random Numbers used for simulation which yielded Figure 2
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5 0.002 1.000 2.3 ¢
2499
Figure 4B Histogram for Figure 2A
0BS REL CUML LOW
28 0.011 0.011 2.0 + %%
54 0.022 0.033 2.7 & k&xx
96 0.038 0.071 3.4 + KKEEEEX
237 0.095 0.166 4.] + EEEXIEREAERAKEREREER
543 0.217 0.383 448 + SEEERRRREERKEEEERFERSEEE SRR SR ERERKRRER KRR A KRR
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5 0.002 1.000 8.3 +
2499
Figure 4C Histogram for Figure 2B
—NCOL =< uy < NCOL Zc = (Z; — M)/ Ser. (15)

—NROW < v, < NROW

—NELEV =< w, < NELEV (14)
Transformation of the nonconditional simulation

Prior to conditioning, the nonconditional ssmulation
must be transformed to a desired distribution As de-
fined, Equation 12 yields a RF having a mean of zero
and a vanance of one with a normal distribution Be-
cause most physical situations encompass RF’s with
other than normal distributions with mean values other
than zero and differing vanances, a transformation
must be applied to the RF defined by equation 12 to
yield a physically realistic model

Before any transformation 1s applied, the simulated
RF must be corrected to yield a perfect, (0, 1) Gaussian
distribution Theoretically, Equation 12 yields this dis-
tribution, practically, however, depending on the ran-
dom numbers used to fill the array, 7, of Equation 9,
the mean of the simulated RF may not be exactly zero
(practice has shown that —0 3 < mean < 0 3), and the
variance may not be precisely 1

If the mean of the simulated RF 1s designated M.,
and the standard deviation defined as S.., then the
corrected RF 1s defined as

where Z; 1s the RF yielded by Equation 12

Once this correction has been applied, two tech-
niques are employable for transformation The first 1s
a simple hinear transformation This type of transfor-
mation 1s useful for obtaining the desired mean and
variance, yet 1t maintains a Gaussian distnibution In
equation form, the linear transformation 1s obtained
as

Zr=(ZXSt) + M7, (16)

where Zr1s the transformed RF, Z, 1s the corrected
RF with distribution (0, 1), S71s the desired standard
deviation, and M 1s the desired mean

As an alternative, a transformation can be effected
using a Hermite polynomual expansion (Journel and
Huybregts, 1978, p 472) For this transformation, the
procedure 18

N
A 4
Zr= ZFH.(u), (17)

=0

where H,(u) encompasses Z,, ¥, are coefficients of the
Hermite polynomial expansion, and 1, for the computer
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Figure 5B Transformed, nonconditional simulation, van-

Figure SA Untransformed, nonconditional simulation, van-

able 2

able 2

1s to require the ssimulation model to assume observed
data values at spatial locations where the random

function, Z, has been observed

algorithm COSIM to be introduced subsequently,
ranges from 0-9 Moreover, ¥y = M7 The coefficients,
V¥, /1 can be computed using a vanety of available soft-

ware (e g , Kim, Myers, and Knudsen, 1977)

CO-SIMULATION PROGRAM *®%%x%

RESULTS FOR VARIABLE

L AL 3

In Equation 17, H,(u) can be determined as

CO-SI4ULATION GRIO DIMENSIQONS

(18)

e~ (W/2)

a
du,

H,u) = e

This can be expressed as the recurrence relationship

(Journel and Huybregts, 1978, p 476)

[T )

uH,(u) — 1H,_ (%)

H,\(w)

MODEL PARAMETERS
|3
R
B
T
L

In this series of equations, u 1s any realization of Z,

INITIAL CONSTANTS

Conditioning the stmulation

L]

Once the nonconditioned stmulation 1s developed
by solving either Equation 15 or Equation 17 at each

NGMA X
NR

KD
c

intersection of the model gnd, the simulation, 1If de-

Figure 5C Imitial information for variable 2

sired, can be conditioned The objective of conditioning
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CLASS GAMMA
1 0.195
2 0.404
3 0.589
4 0.743
S 0.823
6 0.880
1 0.931
a 0.976
9 0.990

10 1.018
1l 1.086
12 1.285
13 1.556
14 1.817
15 2.010
16 2.095
17 2.110
18 2.003
19 1.861
20 1. 744

MEAN AND VARIANCE OF THE SIMULATION
MEAN =

~0.339€E-01
VARIANCE = 0.106E+01

Figure 6A Variogram for Figure 5SA

Each conditioning data value 1s associated with a
discrete spatial location within the model, collectively,
these data represent observations of Z and are denoted
Z(x) Ateach conditioning location within the model,
a value has previously been simulated These represent
simulated observations of Z and are denoted Z,(x)

At each gnd intersection, g, of the model, kniging 1s
used to yield

Z:b(g) = Z AlZob(xl),

=1

Z3g) = 2 MNZudx),

=1

(20)

where m 1s the total number of conditioning data
Conditioning 1s achieved as

Z:8) = Zodlg) — Z3:L8) + Z3(8), @1

and this yields the final, conditionally simulated
RF, Z

COSIMULATION VS SIMULATION
By analogy with simulation, for example conditioned
simulation of a single random function we may write
Z(x) = Z*(x) + [Z(x) — Z*®)], (22)

where Z*(x) 1s the coknging estimation (block or
punctual as appropriate) given by

ZHx) = é Z(x)T,, (23)

J=1

and the I, , 'y, are given by

Z y(x — xj)rj + =5 —x), (24)
J=1

M=

T,=1

=1

The derivation of these equations 1s given by Myers
(1982) In the same manner as 1n the one variable ver-
sion

Z¥x), Z(x) — ZX(x),
are orthogonal, that 1s,
E[Z*01Z(x) - Z*(x)),

1s a matrix with all zeros To generate simulated values
for Z(x), 1t would be sufficient to generate Z,(x)
— Z*(x) 1somorphic to Z(x) — Z*(x), that 1s, with the
same first two moments The 1somorphic simulation
then 1s added to Z*(x) to obtain the coconditioned
cosimulation There are at least three possible ap-
proaches

(1) Simulate each component of Z(x) — Z*(x), 1n-
dependently, this corresponds to utilizing only
the diagonal of the variogram matrix for Z(x)

(2) If Z(x) = Y(x)4 where the components of Y are
uncorrelated and hence Y has a chagonal var-
10ogram matrix D then v = 47DA, by simulating
separately the components of ¥, the cross-cor-
relation of the components of Z are captured
by the matnx A This also simplifies cokriging
but 1t severely restricts ¥ to make such an as-
sumption This method 1s descnibed 1n greater
detail 1n Journel and Huybregts (1978)

(3) In the one vanable version of the Turning Bands
method, the covariance function, for example
variogram, for the random function 1n 2- or 3-
space 1s given as an integral of the corresponding
covarnance 1n 1-space This in turn 1s represented
as the self convolution of a function defined 1n
1 space which then 1s used to apply the moving
average technique along a line For true cosimu-
lation using Turning Bands we would need the
following representations

aa(h) = f a1(Ch, $))wa(ds), (25)

CLASS GAMMA

1 1.291

2 2.6175

3 3.900

4 4.917

5 5.448

6 5.826

7 6.164

8 6.460

9 6.550

10 6. 734

11 7.185

12 8.502

13 10.299

14 12.024

15 13.300

16 13.863

17 13.965

18 13.253

19 12.315

20 11.540

MEAN AND VARIANCE OF THE SIMULATION
MEAN = 0.800€+01
VAR TANCE = 0.700E+01

Figure 6B Variogram for Figure 5B
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08s REL CUML LOW
140 0.101 04101 =0.5 + SEkBeERahREERRERERFERTRRBORRRKR KR KRR KKK ERERKEE
134 0.097 0.199 —~0.% + ®EXEXRXSEBEREETEXRERERSRRKKRKR KSR RRRRERKERER
149 0.108 0.307 ~0.3 + SEXEAEAEEREERREREEEERERERRRRRERERERS SRS AR KRR KERES
120 0.087 0.393 -0,2 + REkKAEXREIREREERERRKKACEERE KRR R KEEERE
128 0.003 0.486 -0.1 + $&EE20txthsabhe eSS ERARFRRAARRRSEERAKR
152 0.110 0.596 =0.0 + FAXKEEEEREEEEREEREERERSEERRBRRGKKKESRRR R RS kR ERR LR
137 0.099 0.6956 O.1 + SFXEEFEXEXREXRRSRERRKEERERERRRRKERXX KR K EX K KRR
149 0.108 0.804 0.2 + SEEE452ARESEERREREKERERRRRRERRSEEFERRRE SRR KR KRS
136 0.099 0.902 0.3 + 2EXEXERERXEREREREREREERS RSk EERRERKhER KK R KKK
135 0.098 1.000 0.4 + $XEXREIERETRRRRKESFEERRREARRREXRRKRERBEERREX
1380
LOCATION [INDEX RANGE = 4 TN 70
Figure 7A Histogram of random numbers used for ssmulation which yielded Figure 5
a8s REL CuM™L LOW
42 0.017 0.017 ~=2.7 + #*%%¥
160 0.064 0.081 -2.1 + SEExkekeseres
380 0,152 02233 -1.4 + SEEXERREREEERRERETERRREEEERKKEE X
573 0.22G 0.462 —0.8 + *EXEERREXEXEREREREER EXRREEE KRR REERER XX RERERKEE
470 0.188 0.650 -0.2 + FEEEEIREELERRELRARRRRREEERTRERRRERRE KKK KE
457 0.183 02833 (ob + SEXEEXFERBEEEEEERREEEEEEREE RS KIS KERER XK
269 0.108 0.941 1.0 + HEEEXRXREREEERERXXKEKER
105 0.042 0.983 l.6 + *%kkk¥kx%
33 0,013 0.996 2e2 ¥+ ¥%
10 0.004 1.000 2.8 +
2499
Figure 7B Histogram for Figure 5A
08sS REL CUML LOW
42 0.017 0.017 1.2 + ®%%
160 0.064 0.081 2.8 + SEEEesaseaess
380 0,152 04233 4.4 + R0REks 5k hRRRRREEREREEREEREREEE K
573 0,229 0,462 5.9 + EERERRRREEEERXELFERERERRAREREREERXDREEAEEKRE R EEXER
479 0.188 0.650 TS + SRXXRRRRRREREEERREREERERABEEERARKERE LSS R K
457 0.183 0.833 9ol  + KEERERREERKBEEXERRAEERERX EERE AR L KR ERE KR
269 0,108 0.941 10.6 + #tesrsxsekkrraidsrriEs
105 0.042 04983 12.2 + **kk¥xk*x
33 0.013 0.996 13.8 + =%
10 0.004 1.000 1%.3 +
2499
Figure 7C Histogram for Figure 5B
%% CONDITIONING RESULTS #%*%x%
VARIGGRAM PARAMETERS
VARIABLE NUGGET StLL RANGE ANIS RATIO
1 0.200 1.300 80.000 0.000 1.000
2 1. 600 10.000 80,000 0.000 1.000
CROSS-CORRELATION PARAMETERS
PAIR NUGGET STLL RANGE ANIS RATIO
1 1. 800 11.300 80.000 0.000 1.000
CONDITIONING DATA
EAST NDRTH VAR 1 VAR2 VAR3 VAR4 VARS
112.180 106.510 11.000 18.100
132.360 91.170 7.000 10.200
133,210 102,280 7.000 15.600
132.550 63.370 6.000 6.100
1.000 135. 640 5.000 1.700
248.490 57.810 5.000 2.300
71.850 182.890 5.000 1.000
155.390 104. 170 6.000 4.500
173.980 94,830 5.900 2.100
97.860 141.200 6.000 6.200
164.320 141,200 5.000 2.300
163.430 108.810 6,000 11,700
143.478 152.318 6.800 7.680
220.00 20.00 5.000 1.50n
167.240 71.710 6.000 2.300
220.000 100.000 5.000 2.000
44.410 98. 950 5,000 3.200
131.440 90. 050 7.900 9. 909
220.000 145.000 5.,000 2.000
220.000 225. 000 5.000 2.000
180.000 145.000 6,000 3,000
180.000 225.000 5.000 2.000
140.000 185.000 5.000 2.000
100.000 225.000 5,000 2.000
60.000 225.900 5.000 2.000
20.000 195,000 5.000 2.000
220.000 185.000 5.000 2.000
140.000 225.000 5.000 2.000

Figure 8 Output from PRT3 documenting conditioning information
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an adequate solution Method (1) has the strong appeal

not available for the general problem hence (2) 1s not
that 1t incorporates cokriging without severely restrict-

FORTRAN 1V program for coconditional simulation

STMULATION RESULTS
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sponding covariance matnx 1n l-space, f1s an m com-

ponent function and Y 1s the simulation on the line

random function defined 1n n-space, o, 1s the corre-
using moving averages Unfortunately, except for o, a
diagonal matrix, solutions are not available readily
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assumption about the representation for Z in terms of
uncorrelated random functions (2) and (3) coincide

for f
Both 1 and 2 represent compromises Subject to the

Figure 9B Conditioning results provided by coknging, van-
able 2

YA, are

but practical for determining ¥, where Z



684

[nl
-
P>
gl
w

O O@®~NIUNH PN DO WO D WNI-—
o ® 8 &6 0 ¢ a8 ® 0o 0" %O e

VI8 O DO = NNIN = e 10 O O
QOO NDO~==NSRODRX WD
= O Ut HN = G2 O 0 R W~ RN

TN ot P et s st o Pt ot ot P
COOCOO mrrem = OO O

MEAN AND VARIANCE OF THE SIMULATION
MEAN = 0.531E+01
VARIANCE = O.115€E+ul

Figure 10A Variogram for Figure 9A

Zy(x) = V_ E Vi(k,) 29
Here,
Zo=(Z. 22, ,Zm)
Y, = (Y, Ya, , Yim) (30)

where m 1s the number of random functions to be sim-
ulated Subsequent to solving Equation 29, each ran-
dom function 1s transformed using either a hnear or
Hermitian Transformation

Although coknging i1s more expensive than ordinary
knging (Carr, Myers, and Glass, 1985), 1t relies on auto-
and cross-correlation for linear estimation of region-
alized vanables It 1s emphasized that the only differ-
ence between conditional simulation and coconditional
simulation 1s the method used for conditioning

Using coknging, Equation 21 becomes

ZA8) = Zacl8) — Z3L8) + Z88) 31
where
Zek(@) = (Zes1(@)s Zes2(8)s 5 Zesm(8)
Zol8) = (Znc (8)s Znc2(8)s  + Zocm(8))
Z¥Q) = (Zh (0, Z%:2(0).  , Z¥m(g)
2358 = (Z31(8), Z% 28, ZHm(g) (32)

The vectors, Z* and Z%, are developed using cok-
nging

PROGRAM DESCRIPTION

COSIM 1s a FORTRAN 1V coconditional simula-
tion program which can simulate and condition from
one to five random functions This program was de-
veloped on an IBM 4331 computational system It
provides a general technique for single or multiple
vanable conditional ssmulation If only one random

J R CAarRrR and D E MYERS

function 1s to be simulated, COSIM is a standard con-
ditional ssmulation program Some elements of COSIM
are modeled after the nonconditional simulation pro-
gram, SIMUL (Journel and Huybregts, 1978, p 537-
545) COSIM 1s a general, powerful, single program
for general geostatistical applications

COSIM 1s essentially the merging of a noncondi-
tional sitmulation program, looped over the desired
number of random functions, with the program,
COKRIG (Carr, Myers, and Glass, 1985) Coknging
1s employed for the conditioning of the coconditionally
simulated random functions

As revealed 1n the program hsting of Appendix 1,
COSIM comprises a main program supported by 23
subroutines and function subprograms The 23 sub-
routines and functions are listed alphabetically follow-
ing the main program In brief, each of these program
sections 1s described here

A Main Program (COSIM) controls
1 ICOSOHEDRON Vector defimtion
2 Data acquisition
3 Nonconditional sstmulation of all random
functions
4 Statistical aspects of nonconditional
simulations
5 Transformation
6 Conditioning
7 Statistical aspects of the conditioned
model
B Subroutine AFORM
Forms the intersample covariance/cross-
covariance matnx, a function of
conditioning data The matrix has the
dimension
A(N,N), where
N = (No of conditioning data + 1) X
no of RF, N has a maximum value of
100 under current program dimensioning
C  Subroutine COKRIG
Performs actual conditioning through
cokniging and solves Equation 24
D  Functions COVAR and CROSS

CLASS

VDO
N~

—
A0 O IS e O WD AN

z U@~ NH WD 0@ N W
DLEREONC PP NDOOC DL~ NN
s e e et s e s o eness e
N OO =0 D 0 NN P NS
CODDNEDO®O W~

N e et et it e et

MEAN AND VAR
MEAN =
VARTANCE =

CE OF THE SIMULATION
0.341E+01
U.B875E+01

Figure 10B Variogram for Figure 9B
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08S REL CUML  LOW
15 0.006 0.006 1.9 +
132 0.053 0.059 2.8 &+ ¥XEREEE%K
282 0.113 0.172 3.6 + EEREAERkEEEEEE LR
T58 0.303 0.475 4.4 + SREETAEREEREXEXREREEREFERREERERRR KR KRR RKRKKREE
B01 0.32] 0.796 5.2 + ¥&5ekksdken b et Ers s bbb a e EFARRRAKEXRRKK KR R KKK KK
358 0.143 0.939 6.l + XEKEEEAEECAEERRBAEKEREE
90 0.036 0.975 6.9 + ¥¢xxs
36 0.014 0.989 7.7 + *x*
17 0.007 0.996 8.5 + %
10 0.004 1.000 9.4 +
2499
Figure 11A Histogram for Figure 9A
08S REL CUML  LOW
60 0.024 0.024 =3,5 + ®%%x
265 0.106 0.130 -1.5 + *xckrdsdksbrerrkdrx
696 0.279 0.409 D5 + SEXRERNREAERBREEXELEEERERKEERRRERRKERRRATRE SRR KKK
69% 0.278 0.687 2.5 IR 22222 X2 222222 2222222 2213322213323 23 23323 23
441 0.176 0.863 Lol 4+ EREREKEREEREEEERRERX KX EERKK K KE
194 0.078 0.941 6oh 4 FhEkkikkEREEE
84 0.034 0,974 B.4 + *Ekskxk
30 0.012 0.986 10.4 + %x
19 0.008 0,994 12.4 + *
15 0.006 1.000 14.2 + %
2499
Figure 11B Histogram for Figure 9B
Compute the covariance and cross- E  Function DRAND (Schrage, 1979)
covanance values respectively as a Thas 1s a double precision random-number
function of separation distance generator, useable on a 16 bat or better
CPU
F  Subroutine EQSOLV
CLASS GAMNA Inverts the matrix, A, prepared by AFORM
! 2:835 Because the matnix, A, comprises all
2 é,- 2;’5; conditioning data, there 1s need to invert
5 8.270 this matnx only once EQSOLV
6 8. 771
7 9.448 completes this inversion relative to Kuo
8 353 (1965, p 168-169), modified to
10 10.201 accommodate submatrix structure
14 18-172 G  Subroutine HGRAM
{‘50 %8'%? Plots histograms of random numbers and
15 9,791 simulation results
17 8.801
18 T.541 H Subroutine INIT
%8 2; ng Accesses all program data
MEAN AND VARIANCE OF THE SIMULATION [ Subroutine MATMLI
MEAN = 0. 138E+02 Matnix multiphcation for the definition of
VARIANCE = 0.936E+01 the 1cosohedron vectors
Figure 12A Cross-variogram developed using noncondttional J Subroutine MATMUL
cosimulation Matnx multiplication for various operations
1n the conditioning using coknging
CLASS GAMMA K  Subroutine NUGGET
1 1.698 Adds a nugget effect to the model as part of
3 2-81% a linear transformation
’5* g -ggg Method used
6 10.870 Zr=Zr+ 5(DRAND (x) —05) (33)
7 12.283
g { g 2 _‘;g where Z71s that computed by Equation 16
10 13.448 L Subroutine PROPT
{ % {S: -3,38 Prints program options
12 §.840 M  Subroutine PRT1
%2 g- g;g Prints program constants for each sitmulated
} g ; . g 3 g random function
19 8.003 N  Subroutine PRT2
20 8.131

Prints a printer map of each simulated RF 1n

MEAN AND VARIANCE OF THE SIMULATION both the nonconditional and

MEAN = 0.872E+01
VARIANCE = 0.118E+02 coconditional stages This subroutine also
Figure 12B Cross-vaniogram developed using cokriging for mitiahizes the histogram plot for each

conditioning simulation
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SIMULATION RESULTS

30

to account for undersampled RFs

undersampled RFs
V  Subroutine VARG

U  Subroutine UNVEC

and 17

transformation relative to Equations 16
T Subroutine UNSAM

Modifies the matrix, A, to account for
Modifies the point-sample covanance vector
Computes an east-west variogram

Forms the 15 vectors of the i1cosohedron

07
W  Subroutine VECT

40

of Var:ables
1

50
5 82 21 33

J R CARR and D E MYERS
Table I CPU execution times for COSIM+
No

+ Time expressed in CPU minutes, IBM 4331 computa-

tional system, batch mode

Grid Size
30 x 30
50 x 50

One

STMULATION RESULTS

by EQSOLYV to search for maximum
1€ BGPhyCh1/2 CBELERUGP"EVRRy
OTHER R

elements per row of matrix, A.

performs diagonal normalization
S Subroutine TRANS

Accompames subroutine EQSOLV SCALG
R FUNCTION TRACE

Prints conditioning information for all RFs
Computes the trace of a square matnix Used

P Subroutine PTEST
Prints ssmulated values at test locations

Q Subroutine SCALG
Performs erther a linear or Hermitian

O  Subroutine PRT3
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Figure 13B Hermitian transformation, vanable 1

Figure 13A Linear transformation with nugget, vanable 1
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FORTRAN IV program for coconditional simulation

Input description/dimensioning limitations

SIMULATION RESULTS

Data input to COSIM 1s controlled entirely by Sub-
routine INIT Data entry, at present, 1s afforded

through free format style The following 1s essentially
a reproduction of the data mput guide which occurs

at the beginning of COSIM (see Appendix 1)

No of rows in model gnd

No of columns 1n model
Y — distance between rows

X — distance between

If MVAR = 1, COSIM 1s a standard

conditional stmulation program

MVAR = No of RANDOM
Record 2 READ (5,*) NROW, NCOL, XDIM,

FUNCTIONS
To be simulated (From 1 toa

READ (5,*) MVAR
maximum of 5)

SIMULATION RESULTS

YDIM
NROW
NCOL
gnd
XDIM
columns
YDIM

Input guide Figure 1 presents an example data file
Record 1

for COSIM Its entries are

&0 OO O ININGO T O FORMAMMAIA L O NN DN MEMINM M DM NN M @ O T IDN D
N ON DOND VNN O FNA T AL FIN O F O O BNMANNINNANIANTIN G D S 0
DOP M DO DN DM S F NN ¢ F QSN A RN NN O F & DA DN P N MO DI M
A~ 0100 F O QM AN QN O QP 000 00T O DN G ORIV IA S M
OO O O ORI TP F NN O M MM OO B0 QM DDV ODNIAP O SO IN OB ININ D
BADM DI~ O O O NNND AT T F $ 0N O DD O PN O DM O O DO
R PP P 100 0 AU M AN F W0 00O P B LN P= OO0 e I o BP0 \0 o 00 0N & 1= D LA N C M4
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LEGEND

or better CPUs COSIM prints a histogram of random

LOW RANGE HIGH RANGE

MAP VALUE

numbers at the beginning of each nonconditional sim-

et e el e (N N O N NN
SO0Q000000

Seseesssse
000000000

[=0=1-1-1.1-7-1-7. -]

DTN O~ OR

1 and 1s used at statements COS02890 and COS03110

within the program Some systems may not accept the

ulation If this histogram i1s unacceptable, DRAND
umt 1 designation

may need to be replaced by a system function Finally,
a temporary storage file 1s needed for the noncondi-
tional simulation phase Thus file 1s designated as unit

Figure 14B Hermitian transformation, vanable 2



688

J R CaARR and D E MYERS

(o]
c
x
-

LOW

*

xEEE

kR R EEL
EEERRREAE AR X ERRERKNREKEK

ThErkR R RKREEEERRERE K
kKR
*

~Q00C00000
® o 8 0 & 3 0 800
[=N BT Y BN =TT
OOV NNyOr=e WO
QP ~NON O e
WO ~NPIN DD W=
® ¢ 0 ® 9 5 0 0 0
RONH T RO =W
LE R R X P

Figure 15A Histogram for Figure 13A

CuMtL LOW

VR ~NC NP WO

*
*

*kkRRE

~O000O0O00L
@ 0 ¢ 6 s 0 0 5o
CUVOwNHr OO0
OUVLWH—HN=0O0
OLH OO OON
SIS WWN~O00
L R R R

Figure 15B Histogram for Figure 13B

O

OVOMOrW=OO0 C
P

LCW

W O VT - QN

*
EE LI 2 2 33

HEEERKEKEEEEEK

=OOOVOOO0
8 00 ¢ 9 " b 0o
QOWOrR QOO0 X
CrdR~ySwnOnN
® g 0 ® 0 gt o e
VOO0OO0OWRY
tELTrEE Tt

-

Figure 15C Histogram for Figure 14A

<
[=4
X
-

LOW

rkRkk
*%

000000000
2 9 & 5 90 0 ¢ 0
OVVVO VDS~
QO ONNI= O~
COONROE~INW
DOrLNODRHPNO
e 0 0 g8 08t o
C OO ey i~y
TPt bt et ettty

s s g e

Figure 15D Histogram for Figure 14B

READ (5,%) YMAX, XMIN

These are the y and x coordinates
respectively of the upper, left corner
of the model gnd

0BS  RFL
20 0.008
57 0.023
132 0.053
318 0.127
496 0.198
664 0.266
437 0.175
267 0.107
93 0.037
15 0.006
2499
08Ss REL
5 0.002
18 0.007
25 0.010
22 0.009
1052 0.42]1
670 0.268
548 0.219
144 0.058
13 0.005
2 0.001
2499
08S  REL
4 0.002
18 0.007
107 0.043
339 0.136
517 0.207
557 0.223
47T Q4191
314 0.126
143 0.057
23 0.009
2499
oes REL
438 0.175
566 0.226
437 0.1175
604 0.242
330 0.132
68 0.027
35 0.014
10 0.004
1 0.000
10 0.004
2499
Record 3
Record 4

Record(s) 5

READ (5,*%) RSEED

RSEED = Any odd, double
precision number from 1 to
2147483647 eg, 666666663 DO
MODEL TRANSFORMATION

A

B-1

READ (5,*) ITRANS
ITRANS = 0 (Linear
transformation)
ITRANS = 1 (Hermitian
transformation)
IfITRANS =0

READ (5,%) LVAR(),

P T s
EEEXKAKERSRERRERIRE AR RS SRR RR R RE KK R REEERE HR
EREREEERRREERRRRERR KRR RRERRE L

SR EREERR KRR EREE KRR KRR SRR R ER KRR RERC R SRR P RR KRR ER
teddd i 2 LR RSS2 222 222 2228 2
e ERRREESERREEAEEEARER R XK

BEREEBREX KEXRER KRR E AR RRREEEF

L bbb bitdbddbitadtss LI T E ST 2222 TETET I
FREERERERRERESE AKX KK KERF AKX KRS R RS RERBR KSR KL ERE K&
b shbbbtbibbtitectst LI LTI 22T IE 22222 220
REREETREERKEEEERE Rk REREREREK R

EAREEREERREREXBEEREEREREEEERERR R KRR K
EREREERRERERERRERREEE SR ER KSR R E R R LD BRI KK B

CER SRR SRR R RE RS SRR EER R KR KR ERR KX KL 4

bbbt ddbbtddbbddtetotsstt I 21T EET LTS T LT TR P2 TEEEY
(s dd it 22 2RSS LS L2 L2 ¥

LMEAN(/), RANG(]),
CNUG(I)

where / = 1 to MVAR (1¢e,
MVAR records are required
here)

LVAR(I) = desired vanance of
vanable, /

LMEAN(/) = desired mean of
varniable, /

RANG(I) = range of spatial
structure for 7

CNUG(J) = Nugget value for 7
IfITRANS =1

READ (5,%) (COEF(J),

J = 1,10), RANG (I)

COEF = Ten coefficients of the



Table 2 Coefficients of Hermite polynomial expansion Coef

FORTRAN IV program for coconditional sitmulation

=yYn

N RF #1 RF #2

0 5 8100 5 9540
1 1 0010 2 9780
2 0 2043 0 2430
3 0 0373 -0 0309
4 -0 0388 0 0425
5 0 0070 0 0050
6 0 0017 -0 0104
7 -0 0022 -0 0029
8 -0 0002 0 0005
9 0 0002 0 0003

Total = 10

Hermitian Transformation
RANG = Desired range for
variable 7

Record 6 READ (5,*) NSTOP

Record(s) 7

Record(s) 8

Record 9

NSTOP = 0 (nonconditional
simulation, used to check
nonconditional simulation)
NSTOP = 1 proceed with
conditioning

Required only if NSTOP = 1
VARIOGRAM PARAMETERS
MVAR records

READ (5,*%) CO(I), C(I),
RANGE(), ANIS(J), RATIO(])
CO(I) = Nugget of Vanable
C(I) = Sill of vanable I
RANGE() = Range of vanogram,
Vanable

ANIS(7) = Spatial Anisotropy Angle
RATIO(I) = Range—long/Range—
Short

ISOTROPY ANIS = 0, RATIO = 1
Required only if MVAR > | and
NSTOP = 1

Cross—Variogram parameters,
requiring MVAR (MVAR - 1)/2
Records

READ(5,*) CCO(I), CC(I),
CRANGE(]), CANIS(I),
CRATIO()

where these are the nugget, sill,
range, anisotropy and ratio of the
cross variogram for vanable pair, 7
Required only 1f NSTOP = 1
READ(5,*) IKRIG

IKRIG = 0 (all vanables fully
sampled)

IKRIG = 1 (some varniables
undersampled)

If IKRIG = 1, a zero data value
indicates undersampling

689

Required only if NSTOP = |
READ (5,%) Y, X, (DAT(J), J =1,
MVAR)

Y = Y coordinate of conditioming
point

X = X coordmate of conditiomng
point

DAT = 1 to MVAR Vanables
Program continues reading
conditioning DATA

(1 record per conditioning point)
untl X =Y =0

Required only if NSTOP = 1
READ (5,*) KTEST

KTEST = 0 (no testing)

KTEST = 1 (Testing)

Required only if NSTOP = KTEST
=1

READ (5, X, Y

These are coordinates at which the
simulation 1s discretely sampled A
maximum of 20 locations, 1 record
per location

X = Y = 0 1s the last record

Record(s) 10

Record 11

Record(s) 12

EXAMPLES

These examples are intended to demonstrate the
utility of COSIM for the simulation of spatial core-
gionalization Also documented, 1n a rough manner,
1s the CPU efficiency of COSIM Lastly, the Hermitian
transformation 1s compared to that using a hnear al-
gorithm

Stmulation of spatial coregionalization

For this demonstration, two random functions were
nonconditionally simulated, then conditioned using
cokriging A hnear transformation was used for each
RF, moreover, a zero nugget effect was assumed Of
further note, each RF was sampled fully

Figure 2 presents the results for the nonconditional
simulation of the first RF Figures 3 and 4 supplement
this first figure by showing the variogram and histo-
grams for each stage of the simulation Figures 5-7
present the same information for the second RF

Of utmost importance to this discussion, Figures 8—
11 present the results for coconditioning of these two
RFs Figure 8 1s the output yielded by subroutine PRT3
and tabulates the variograms, cross-variograms, and
conditioning RFs, whereas Figures 10 and 11 supple-
ment Figure 9 by showing vanograms and histograms
of the final conditioned simulations

Figure 12 documents the cross-correlation achieved
through conditioning For the two ssimulated RFs pre-
sented, a zero nugget was assumed This figure shows
the cross-variogram results obtained by adding the two
nonconditioned RFs presented 1n Figures 2 and 5, then
compares this to the cross-variogram obtained through
coconditioning The actual cross-variogram model had
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asil of 11 3 and that obtained through coconditioning
1s ssmilar The cross-variogram obtained without con-
ditioning has a lower varnance 1n comparison.

CPU execution time for COSIM

In brief, Table 1 summarizes the execution time for
COSIM 1n varnous applications Thus table 1s intended
to give only a rough 1dea of the efficiency of COSIM
These CPU times are relative to an IBM 4331 com-
putational system operating in batch mode (not CMS
foreground mode)

An alternate transformation

Program COSIM contains two alternatives for the
transformation of the initial nonconditional simula-
tion The examples given were developed using a linear
transformation As an alternative, an Hermitian trans-
formation can be applied This type of transformation
1s useful 1f a distnbution other than Gaussian 1s desired

To demonstrate the Hermitian transformation, Fig-
ures 13 and 14 compare the linear transformation re-
sults to those obtained through Hermitian transfor-
mation These are not conditioned Furthermore, Fig-
ure 15 compares the statistical attributes of each type
of transformation Table 2 lists the coefficients of the
Hermite polynomial expansion for each RF

J R CARR and D E MYERS
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APPENDIX 1

Program listing

CeveeessPROGRAM COSIM €0500010
¢ €0500020
¢ PROGRAM COSIN : CC-CONDITIONAL SIMULATION OF SPATIAL €6500030
¢ COREGIONALIZATION. €G500040
¢ €0500050
C PROGRAM AUTHOR: DR. JAMES RUSSELL CARR €0500060
¢ DEPARTMENT OF GEOLCGICAL ENGINEERING £0500070
¢ UNIVERSITY OF MISSOURI €0500080
¢ ROLLA, MISSCURI, UsS,4. 65401 £0$00990
¢ TELEPHONE:  (314) 341-Z8e7 (as506100
¢ €0500110
€ PRUGRAM LANGUAGE: EQRTRAN IV (1BM 4331) €05001 60
¢ STORAGE 2 130 K £0s500130
¢ VERSION : JUNE, 1984 €0500140
¢ €0300} 50
¢ GENERAL INFORMATION: €0500160
¢ €0500170
¢ PROGRAM COSIM PROVIDES THE FOLLOWING cosoo} 80
C CAPABILITIES: €0500190
¢ €0500200
€ 1. NON-CONDIT[ONAL SIMULATIGN OF N €0500210
¢ VARIABLES (N = 1 TC 5)4 €0500220
¢ 2. A PRINT OF NON-CONDITIONAL RESULTS €0500230
C 30 VARIOGRAM CF NCN-CONDITIONAL RESULTS ~ C0500240
' 4. HISTOGRAMS DF RANDOM NUMBERS AND OF €0500250
¢ NON-CONDI TIONAL SIMULATIGONS €0500240
¢ 5. TRANSFORMATICN OF NON- €0500270
¢ CONDITICNAL SIMULATICNS €0500280
¢ 6. A PRINT OF TRANSEORMATION RESULTS €0500290
c ALONG W ITH HISTOGRAMS AND VARIOGRAMS — C0300300
C 7. CONDITIONING THRCUGH CO-KRIGING 6500310
¢ 8. HISTOGRAMS AND VARIQGRAMS OF €0500320
¢ CONDITIONING RESULTS €0500330
¢ 9, & PRINT OF CONDITIONING RESULTS €0$003%0
¢ 10 COMPUTATION GF CROSS-VARIOGRAMS OF €0500350
¢ COREGIGNAL IZATIONS » €0$00350
c 11. A& PRINT OF SIMULATED VALUES AT TEST €0500370
¢ LOCATIONS ( 20 LOCATIONS MAX. ) €0300380
¢ €0500390
C ¢n500400
¢ PROGRAM LIMITATIONS: €0500410
¢ 03500420
C L. SPHERICAL SPATIAL LAW ONLY €0500430
¢ - LINEAR UR HERMITIAN TRANSFORMATICN €0300440
c 3. EAST-WEST VARIOGRAM ONLY €0500450
¢ 4. 10 BIN HISTOGRAM COMPUTAT ION 0500460
¢ 5S¢ 65 X 65 SIMUCATION, MAXTMUM €0300470
c 6. 16 BIT MINIMUM MACHINE CAPABILITY €0500480
¢ JUPPORTING DOUBLE PRECISION USAGE €0300490
¢ 7. 10-STEP DIVISION PRINT CODE €0300500
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FORTRAN 1V program for coconditional simulation
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FORTRAN IV program for coconditional simulation
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FORTRAN 1V program for coconditional simulation
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SAMPLE
) 4
S|

® ACM TRANSACTICNS ON
P
[}
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MBER GENERATOR
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IX * 4 MOD P IS THE RECURSION USED.
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FORTRAN IV program for coconditional simulation
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FORTRAN IV program for coconditional simulation
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FORTRAN 1V program for coconditional simulation
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FORTRAN IV program for coconditional stmulation
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