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Kr 1g117.p I <  J r cFr r~ r~ l ,~ i r  : : ~ r l h o ~ l  u w r l  wmith rrrzgul;trl? spaced JJIA I n  I -. 2- or 3-spare I c v  thc c $ t i r n d ~ ~ ~ ~ n  or value< at unssnlrlcd 
Ioc-dtluri> ur for I ~ I L  c , i ~ i ~ ; a r ~ o n  of rhr spatial ;ivcrdge w r r  a Irrlgrh, arca  or  vr>lurr\e '1-he estln!nror 15 l rncar In lhc data and ttw u ,c~gh[ ,  
arc L h t ~ l r i : ~  frd.r~> J \r>lcr[j  of 11nmr rquarrr,l>r i r ~  uhlch the cocif~cirn:s arc rlw \ ~ l u c >  of i d r i o g r a m ~  clr mvanaricz  iun<ritwa 
qu~ni~i! ' l r jg  l h r -  L~mrrcl.il16~n hcrwceri rlnt:i a t  lwrj  un ;y le  lukanorls or hctwccn fi 5hnlpIc Iwalion and  the l r ~ ~ t r o n  ro he e#trmdlr.d 1-iie 

i 
cquallolls ale , > h [ ~ l n c d  hh rrunlImarlg the varlancc <\I the error of e s t im;~~ i r ,n .  ~ h r  rlridncc be111g currlputrd Irom a lhe r l r c~ ic~ l  nicAel 
I C I  r j1t  r~lr . : lnt~on luncr lou rarhcr than rrom crnplnzal ~ a l u e s  as in  nlocr rcjirr.;slkm f~rr l>ulat lnns .  L i i m a t ~ n n  bnd mudrling of this 
s!rrj;lure l u n c t i r ) ~ ~  ts ~ t ~ e  most In,pvrJnr a r ~ d  potent~al l )  rhc most difficult s [ t p  In (he prcwas. W11112 h e  ~neth~ki  l i  nor implrmcntccl 
1r1 d~nc la rd  srnt~>tlsal p a c k ~ g t s ,  pul>lrc Jomaln coftware for uhe c n  a n  IBM pcrsolial cunlpulcr or clonr 1s a v a ~ l d t ~ l c  The theory 15 

hricil! r c . r r u r ~ l ,  yrazucal aspect, r > f  thc. a p p l ~ c a t i o ~ ~  o l  lhz rn~tlll\d are discussed and a ~ a i l a k ~ l c  w l l u ~ r c  and z x t r r ~ s i u ~ ~ j  a r e  r~u~ l inc i l  
l 'hc  1:s I'PA D ~ l l d s  L u d  Slu,!) L ~ J ~ J  I S  ussd tn ~llusrralc t l ~  prr~olcrns and thr rnrrhrd 
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Kriglrlg is 3 regrehsion rr~hntqut. [lard lor the 
r ~ t ~ r r r ~ ~ i c ~ n , / i n ~ c r p ~ ~ I ~ t i o n  uT spatl~llb located and 
hp3t ~ i l l v  corrzldled ddra  Thr r r  are several fe:i- 
turc\ ~ ~ l i l , h  >i. t  i t  ap.ir l  from re1~1c.d or s i n ~ ~ l n r  
it.chniques ru,h a h  trend surface analyhi5 t j r  f'rnrn 
n:orr 1 l i1~~ i i ' 3 [  p, ird~~lcter e s t i n ~ a ~ i t ~ ~ ~  prohlc~nh ;in2 
t c c l ~ r ~ r q u t ~ .  Fir,>t rrl' a!!. thr loc';llion(>~ u l  thc sanl- 
p l c ~  is prt.\ur-r~cd to rtflrct ~ a l u a h l e  111larmation 
21-IJ tlhcre I \  .$!I .~hsurncd or apparent spatial corrc- 
I,irrvn q u a n ~ ~ f ~ : j h l c .  in  terms o f  scy;ir:~tir,n dis1.1ncc 
and d~rection. Saml~lr.; t;ll;en c l o ~  t o ~ c t h ~ r  arc 
e x p c c ~ r ~ i  !I) hc morr iilihc. thnn s;lmplc> Ti~r dpsrt. 
In man! taxi, ~31npIcs art '  physicall t r l r i lc tzd 
f r n r ~ ~  thc ca r~ l l ,  illr example, 111 rl1.e c,rhrt of $oil or 
d r ~ l l  ior-c sarl-rplca. 'I tie \ r , lu~nr  tor arca of the 
%ample i> lrhcwise a n  Important plzce of intnrmd- 

tion a n d  rcflrits the existence or  short rangc twn-  
iiomogrncities. T h z  aasociatrJ volume o r  area is 
rclerrtci to as the 5upport n f  the sample 

' I  tic teihnique grew i\ut of pri~hlcms encnun- 
1erc.d in rnin:n; arid hycirolngy and gave blrrh lo 

rhc: dl-;ciplinz now knrliv11 as g r u ~ ~ ~ t i s t i c s ,  ~ I I ~ c ! )  
has fourid applicarlon In a varicry oi fields includ- 
ing e~>~ironmzntaT rnonltorrng and aascssInent. 
hIuch of thc early developmrnr is due to 111~: group 
~4vrL1ng under tllz d~rcclion of G. hlat hero11 at [lie 
Ecolu dcs h.lines, France ,  although similar de\,cl- 
opmenrs nxur red  it1 Sheden for appl~cal io~ls  in 
f r ~ r e s t r  ~ n r l  in the Sovier lrniun for applisationr, 
III ~veteorologq I n  each case d ~ r ~  ia collected at a 
sn~;lll  n u m t ~ e r  of 1c)c.ations in I-, 2- or 3-dimen- 
sionnl spiicc The exrent to  wliicI1 ~ l lu  number of 

s.~niple locat~ons is con5jdcred small is related r o  
(he gengraph~c 5i7e of lhe reglrrl to he  s;i~npltd 
and  alwl to thr W L ~ I T  of SP;I(ILII drpendcnce. I n  
conlr;isl to the ~ L I ~ L  of mure class~cal st:rtistical 
tccIiniil~rts i v t ~ e r c  hamplc . c ~ z t  1s related lo d~atrihu- 

t i , ~ n  type , ~ n d  par8111e~crs sur h as tilt varl,il:~<. 
sainple si7r for gro~t~rtist ical  13 n ~ l p e s  15 al'fcctzd 
hy 3. nurliber t)r nail-rtatistical characlcr~hrlc.> In- 

cluding IIIC din~unsion ot ~ h c  space. 7'hr ~,o!lc.ci~nn 
of spatial d a r s  usually Incorporate\ cost3 C(rr 
phyhicallq re1rjzv111.g the  ample^. rr.id~ng t t ~ r .  11-1- 

slrumcnt recording the rl,it;i or thc C l j i t  of 1;ihura- 
tory anal>t;rh. The latrcr nu! he quite s i c r \~ f l za~~r  
L!suallq ilie locatirlns are not tjn a regular- grlrl 2nd 
tiie ohjcctive 1s t i l  e~t i rnate  ~ l i l u t i k  at unsarnpl~,J  
10i311+)[1~, 1 0  eslltllatt: aher:rgt. value5 o r  cr vc~liini~.\  
or area5 DT tcl  t'stirnatr ~ h r  propurtlun i)f  3, rtg.lon 
whcrc rhr cnncentration levr! Ir ahovc n i ~ t k \ l ' f  

Icvcl. I n  thc 1atlr.r ca\cs the sanip!~ Ir,catio~i> r11 , i~  

noL B I !  hc insidc lllc iL ) lume  o r  area ill Inlzrcsl.  

hl~ltherofi and other> forn~ulatcd t lie ;lroblttm 
in s rand0111 function con t r l t  and tht. dat:i arc 
cl~nhidered t i )  bz a non-random 5;lrnplc from on: 
rcalizntinn of the randI)rn function 'I'his i a  rd lher  
differen1 froru the usua! statistical icrmulatinn 
where i h e  are considcrc.il as multiplr rc:rliz;i- 
tions of a randnrn variablt.. I n  addition to ob l~un-  
ing a ' ~ C S I '  esllmate, in n certain >rn\c.  the v:irl- 
ancc of ihe errnr of 1*\11:n,ition is a1w rjht;~ined. 
Thla varinncc is not constall( hut roihcr rc f lcc ts  
 he spatial ct)rrr!ntion and e.sprcidllv thc ~ i l l ~ l p i f  

loca~iorl paltei-11. Lrlging can be re-l:lrmulatrd i n  
orher tqurvalent ways, one nf which Irailb to  thc. 
thin-plate hpl~rw. l'his c(mnection will bc dl>- 
cuhsed  helm^^. 

The applicat ion of Lriging t o  r! data sct ciln hr 
broken irlro several s t ~ g c s :  exploratory h t ~ t i s ( t c . ~ l  
analysis of ~ h c  dntn; estirn.it~tln and modrlrng of 
thc function w - I i c h  quantif ies  l h e  sp,~tial corrr1,:- 
tiun; use of rhe spa t~a l  correlati~,n function IL- 

delcrmlnc the set or i lnzar e q u ~ t ~ o n s  that dc- 
ternline the weights in the Lriging oatirnar,or. : I I I L ~  

finally productron or the estln1atc.d \,aluus and thc. 
assr~ciatcd jmi t~ imi~e i l )  cstirnat~on st,tndard de~1;i-  
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sar) to ckperirnent with thc nuinber and the width Sahaurin 161 While this techniquz is defens~hlc. as 
c ~ f  thc c l a 5 . s ~ ~  tc, (~pt~rn~zc.  the information gleaned a practical technique, i t  has  t h r n r r ~ i ~ d l  utll A S  

from the plot. Rr(dl1 that the behavior of the computa~lonal d~sadvantage>, as d r ~ o n b r d  h! 
v,irlc>gram or  cc)v~r~ilnc-c 1s most important for Neumann and Jacobsen [ ? I  and C'rewe [ R ]  One. 

[he cahe of 3 constant mean (of the random func- 
tion). If thc Incan of thc random function is n o t  
constant, then the plot of the sample variogrnm 
will exhibit a growth rate that is greater than is 
I ~ I c o ~ ~ I I c ~ I I ~ ~  possible for a valid variogram. A 
\s11J variogram docs not h a r t  t c l  he houndtid, hut  
~11r growth rate as a function of the lag d i s i a n ~ r  
IIIL:SL be less than quadrn~ic.  Hence,  i f  [tit: plilt ;I[ 

rhz 1.1nlp1t. Lariogranl e.rhibits quridrdtt~ or  
highcr g rou i !~  rstc, ctlert: art: no vnl~d rnodulh ( 1 1  

t c ~  the plot. 
The solution 1 3  lo decr)n~pr>se the rand0111 func- 

[Ion into a sta(ionnr> r ~ n d o r n  funcrlon and il 

deterministic component representing the nan- 
conatan1 mean. The p rob l r~n  1 5  how 10 drlerrrllne 
 his decomposition usi~ig only the data. There Are 
several possible approaches One 1s lo first f l t  3 

trend surface to the data.  w h ~ s h  represents the 
deterministic componrnl. L ' s~ng the trend s u r h o r ,  
residuals are compu~ed  and used to compute ~ h c  
sample variogram. i - i ~ ~ c \ . c r ,  trend computcd In 
this fashion is not the same ;IS tile drift. I n  particu- 
lar, thr: trend surface as a n  tshrnator of the drift i s  
not optimal in thc sense of minimizing the van- 
ance of e s ~ i m a ~ i o n .  hloreover, when these residu- 
ala are used to c r ~ n ~ p u i l  the sample variogram, i t  is 
a biased chtirnaror t,f the vanograrn as shown bv 
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must use this technique with some csre. The oh-  
jeutive of using the residuals I S  t r j  0b~3in a sa~nplc  
variogram that does not exhibit the rapid growth 
rate. The important characteristics to look for is 
t he  lack of quadcritic g r o w ~ h  in the variograrn of 
thc residuals when 1 1  1s prcsent in thc variograrn of 
the data. 

Won-stat~onnr~ty atiJ Jrltsotropy are sometimes 
difrlcult tu d i s r l n g u ~ ~ t ~  and thr non-slaiic>n;tr~~y 
orier~ has a d i r c i t l c~n~ l  i~zpzct. ?'his interrelatwn 
can ~ o m e r i r n c ~  hc cwp1~~1tc.d. For exarnplr non- 
stationarltj rnJy occur otlly in one  direction a h  in 
the cJ>r  o i  a sutlstrrfdce f l ~ ~  whereas in a pcr- 
ptncllcul31 J~rc i t r~ l r l  r i ~ )  non-j~ii~ionnrity is evi- 
J r n ~ .  I n  thdt c a w  11 n i ~ y  hc pn~.;ihlc to model the 
v a r i o ~ r a ~ n  u s i n g  1 h t  s:implc rArlograIn fur thc 
d j r r s~ ion  p e r p e n d ~ u u l ~ r  to the clirzction corrc- 
spnnd~ng  rn the n i , n - i l h  tlonnrilq u.sing an  isotropic 
1nr.rdr1. 

Fnr economic or analyt~cal reasons un r  olirn 
u l c s  coniposited sarnplrs. This practice can c.iu>~. 
problems in the geostatistical analyais in ~ e v r r ~ l  

ways. I f  there was no spatial depcndenct: and rhc 
data were cons~dereci as a randnnl sarnple f ro~n  a 
slnglz population; lhen  he stalislical elfzcl or 
crmpositing corresponds to the use of samples of  
siz-e greater than one. ?'his i i  ol1t.n desirable since 
therc i~ a reduction in the variance of the rst i rna- 

tor. When tho data are spntially correlated. the  
effect is different and less desirable. i f  the data are 
used to estimate variograms, then it is necessary to 
compensate for the support of the samples. Com- 
positing wilI lead to a reduction in the number of 
( ~ p p a r e n t )  sample 1r)cations. iIence thc nurnbcr of 
p~ilrs  for each plotted point is reduced and ofte11 
rhz minimum distance between sample Iwations I S  

incrr~sed thereby reducing information conctrn- 
ing the variogranl a t  short lags. Fhnally there I S  

also a theore~ical conhequcnie since the wrong 
variogranl 15 being es~lmated,  1.e.. the s3nlpId 

variogram in rhls case estimate5 an avcragcJ v i ~ l u c  

of the variogram. ' 1 -h~s  'rzgul;~rized' varlogr'irn will 
have a smaller sill ;tnd d n  J P ~ A T Z I I ~  sh~lr t r r  range 
of dependenuz. Th15 prt!hlrm \I ,IS recogn~zed e.lrly 

shrvt lags and i n  rnst~y cases one ignores the plot 
Tor lonprr lag\ In  partisular rhr longes~ lag should 
nnt rxcr rd 11311 ~ h t  rna.rimurn distance between 
samplr loc;~tlons. Notc th'lr thrrr is no purpose in 
using lag djstances srnallcr thdn thz srnaIles~ 
~ n l r r - l o ~ , d ~ l u n  d151anvr. 

.As p tun tud  oui h y  Mytrk 151. cta~irlnarity is a 
prh)p.eTty o f  ihr  random function and not i ) f  data. 
I f ,  3.; 1mp11clt in the geostrltistical model, the dnt,i 
a r t  vienrcl as one  sample from one realizatio~l 171 
thc random function; then it Is not possible to lecl 
for starionariry o f  thc. random function. Neverthe- 
Icsl. various aspects of the analyses of the dat;i 
c a n  be indicative of non-stationary For example. 
thc samplc variograrn estimates half of {he Inenn 
square diflerence rather than half o f  the variance 
of the dlffcrtncc. and tht'sc. two o t ~ l >  coincide. in 
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in mining ;ipplrt..i~int~s where samples are ire,  
quently represented by sectioned drill h(1le cores 
or by sampl r~  cnmpuhited from all  he bias1 hole:, 
in  a mining hlncL Wher. the cnrnpus~ting carrc- 
sponcls to ,I reasanahly regular geornriric s h ~ p e .  
tnerr are rormulas for invert ing the process alter 
t h e  v a r i n ~ , r : ~ m  ha5 been modelcd. I f  compu>itcd 
samplcs Lrr uscd dil~,l in the ki~ging esti~natur, 
then the icriging eqtlations must also hc rr:odlfied. 

TII ca5,ll; 5ee tbc e f r e ~ t  3 f  ton1p3sIIiog on ,-cirifi- 
gram computarion3, conbldrr a rectangular .jrra): 
of p ~ ~ r l s ,  prrhL~pl  70i) r 100. I f  the vdlues oi t h e  
p ~ ~ v l c  wPrr 1Ii~75r ,>1 a rand0111 fui~ction will\ rari- 
ance IMI,  t h e  bari:)grnrn should have a sill of 100. 
If now th: p i~el \  \\ere ctjtt~poaitzC either as 2 x 2 
frl1l:lres or 5 Y 5 squarcs. then I ~ L '  ~ 1 1 1  w111 be  
rcduc'rd 1-1 75 and 4 rc \pec~ivr l> .  Xloreo;.c.r, for  
tbc origln.11 dittd ~ l l r r c  ulIl hc nlL1nj pairs for a 
d~st;lnze of 1 u, t~<re;~s  fr3r tlie 2 x 2 ~ q i ~ r t ~ c y  1 1 1 ~  

minrnlurr~ tilbtances hc! \~crn  centcrs uill hr 2 . ~ n d  
5 for the  5 x 5 squares. I f  t l ~ r  clrigi~lal range had 
heen lehs rh.ln 2 r t ~ e t ~  t t ~  samplc ta1-iilgrdrr13 ~ O I  

the i o m p ~ ~ ~ ~ r d  J ; I I ~  uill appc.ir as pure nuggrt. 
T t ~ c  conipc~sit~ng cfrecr i s  an intuitivcrlq obvious 
tmp 3 ) n c r  the ~ , I I L  i 3  bring >rno~>i\\rd find ~ \ C I \ L C  

Ic)c'31 h ~ ' t c r o g r n ~ i t ~ t s  arc being rern,.)vcL The vari-  
ance is reduced arld short rrlnpr ct,rrslatic-1n.s art: 

Heinre rht: a d i r n t  of thc  personal computer 
equippcd w r h  a ~~urircric cu-prr)ce>sor, sutfic.ier11 
memory i11.d d ~ b b  space. ~t uds  n e c z h a a y  to  use a 
mainframe computer or at lcast a nunicompii1cr 
for gcostat~l;tisal ~ r ~ a l ~ a ~ h  Cummerc~al  soflivsrc. 
whilc a v a ~ l ~ h l r .  lcrLded to he very expcnsivc. ex- 
cept for large users such as mining or oil cornpa- 
n1e.F. C~)~ i~cquc r i ! l~ ,  mojl non+commtrcial usen 
wrote their own or moclified an available prograIn. 
Geo~t ; l t i~t ic \  proprdms arc irequcntly puhlisiled in 
rhr j c ~ u r n i i l  Co~~~purers  a 4  (ieosrrences. The 
rnathernarict; o f  a geosra~istical package are n o t  
\,en. demanding, slnce i I basicslly on1 y in;.olves 
m l v i ~ ~ g  a hvstem of linear equations togelhe: with 
appropriare input,'ourput and  intcrnal da la  

ha> not o r~ ly  111aLt: sufficient computing power ; 

easlIy availiihle, it has also spawned several public 
dorrlaln pzckagrj one which !13~ b e c a m e  a 
defacio sla~~cIard in terms of features, ease o r  use 
and the avrlilabil~ty of good d m u n e n t a t i c ~ n .  T h c  
Geo-EAS 191 package was produced under the 
s p c r r ~ w r s l i i l ~  of tb.e U.S. EPA Environnrental 
hli~nirorrng Sysrems tnhnratory a1 Las Vtg;ls, 
N e ~ ~ a d a ,  and was afficiaIly releawd by EPA into 
thr public. clumart~. Morco%icr, EP.4 continues tn 
pri:,v~de supporl for thc ~ackage .  Geo-EAS in- 
cluJes a number c7f geo5131i5tic;ll camponenrs 5uch 
as PKLV,4K,  \'ARLO, XVAI.lLj,  l i H l L i E  3% wcll 
as utilitizs such as TKANS. POS'I'PLOT and 
COYKEC'. The use of t t~r se  wikl be described later 

in 1l1e ex~rnple. A n  earI~er package, STA1'P.4CK3 
proLiuced by the U.S. tieologlcal S2n.e~ a t  Uen- 
ver. Colorado, w:is 111 p i r t  a dl>wnlcu;iding ol com- 
ponent!, u'rlttctl i c ) ~  a rnai~lfrlinle computer and 
rcntcted batch mi& of operation 10 a cto>srdtlr- 
ablr: degree, whereas the tico-EAS p a c h g e  is 
highly inlrract~ue wlt11 erten3ive graph~cs  '1-he: 
Trcc.-EAS package has been used in ~ h c  follow~ng 
example, TI:e GCO-EAS d o c u t ~ ~ e n t a t i ~ n  shoi~ld be 
cr)n\ulttd lor progrdrn dstailb. T h r  crezutaidr codc 
is available I r t m  the Laa Vegas oIlice and the 
st)urce code i a  3vailahlr: Ir~hrn .+COGS (101 
(Arlronn I: crnpuier Oriented Gzologi~al  Si.lciety). 

TAr4LE I 

Forlnst of Get>-FAS data t l lc 

DIIIIYS Lead Stud). avcragc or firar l rc l~ of  mil Irarl d a m  
4 
h w n g  

N~ .~ r th~ng  
Lead 
ID z 
13 643 41.3t j3  
14 h 4 3  4 1  513 
14.733 1 1.013 
. . - ,  . , . , 

re,  
f i r  
d, 
I \ >  











I T A U L E  Z TAULE 4 
I I-~>rr>ptrted values 01 vdrlogram, JII dlrcsrional (-rusr-.altdnt~on resul! 4 

-- --- -- .- 

Ldg hr. Numbcr oT Averagc dlsr.tl~e y 1h:a h t i m a r c  K lg  51d Kurrnal~~cd 
parrs dei -- 

1 42  I 082 0.664 Min~~rlurn 1-79: 2 O:? 0.362 - 60:s 
2 576 1 6 3  0 5 0 5  25th prrrr~i i j le 3.347 3 556  0.484 - 0 8.1: 
3 827  1 b 7 3  C 5 3 1  hledian 3 829 3 934 0 4 9 4  0 169 

f ~ t d  rnaximum numhcr of point3 are found In a 
nrighborhc~t:d, then on14 the ~.lo$est ones arc  u.wd. 
I n  Si'.1I.I D t h ~ s  process ;Jn he seen graphically 
as i t  rlccurs hy choosir;g the Debus clpiion. Table 
4 hhLlub t h e  Rehulls x r u e n  giving the nurnericsl 

7Srl1 percentile 4 5lXl 
h t ~ r ~ m u m  I ! l Y  

Mean 3.985 
Std, dev 0 W8 

~ l n r l s t i c s  r e a u l ~ i n g  from cross-validation. F l g ~ .  7 
311~1 8 ~ 1 1 0 ~  acnltrrplnts r)f  ' e l ~ ~ r n , ~ r e J  VS. o h s t r ~ r < f '  
and n i  '<s:imated vs. n o r m a l ~ ~ e d  errnr of r lkm,i- 
tiun'. Thuhc results c a n n o t  he judge13 apt ins1  ah- 
solure> hut ralhzr t h r i  provldt R t i ) ~ j l  inr ranking 
~ l l e  choicca for  tllc variogram model 1 l~c re lo r r l  i t  
r5 usually nzuehhary to try w~c ' r a l  possil:ili~ir~. 
Yule that thc crtlss-validaliiln sta~i>tics cd i i  h r  
arfcctcd hy the choire ~f thc se'irch ne~ghharhi~ud 
parsrncters. In  some In.stanczb ~ h r s e  slatlstics a r t  
rrlatli,cly inaensi~!r.r 10 changes ~ I I  t h e  variogram 
or the search ne~gtl hnrhood 

' I ' l11h is perhap5 the easrest StrF alncr all thr 
parameter choices W I I I  havc heen rn. i~ le at prcvxous 

P a r a m e t e r s  
I I 

F i l e  :dsue.pcf 

Pairs : 2630 

Direct. : 90.800 
701 .  : 22.886 
RnxBand : n/a 

LH ( L e a d )  Limits 

Dis t r n c c  
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stt.p.+. n;irnc.ly ~ l i c  ch i~ l i c  of thc  variograrrl 1nodt.1 
('rahlc. 3)  drid hcarcl~ ncighhr)rl~ood p:lranlc.terh 
KRlGE providca fur twro form< of kriging, point 
i ~ n d  )>,t>ch (hl:>ik kr~gir lg  uilrre~yt,rld> t o  estiInn- 
1ii)11 of spati31 ~ l v e r ~ ~ g e r ) .  In each c a s  thr e9li- 
Trlatu, s r c  prodused f<,r a ~- t lc>sz  ?~~sitic111 41ld 
mr5h Jrc i.tlorril h> lllr u,<cr.  I f  h locb  kriging I.? 

cht-~rc*t~ I ~ C I I  t l ~ t  SMC' of" the hlr l ik  murt ; ~ l , r ~  be 
chi)>cn. Thc. ourput  from r~thcr  Inrm or brig111g 

LH (Lead) 

f 1~ s ',L,\!\c~ )>\C\ I , (  z- > >  l* -1- 

may hc uhc.ri w ~ t h  a ~ ~ n t o u r i n g  p;rcl;sgc t ,  pro- 
duce J rnay o f  the e\tirnatcd values arld a l ~ a  3 

map nf thz hriging ~:i l l lddl~1 dcviii~lons. The hl ttrr 
is usefu l  i n  inlerpreting the former sirlcr th: con- 

1uur nldp of rhe briged ~ a r ~ a b l c  is 11ot 0 C  ihe 3;1111~' 

clrgr-ee of rcltabll~ty 0hr.r thz cntirt. region.  Cico- 
t A S  ~ni l t ldrc  a compontnt cdlled CC)NRF,:,C' M h ~ c h  
will prorluuc a n  tin-screen contour p l i ) ~  It cll~rl 
this by C~rat producing a rncvituodc I~lc which c . i ~ l  
b r  L'IEWed or i t  car1 be transformed Inta  a 
Heu-lell-P;tt-k;jrd plo:trr file w~th thc  C X C c ~ t l i ~ l l  

of PKLVAK all of tile ct>rnputatic>n prcrgrarns in 
Gro-EhS prcclucc Gco-EA5 flics nncl hrncc c;in 
hc  uscti as i11pu t 111eb f o r  olher  cnrnponenis. tirig- 
111g i b  3 s m t ) o ~ l i n g  pr,?cr\s arid hcrjcr rhr ~ a r i a n c r  
of thc krigcd values la Icss ~ h u n  that of the origin;il 
ddta. I hs uw of thr It>g t r ~ r s f o r m  doc-; csulri 
some prohIrms since a s imple exponen~lation of 
the eslimatt: will rcsulr In n hia3. The nthce>kmkr>- 
corrections can be found in Journel [ I l l .  The plots 
a t ~ d  v ~ r i o g r a n l  model used above do not neccq- 
\:lrils rcprescni an  opttmal modcl111g of this (LIL~ 
set b u ~  .krc p i c e n  here for illu,tratinn c m l v .  

Onr of the hesi w;iys 10 grlsp the usefulncah of 
gco\la~ihlic.> 15 t o  applr I ~ I C  vdriou5 ccrnpont'tlts OI 
Cieu-F.,.hS to il pnrtlculiir dala sei and to ~ d h r  
a d ~ ~ l n  t'~gt- of rhr: int:r,lctivr capab~l i  t ich of rl~c 
prograliia. '1-hi.; alli)ufs tht. usrr  lu quickly see rhc 
cflecr o i  chr)t)>ing diir:renl r,,~riogr;~m mt.~dclc anti  



' I  hrrz arc. a n u m h i r  of crtensions of k r ig in~  
l l l ~ l l  1121'2 ht't11 dc~t'lirped SOIT~C are 11ne;lr atid 
u lherh  arc nlbn-linear. Each has been deve1oycd in 
respanat: to < O ~ T I Z  particular application problem 
or p r r c e ~ ~ c d  lack 111 krig~ng. lr i  many applications 
thcrc. ni;iy bc sevrri~l r ~ r i a b l e s  of rnlcscat. For 
e\;l1117lc in Inany cilppcr mine5 muly hdc11.un-t is 
al<,- ,  t x t r . ~ u ~ c J  f r o ~ n  thc orc. the two met,rl 
grildra arr  !ounJ to be nor O : I I  separately *pa- 
ti:i11\ cnrrvl.i~c.cl but thry arc al\n correlattd w~ t h 
r,rc.h @(her C'ohr1g)ng is a I ~ n u a r  estirn,lt~c~n rnctl~od 
u i ~ i c h  i~~c,c)rpcjrir ~ r a  bvrh ~ h c  spalial and I N  tcr-vari- 

i 
I ;iblr L > [ I T I C ~ L I I I O I I  and I I ~ I I C : :  J;i1;1 on b(7th vclri~hles. 
i 111 h ~ d i ~ ~ l ~ l g ~  ~ h c r r  itre ofLen Inan! vart~hlc.> of  

! ir-~[rrz>t. suc,h J\ hydraulic cunducr~hi~y,  permed- 

h~li ty.  arid pirr~)\it> lliirly appl~catinns ernphasircd 
i l l ?  use of d,jra f r i~111  one rariahle to enh' in~e thc 

I ~ S I I I ~ I ; I ~ I ~ I I I  clrl anothrr morr irnporta~lr ~31~1.1b l r .  
Often rhc. ~ I - < o x ~  vari;ihl~. x i i s  one that \\.a\ easier 
o r  chc,~prr lu s~rnplc. A complete prcsentativ~i rs 
four ld  in hi!~.;.j 1 1  2.131. 

Uzcausc rhc rst lrtlattlr IS a lineiir cornbinatir j~~ 
r ~ f  i l ~ c  d,ita anrl thr viiriogram ertlrnator is :in 
;irt.riigt. uT squared difference.;; hot11 of I I I G ~ ~  :Ire 
~ C I I A ~  t ~ i  c ICI 'L)u~lier\ ' .  In  sclrrle case3 this effect is 
rcducetl b~ .I i r a n s f o r l i ~ ~ t ~ o ~ l  such as a logaritt~rn. 
thib k i n g  niotluateii h j  a n  assuinp~iun of or  a n  
dpy-krcnt jndication 111 log normal~ty.  Bccauw in 
n1Atlb applications o n 2  is interested in a particular 
cutclff value and the associated proportion of n a  
asca or xolunll: L I ~ O \ T  ( ~ r  below) the cutrjfl, the 
use of an incl!c:ltor transfor~n 11 indicated. Treated 
as a stalionary random function the ~ndicator i s  
slo3cly relatcd ti) I ~ I C  rnarglnal proh,~hhllry disrri- 
bur~nri, rherefnrc a Iinr,ir esl ima~or for indicators 
,ran hc. uhcd leading to a 3et of Irriging equ,jI:ons. 
This work i s  largely due tr) JourncI 114,151 a n 3  his 
studrlnts a1 Stanford. 

One of thc advantages of viewing sparial data 
a5 n srl~iiplc. fro111 a real~z.htion of a rand on^ func- 
lion I, that i t  lcads rnthrr nnturallb- to the  :den of 
, . I : . .  . . , , I .  ., +.-. I .  - . . , r  .,,, '. , , ,L . .n ' .  r n n r ~ ; l l . ~ . , . , . 4  

on  the data. Sin-iul ,~t~t~n of a random lurlctlon 
could br viewed in sehural contexts, i.2. i f  the new 
rcalrzatlons are to he from rhe 'han-16' r i ~ n d t l r ~  
lunc~ion.  then  cert;iln charact r r l~r~c> must be prc- 
srrvcd. In g t .~) i~ar~st ics  this 1 5  usually taken to 
mean that the first and second order rnimcnth are  
prrsrrved CIS well as ~ l ~ r  marginal d ~ s t r i h u t i t ~ ~ ~ .  
Other chdmcteristics could he considered. Thc em- 
phasih on the mornents is parii;ill) a zrlnlcquensr. 
of  he fact t h d ~  k r ~ g ~ n g  only depend5 on the firs1 
rwi, ~numents .  Sirnu1:ltion of randdm functio~ls in 
I -rpacr. 1.e. ~irnt'  serltc, was wcll-known hui ~hcrz  
rcrnai1)t.d rhz quchtion ell prtducing ~ i n i u l ~ r  Inn3 i n  
2- or .7-.cp3c.c and prearrvlng thc spai1;il dzprw- 
drncc. I'hr Turning Hands m z ~ h o d  of Mathcron 
[I61 produces a s ~ n ~ u l . ~ ~ i o n  in higher cl~rnrn\iunal 
ap;lcc by producing In,Iny independrnt iimulations 
In I-space. S i m u l n ~ i o n ~  are useful for a varier! oi 
app1icalion.r .ruth as minr planning, model~rlg tihe 
spatial \ a r ~ s h ~ l ~ t y  in a pollural~t dispersal, cvalu;t~- 
ing p o t e n ~ ~ d l  \Ires for wdhtc ~ I ~ F O S ~ ~ I  tc l  namc a 
few. Kriging provtdes A method f ~ r  c a ~ ~ d i t ~ o n i ~ l g  
lhe s~niulation LO t hc il'~ra. 

I'nr most distl-ibullon hascd statlatical tech- 
lllques I L  is po\>ihle to dcrcrrr~irie a harnplc v r t  
tha t  is suff~urcnr with respc.sI to some c r i ~ r r ~ v n  
such as the  power of a tesL or the width of a 
zonfidcnce interval. I n  the case of spariall) located 
d , ~ ~ a  however i t  1s nor sufficient to conuder or~lv 
thc ~lurrlhzr of lac;llisn\ The sanlpIe l o c ~ ~ i o n  pat- 
t s r n  IL :ll~o important. Sincc thc Lriging vananrr: 
does not depend tjn the dala  J!, such (although In 
gencrd the J,tt;i I, used to estlln;ltz and model the 
~a r iogram) ;  ~ l u s  variance can he compured n priuri 
for a given model and sarnplz l c ~ a t ~ o n  pallern. 
Hencc t!le sanlplc 11~3110n piittcrns can h t  riil~ked 
by 111e kriging variancrs. Dctermiriation o f  ail 

optlmal samp!ing pattern ma! arise In several 
d~frzrcnt con le~ th  Clne may have a I.irge numbcr 
of I t ~ a t i o n s  such ds wells and wish to nioniror 
only a smaller numhcr bur maintain nearly the 
hame Icvcl of infornliition. One may wish 10 add 
;idditioni~l lucations to an  rxihling patlzrn   add in^ 
only one is eaay. simply find the jllac'e whcrc rhr 
kriging standard d rv~s t ion  is largest iln thc con- 
tour plot) or a sel of I<lcarions is to hc chosen uiih 
an assumcd variograni model This problrrr~ 1 1 ~ 5  

r .... '.;,,,..4 p~ , , . , , 4 " r~ ,h l~  , ,+,2.-.*,,,n ;n ,I,- n* , , -7 .5  ,,,, 0 





10 GLOSSARY 

.4niw)tropir.: Thls rerrn 1s applied both to a random 
functitln and to its variogram (or  covariance) wlwri 
!he ~.rl!ilc\ of the variogram depend r!n hnlh the 
dls!arlct: arid thc direction. Also iee Isotropic. 
C r i l > . . ~ - ~ . i i l ~ r k ~ t ~ u t ~ :  A method ft>r comparing two or 
mare  conlectured variogram (or ztjvar-iance) mod- 
els. The technique depend> on Jackknifing the 
data and on tile ruJstness of the knging estirniitor. 
U r i j ~ :  The expected t a l u c  of a random functlon. i t  

m a  hr  COIILI : I I I I  or i t  may depend on (he coordl- 
nates of the Irrc-~t~~ul.  Iri ordcr for a random funs- 
tion to hr strirlonary. second-order stationdr) or to 
s ; l t~~f !  rhc Intr~nsiu Hypoilwsis: thr drift musr he 
a constant. The  drift 1s a characrcr~hr~c of a ran- 
d d n ~  function and not of d : ~ t ~ .  
EI,IC:(IIE'I.I): A property of an e~~irnal(>r/interpo- 
13tor. r1.1111.ely that i f  e h t i m ~ t ~ n g  ~1 ~ a l u e  at a data 
loca~ion :ind i f  that data value is used in the  
estlrnalri>I), rhrn  he c\timated value will cpincidc 
with the d , ~ t ; ~  vdlire I n  some literature this 15 

cvllcd PrrCc21 
I?llt~ltl.~l~ I / i ~ p L l r l i l m s ! ~ :  A weak fornl of statlr'rlldrlty 
Ir,r H rdnd0111 ~ U I I C ~ I ~ ~ I I  sufficient lor d r r i v i ~ l g  the 
Lriging cquiirions corresponding to the (Clrdinay) 
krlsing estin~ator. See ( I )  and (11) .  

Imrrnprc: A term applied huih 10 a random func- 
tji\n and to its variogram Srr :inlsotropic which is 
the cclrnplernentary prtlprrty. 
Kr~giug  E q u d ~ t o n r :  A set of linear equations whose 
solution incluJ~.? the values of the wcights in the 
kriging estimator 
k'rigirrg Erlrnlator: Whilc the estirnalor may he a 
linear or a nan-linear functlon of the data. in both 
inslances the weights in the estirnntor arc de- 
termined by requiring the eatimalor to bc unbi-  
ased and have minimum errnr variance. 
Kriging Variance: The minimized value of the 
cstinlation variance, I r., the varlance of the errnr 

of estimation. T h ~ s  r'drlsrlce is not data dependent 
hut rallier ir dcterrnined by the variogram and thr 
sample loc3tion pattern as well as rhr location of 
the poinl to bc estimated relative 10 the sample 
locat~ons.  
h7ri~gcr: The variogram may e x h ~ h ~ t  3n Apparent 
discontinuity at the origin. ?'he magnitude o l  thc 
, I ; ,  nfi-,;*\>:,,, ;F n , , l l " , l  ,LA - , ,# ,not 

Po.si!ioe nejinire: A term applied both to malncrs 
and to functions. (Auto) c ~ \ ~ a n a n c e  functions must 
he positive definite whereas the negative of vario- 
grams must be cnndirlonally positive definite. 
Conditional positive dzf~nitencss is a weaker con- 
dition 
Rnntjon~ Furrtrlan: A random function may be 
seen in t h o  dlfrerent forms; i t  may be lhought or 
as a cc>llcc'~~on of dependent random variahlcs 
with one fc)r e x h  possible sample I o c A ~ ~ o ~ .  Alter- 
nal~vely i t  may he thought of as a 'rdndclnl vari- 
able' whose values Jre l u n c ~ ~ o ~ ~ s  rather than num- 
brrs. 
Hunge (of a va r iogr~m)  7-he distance at which thc 
variogram become5 a consrant. The Power model 
does not have a ( f in~te)  range. The lixponenl~ltl 
ant1 (;3ussi;ln models have only a n  apparent range. 
St11 (tor 3 variogram): The valut  o f  the variogram 
for distances beyond iht. rangr of the variogram. 
The t'ilwrr model doc:, not have a 5111 

Spurrni Cclrrelr~iirln: Used both ~1.; r! gtneric term 
to denote that data at two lrxatlons are correlated 
in some sense 9s a f l l n ~ t ~ i l ~ l  of their locations and 
also to denote the value of a spatial htructurr 
funchon such a5 a variogram or (autn)covar~~nce 
fur a pair of locat~ons. 
Srariot~ariry (o f  a random functiotl): S e v e r ~ l  dl(- 
fcrrnr forms of stationarity a r t  utilized ~n grosra- 
tistics. Srntionariry, in one of 11s forms. 1s a prop- 
ertv of a randnm function rather than of a data 
set I t  expressrs the property that certain joint 
distri bu tlous are t ran~la t ion ~ n v a r ~ a n i  or tha l  ccr- 
lain momcnls of the random func t~or j  arc transla- 
tion invariant See secund order statiorlaritv and 
the Intrinsic H ypothes~s. 
Supporr: The  term is used in both a mathernaticai 
and In a phys~cnl sense. Many, if not molt  !:irk- 

able5 of interest in geostalistics, such as thc zcm- 
cen~rations of chemical elrments or compounds. 
o~r Iy  have values at 'points' in a n  idealized scnsc 
although the random func~l f in  lreats then] in this 
manner. The  data valuzs are usually associated 
with a physical sample hdv~ng a length, area or 
volume; the concen!ration then represents an 
average conccntr;itlc~n over this lenglh. area or 
volume. T h i s  Icngth, area or volume is cdlltd the 
support. Alllmugh 1 1  is common to report lahnra- 
tnml a n a l \ r ~ , x c  i t >  ~ 1 1 r h  s t1.at: s c  in nni rp(l,.;.t l h r  



original support, non-point support has a ~ignif i -  
cant effect on t11c variogram nlodeling proceu and 
therc 13 a significan~ difference in estimatjng the 
average ~ a l u e  over a large volume and in estirnat- 
inp the avcrag': value over a small volume. The 
krlglng e ~ ~ i m a t u r  and equations allow this to bt  
incorpur;ltzrl. 
Trrnd: While sometimes used interchangeably w ~ t h  
the trrln ' d r i f ~ ' ,  in gec~statistics thc I N O  are consid- 
ered separate 'Thc term i s  usuailv reserved to 
denote   he de~crmlnistic reprzstn1a1ion ohtaintd 
by tht. il5r ilf Trend S u r l ~ c c  hnrllysis. I c . .  a func- 
tin!tal rrpresc.nt;ition for hpa~ially Icx~!ud data 
( u ~ u a l l > ~  taken ac a polyt~om~al in t h c  position 
contdinntzs) Ti l l :  ' trend' is t)bt,:ineci by a least 
squares f i t  to the data. .4s a n  estimator to 111e 
rncan u i  n rarldr~rn function it ia sub-optim~1. I F  
I ~ L '  r rb~ i lu :~ l s  from t r r ~ l d  .surf~cr analyaia ;\re used 
LO model thc r.~riograrn. a hrased var1ograIn esti- 
mator result < 
F(~i-~o,qrum rclrlg~nally csllrd <cm~-variogram).  This 
func~iori quanr i t iec  thc spiiil,tl correlatiot~ and In 
thL C ~ \ C  of S ~ C ' O J I L ~  order  statinnsrity i l  is cx- 

prza~iblc in terms of rhz jau~u)coi; lr~ance func- 
rion. Sre  p.lrr iu) in thc Intrinsic II?pothe~ih and 
eq. (1) .  I n  ordtr to applq kr~girig lo a darn set it 
ncc.cssnry to n ~ i ~ d e l  the varl;lgram. The b.iriugrdm 
must s a t ~ ~ f y  ccrr;iin pos~tii~c: definitcnc.+ cnndi- 

Ild[lh. 

Although rhe rer;carch described i n  this article 
has  been fundrd u'I~cdl>~ or In p i t  by thc U.S. 
Env i runmen l~ l  Pr<rtectton Ager~cl ;  through n Co- 

I opcr:t!~\e Ke~ca rch  Agrc.rn>ent w i ~ h  the U n i ~ c r s l ~ y  

I of A r ~ ~ o n a .  i t  has nnr heen subjected to Agzn(> 
review and thercforr clclcs not reflect the viens of 
the Agency 2nd  no official e n d o r s m c n ~  s11ould he 
inferred. 

Buuks and jramnls 

Because gcostntistics !s primarily a product of 
ccriilln a r m 3  of ayplicat~on, reference$ ~ l r c  somc- 

what more d~fficul t  to find since one may hdve to  ,j 

consult Ilrerature foreign ti, one's principal Inter- 
I 

esl or to utilize booh:. concentrating on a p~r r i cu -  
lur area of application. There arr rssentially ntl 

books on geostaiistics In the stalistical literature 
although ii f r w  1ouc11 on the subject. The first tu f r l  

c ~ ~ m p r e h e n s ~ v z  volumes illusrrate this vcry url! i n  ; 
that both fncus on applizations in mining, rt~ese 
il iZ 

A C i  Jour~rc! dnd CII H~r~lhrr ,chl \ ,  M~lrrng G ~ O J I U I I J I I ~ J ,  
Acatlcrnk t'reas, I.nndi>n. 1978 

hl Ddvid .  Geu~r, ;~~srrcul  Ori. H t w  -I,U Ir'rrrnm~rot~. klsci~cr. N c w  
Y c ~ r k .  1977, 

1 Clark, Prut~lrr,~, '  I;ur~slol~rlrtr. AFplled k c n ~ c  Pul>l~sher<.  
I . o n d ~ > n >  19:'4 

J hi. Rend,. A n  I~lrrodurrro~! I,, Lco,fur~srrrul hfrrl~r~.ir nf 
.U~r~cr,rl E L ' U / I I P I I O ~ ,  S 4 1 r ~ a 1 1  l r ls [  Mlning and h i c ~ d l -  
Idrgi. Johannesburg,  1Q78. 

Althougl~ geostatistich h , i h  become ii recognizc~l 
nrca of InlcrehI i t  has no1 spawned any j~ourr:als. 
l3; ibet i  011 the discussion at thc Third In~rrrrrit~onal 
C;rastatis~ical C'ongrc5.s In Avignnn. France, in 
Szptrmher 1988, i t  is no1 likely t h ~ l  [here will bc ;I 

scparatr !ournal. The subject doc5 have a news-  
l e t ~ t r .  wllic11 is sponsorrj  b> the North Amer!~, ,~n 
Counz~l on Geostatist~cs. a non-rnenlher5h~p group 
wh~ch organizrb an inforrnal mzeting eac,h summer. 
To obtain information concerning the newsletter 
and to ask to he  put on the rnal l~ng list. conl,is! 
the Crli!or, Mohan Srivastavd, NACOG Nee\- 
lettrr F-di tor, FSS In:crnational, 3900 Quthcc 
Streel, Vat~couvcr, Brltist~ C o l u m h ~ d .  Canada V5V 
3KR. 

There is an international counterpart,  Thc In- 
~e rna~ ic lna l  fieastatistical Swiety, which publ1.4he:, 
Dc Geostatisl ic~s and the Edltor is Huns 
Ii'acbcrnagel, Cenirc de Creostatist>que, 35, rut. St. 
Honor;. 773135 FL)~I  t ~ i n e h l z n ~ i .  Frarlct.. 

There  arc several princ~pal  j o u r r i ~ l ~  which regu- 
lartv publi>h papers per talning to  gcojtntisrlcs. 
1'11~'5c inclutie. 



,4fu:h~*r~orrcul Lrolrlgv ( I n ~ c r r ~ n r ~ o n a l  A S S M I ; + I I L ~  ( i f  M n t h e -  
nial~cal C ;zo l~ ,g~>[s l .  

I b b ~ d r  Resuvrrer X c ~ t ~ u r t h  (Amcncan Cjrophyslca! C.:lllon); 
Jourr :c~!  of rllr Svd St rrnrr Sorrr*!jm r!f .4nrcrlco: 
S r ~ c n c r ~  ,lt kc Terrr. (appear\ rln an lrrcgular basis and Issue+ 

may he purchahcd i n d l ~ ~ r l u ~ i l ! ,  a French p u m a !  bu[ w ~ i h  
nr..~rl! ,111 articles In Fnpll\hl.  

ridrr~plrrc)rr orlJ Urost'~rrr~t.>, ( In i e rna t lon~ l  .Assrx'~at~on of 
hiathrrna11s31 (;t.c~l~jgists). a gcxd +ur;e tor sornputcr pro- 
warn\. - 

t 
Th~s I l h r  15 changing ra lhc r  rapidly and thz dbovc 
s h r r i ~ l d  n i l t  bc conslclrred cvmplutz or exclu~i \  c .  1 n 
d d c l ~ l i o n  (here arc 111c proceeding\ r > l  a1 Ienst t h rw  
~nre rnd t i~ ln ; l l  c r ~ [ l f c r c . n c c ~  ihn! drc nT slgnnl impnr- 
lance: 

h.I ( r r ~ a r d h ~ l ~ > ,  h4 T h i l J  drld C. Huilbregts (FJjt>>r.\j. A d -  
; , L I I ~ ~ , ~  & U I > { ~ I I > : / L  ! :" rht  . ~ ~ I I I I ~ I S  I ~ I I I J I ~ J  (3 %TO AS1 
19751, Rc*dcl. L ~ L I I C L , I L I ,  1976,. 

G Vcr I >  ch , [ I  I l,,il[+ar\)> (k,d!r.;f:~~)g > /,r I ~ L *  L '/~~~rui,fcr;:urro,~ .,! 
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