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ABSTRACT 
The radial basis function Interpolator belongs to a general dass of lnterpohtors which tndude the thin platr and 
smoolhing spline. Thf latter two are derbabte by imposing a srnoothnesr mndition on the interpoldtii~g (u~ict io~\ 31111 

correspnnd to a specific choict of the kernel ar structure funclion but these choices are not uniqt~r. 11 i\ ~re l l -h l~o ib~~  
thal posill%e definiteness of  an appropriate form is sumcient to ensure that the system of eq~~afiunr, clrlrrn~irrir~; 1 1 1 ~ .  

coeflicien~s in the radial basis function representation, will have a unique wlution. Htnce all! valid clroicr o f  lllr C r r~~c l  
will produce an tract interpolator, i.e., the interpalaled surface wilI pass through the data points. The "trpli~irill" r l ~ ~ r d c c  

of the kernel function i s  not determined by a least-squares f i t  of the inferplating surface Lo llir datd .dnd a11 a l l e r r i . r t i ~  K 

medsurr of  the f i t  i s  needed-Imposing such a condition may be justified by B priori knarrledge of thr fui~clion 10 hr 
interpolated. By using an alternative but equhalent formularion of the Interpolator the eractnrss prupr1.t i r  u w d  I I I  

evaluate the f i t  or the kernel  function to the data. There are several na~uml rnmsures of Ihr colltrlir.e clorrrles, t l f  Itrr 

pairs. T h e ~ e  include the mean error, the normalized mean square error (normalizpd b j  thc n i i~~ i rn i~r t i  variarrrc u l  r l l ~  
il~rcrpolarinrl error), the correlation of  Ihe data vs the lnierplated values, the cwrrelation o f  llir inlrrp~rllrlrd t a l d r ~ r  r .  

Ihe normillized interpolation errors, and the frequency distribufion of the normalized errors. Thew r r r  IIFII:I~~! c. i l l11'r l  
cross-ral~datiun statistics. The applicability ol cross-validation 10 the choice o f  the kerncl T ~ r r -  r;l(li;ll I r . 1 - 1 -  T L , I , ,  l i , ~ ,  I 

ir~terpr)ldl~ur! i s  demonsIrated. 

Lct h,, .... x, be in Ru and f,(x),..f,(x) real valued linearly ind~pendent funclions and ~ 1 t . u )  r s i  rnb11~11 ic, i ~ r ~ ~ ~ - l i r ~ r l  

defined o~r R q  x Rq. Consider sn interpolator of an unknown funclion y of the rorm 

There are two general conditions that can h Imposed on y', one lsexactn~ss, I . t . ,  the Interpolated ralurr ~f rl;ti:t pirir11. 
match the data and secondl), that y' is "cl~se" to the data values a1 the data points. Thc latter C I I I I ~~ I~~~ I I~  is  c t - i ~ , l l l k  

iniposed when another condition such I S  maljmal smoothness Is required although t h : ~ ~  ii IIIII Ill\. 1111iqr1c 1 \I(II, t 

Exactness leads 10 the system of equations 

\$here y(rn,j, ...y (A,) are the Y P ! U C S  of  the unknown function y. Although the coemcient rrwtri\: i r ~  (h) i q  sclir;lre il 111.1: 

not be intertible. I t  i s  known that for wme choices of  g thal the inver~ibil i~y problem i s  ~ r ~ l t r d  it l;tr i r  rrj~t:~cvtl 11: 

Inboking Iljr Exactnms condition giber the system 



H o w c v t r  in that UK [he ~ w m c l e n t  m t r i ~  is not quare  and nddjtional conditions o f  the TI)~II\ 

There are two special cases tha l  are ofiaeresl, f i rst the rs might be polynomials in the coordiniltes or x and srcol~djl! 
g m:ght k function olr-y or in particular a lunction of the mgnitudt oix -y .  As noted by Micchel l i  11 1, evcll a i l h  thrrr 
modifications th is system may not have a unique wlut ion .  MiccheIIi h o q  shorn thnt c o n d i t i ~ n ~ i  posititu der in i \c \>~<i  
of g with respect to l h r  polynomial  functions is a m f i d e n t  condition Tor invertibi l i ty. Micchell l 's resulls \$ill e ~ t t l l d  111 

the more general class o f  fs pr~vided that g is cnndjtionall~ pdi iv t  definite with respect to the se1 of I-5. l l i i ~  rvurlt 
is given i n  M:ers IZJJ .  I f  the rystem (2) i s  modified st igh t l j  as in Cressie I41 then s s m l h i n g  in fe rpo lar r~r  is o b ~ s ~ ~ ~ t - c l -  
The thin plate and s m l h i n g  splines ate cnsea As shown in Myers [ l ] ,  [3] ).'can br r r - > t r i t t c ~ ~  ill a r ~  ci{ui%:llr l i l  

for  rn 

and the s?stem ( 2 j  is replaced by 

arid 131 

T h r  a l t e r ~ ~ a l i + e  l o r m  is obtained b! cllnsidering! as a realization o f  a randun1 lunrlion 1' wnd requ l r lng  t l n t  ?'  br t ) ~  
minimum %ariawe, unbiased LINEAR predictor of Y (x). This f o r m  o l  the interpolator has been d r r i t e d  b! a ~ l u ~ n l ~ c i  
of au:hors i nc lud~ng  Goldberger is] and blatheron 161 although ,Malheron i s  considrrabl! mnrr grnrrd. ht.rrl\crt l t~ I7.S 
has show11 the equitalence o f  the form gi+en by ( I , ) ,  ( 2 ' )  and (3') with the th in plate sp l i~ r r .  \.cainln I91 C . I ~ V  4 U ~ ~ J I U  

r u d ~ m e n l ~ i r r  drrlvatlon o f  [his equiralenct and in the care of the thin plate spline shows t l l r  r r l ~ t i i > ~ ~ r l ~ i p  h r l t r c r ~ l  It i, 
kernel and the Green's l u n c ~ i o n  of a certa~n differential operalor. In  the case that q=l ,  D o l p l ~  and  \ I  ~ n ) d l ~ l r - +  [ 1 I), t l . r \ r .  

g w t n  a XtrF general rtsull linhicg the co\mrianm of a sccond order  nat ionary  process ant1 I l le t;rrc11'< E i ~ ~ i c ~ i o r l  111 .I 

o r  r part icular form of di f fe rer~ l ia l  upr ramr .  W-hen g 1s Lhe covariance or  a second order s la~ionar!  r;lrlrl~,:u T ~ ~ I L ~ I ~ ~ ~  
there t h r r r  i s  a distance {called the range) such that for two points at o greater d is ta t~cr  111r crrvarii~llc.r i s  r,llrlslarl[ 1 4 1 1  

the cob-ariance is asymptotically constant in nhich wse there is an e f l e c t i b c  range. G l \ c r ~  ;r f i r ~ i l c  r i u r l \ l x ~ -  0 1  t l . ~ t , r  

loat ions  there exists a n e i g h h n r h ~ d  sufl"dentl! largc such that fo r  ntay lucatiun x outside the n e i g i i l n ~ r l ~ r ~ r r ~ l ,  Ihr t ~IIIIV 
of glx. i s  a conslanr (or near\! so). l r  further nt least one of the rs i s  a constant func t i r~n r l w n  l l l e  SLIIII or 1 1 1 ,  I)', 
i n  (1) i s  zero. 11 i s  seen then fhal ~ h c n  (11 i s  used ms an EXtrapolator, i t s  behabior i s  Iwrprly r l e ~ r r l i i i ~ ~ r ~ l  I,? tilt I... 
Murewtr  the sum in i l l  i nbo l t ing  the f s  is the unbiavd estimator of the mean of Y at 1. W ' l ~ c n  p=O i l r ~ r f  ru : 1 II~L-II 
the ma11 is a constant and i 5  es l inu ted by a weighted sum ot the data values I f  in additi l l l) 1\11 d;t\;\ I t ~ ; l l i c \ r \ \  ,t\-r, 

sullicienrlc spread out then the weighted sum is just the ar i thmet ic sum. Some charat ler icr i rs of  Ole i n ~ r r l ) o l : r ~ ~ ) ~  ; r I  

more easrl? seen o r  descr i l xd  b! using ( 1 ' ) .  As the disrnnce from x lo s data Iocation 1, i l ~c rcasvc  f t l c .  ~ t c i g l i ~  L,' r i  

diminishes- That is, t l~r l oca~ ion  x, har Less "influence" on tht interpolation a t  x. I n  practic+c r h r n  i~ is  r runl l l l l l l  111 ui.te 

onl? ihe nearesl d a b  loutions Tor interpolation at o prticular point, h (1)  the caeficienh r l t ~  I\OI d c w r l d  1111 L 11111 i l l  

( ) ' I  they do and hence ( 1 ' )  is somewha! easier to use. Since any valid g, i.e., mnq g habil lg lhr r r y ~ r i * i ~ c .  ~ n a ~ ~ r i i ~  
drfinilenef* p r o p r t y  *i l l  produrn  an exact intcrpalator, i t  Is necessary lo impose addi l ional  condil inl ls III ohl;~i! l  ;I 
unique or optimal c h ~ i c e  of g. In the ase ~f the thin plate spline B i s  uniquelj determined b! impocing rl~c  n v ~ h i n ~ ; ~ '  
smoothnes condition. I n  some instances this may be too strong a condi t ion or In the castL rrlre~: i s  r ~ ~ l h ~ > o r +  t i  1 1 1 i  
approprrate degree of smoothness may be indeterminate. By combining the exactness propcr1.t i ~ t b t l  111r r r - t .  111  ~ I I I I $  ill; 

neighborhoods i t  i s  possible to quantify the fit o f  a particul~r kernel l o  the data. 

COMPARISO~ OF THE T W O  FORMS 

When the interpalalor is wr i t len  in the radial bnsis function form given by (1'1 the c r r c l l ; ~ . i c ~ ~ ~ ~  r l r ( j t ~ l r l  I I I L I ~  a ~ t ,  

the kernel, Ihe vmple lucation pattern and the data values The di[reron;rabilif> p r o p u r t i i . ~  i i l i ~ l i r r l ~ ~ : :  i ~ ~ ~ r r ~ r l l ~ ~ ~ c * .  : r : , l ,  

a l l  caplured I n  ihe kernel lunclion ms i t  appears in rhc interpulator ( I ) .  I n  [his form il i s  sr)t11vnl1:11 Icqx a ~ l k l i ( ~ l ~ r  1 1 1 . 1 1  

a n i o l i r ~ g  neighborhood m igh l  tx u.wd but i t  has the advanlage that i t  pror ides a clear t~~nt.~irrrl:~l r i , l l t - c b r  I ~ : ; I I I ~ I I J  1 1 1 ,  



the in lerpolalor which would be convenient for plo~iir>& While Iht tqurlluns given In (2) are w n  to k Ihr. rh i lc [ rwr .  
condition it i s  not  as obvious PS to the purpose of thccnhditions In (3)crctpt tlwr they art sumcienl Fur 1111. s!stuln 1 ' 1  

h a w  a uniqvv wlutl0n. This form o i t k  interpolator dws d m r l ~  &ow o+ dmmpositivn or > '  i n r 4 1  t h ~  "irilv~ p r i i . ~ , ~ ~ :  - 

and the "extrapolatorp'. 

In contrpst the form given by ( I  ') dearly shows the dependen- on the dab valuts bul the drprldence on  h i s  
hidden in the cwficients. ?he diRerenLjability and smihness propertie af F' are somewhat hidden in [he mefificikn~-. 
As x changes a new set of rwficients must be wmputcd In prnctin OM &ntiGes a xt o l  lusltionr w-htrr 1 i s  11. ht 
estimated o r  Interpolated. Unlem the rsmple locmlion pattrrn In the movlnt mlghhrhwd rewins fixed as x rhanyrr 
il i s  necessary lo  re-wlve the system for a c h  choice of% While the problem b Amplified ~ n m e v h n l  by using a urlqluv 
nrighborhmd, Lr., all data lacalions arc u d  to &inure at a11 points and hcm the cwtlicient matrir must be i j r t r r t w  
onl, once, this i s  in general not pmr[lcal when thp dara  set Is large. In the gmsr~ilstial lileraturc i t  I s  m n i ~ i l ~ u i  pr;~c.li,,r, 
to u w  unl? rhe nenrtrt Imations, wily !err Lan 3. Sinct in (I*) f i e  weighls on the data rvlurs arr d i r r c l l  u l ~ l l r v t l  
i t  i s  eas! to classry the Importar11 data lwtions when tstimatingor lnttrpolarinp at I par~icular mint i. P*rlr.lr~* ~ h r  
mast important reason for ut i l iz ing the a l t e r i m t i ~ e  form i s  t h t  i t  Iseasily derived f i ~ m  t h e  random function nwdtl and 
Ihe mndirions given in (3') correspo~d to the unbinredness. ALs a by-pmduct It b rutural lo mndder jackknifit~: thr 
data locaii~ns and to w t ~ J d e r  inlerpobi ion a1 o &ta localion whm ht &h k t i m  Is rupprerwd. This i~ r l i e  bwi\ 
for what  is called crow-validation and it provider a memu for evaIuoting ~ h t  ~II of Ihe kernel l o  [he drrt;~. 

Tt lu inrerpolation problem can be pener~lized in anolher way. Rather t h n  ~t imal in&in~trprr la! i~ ig thc- t a l ~ r r  
of 3 a1 a point. a t i m a t c  thc value or a linear functional. The vdue a1 tht point x i s  umpl! a ~pcvial r:lrL. A ~ l r r r l ~ : i -  

imporrant case i s  given by spatial integrals- Lei Y bc a -vlurne Lhrn consider the nvetagr *vI\lu ? r i l r r  '1. 1\11 
r l t e r n ~ l i v k  form (1 ' )  will not change,onl) the right ides  oftheequations i n  (2' )  t r i l l  chil~lpr. Ib~ i r l : :  I .~~( I I , I~~~~:  1 8 %  .L:, 

~ a l u e r -  If I ~ L  form yibcn b 11) ir  uwd lhen the eairnalor ltsPlf musr change. 

There tsone additional ad%snlage orthe ~ l t e r n u l i r e f o r m  h a t  is worth mnlaoning. Fiotl~ it~rr:l< arc8 e<~rr l l idI l r  
indrpendcnl  ur [he dimension of the domain space Rk but it i 5  much simpler to extend the ; r l l r rnar i>r f ~ j r c ~ r  11, tilt c ; i ~  

 here \' has t a l u ~ r  in Rm. I n  particular chrreis a natural waj to quantify the inderrclationcll ip bu\\itr.n 1 \ 1 4  ~ r > + q ~ ~ ~  

or Lnr rt.clQr sdlued I' b fhe use oicrosr-covariances or cross-variugram?. Ihis extension i, r l iwurscrl i r i  \I! t m r +  I!. I I ,  

I n  fhc remainder vf I h r  paper w e  assume that e';x,uj i s  a function of r-u and hence vr \ $ r i l c  r i l l i r d ~  ; ( * - I I !  

Tile sFsrPm o f  q u n r i o n s  (t')! ( 3 ' )  I s  obtained by requ i r ing  that ( 1 ' )  br arl ur~lliawrl, i t \ i r \ i ~ ~ \ u \ \ \  \ . * r ; , t t t r  

interpulator. lhal is, the cotfl7cients in ( I  '1 ere chosen so h a t  Vnr(Y*(lr)-Y(r]) i s  minimized. Ls ing  l l iv r r s l r f ~ i~~ ; !  r! 11r I I  

u l  rl;uationr Ih t  minimized variance (called the kriging variance In the geostalistical litrr;~riire~ i q  g i i c ~ ~  i r t  

DIRECT ESTIMATION OF THE KERNEL 

One of I h e  sdlantages of  he a l t t m t i v e  ?ornulation phen by (l'), (2 ' )  ond (3') Is l l ln! Ihr hr r r , r I  i\ ;I 

gtneralitrd cuwrianct as drfined In Matherom 13). To Ulustrate the mthad we consider 0 1 1 1  t h r  cgsef n h c r c  ;: I* .I 

cdvariance or a vario~ram. A covariana i s  positive definite wheras  i f  g Is a rariogram [hel l  -g it c r r ~ ~ i l i ~ i c ~ r ~ ; ~ l l !  ~ w r ~ i ~ t i ~  

definite or order zero. In addition if g I 3  a rnw-ianw then gfO)-g(x) is r varlvgram henw it i s  srrlllcil-n! I r r  CIIII\II~LI 

cs[irnatirr l~ ur bariograms. More explicit ly the random function Fir assumti to satisfy the Intrirwic !1?1)111!\r\i~ 
t i )  E{Y(x+u)-Y(x)J = 0 tur uIl x, u 
( i l l  0.5Var(Y[x+u)-F~x)1 = gi.1 exists and depends onl! on x 

Thal i s ,  IIte first ordtr increments of k' art  remnd order smtionary. Nott that It is  not necessary le rsr t i r i i r  1Ili11 g i c  

isatropic (a funct iun DC the magniludr ~f x only). 11 is mmrnon to model eeamelric anisorrt,pieh i r ~  r ; l r i r r ~ r . . ~ l r ~ r  1 1.1 1 I I 

(i) and (iil il i s  easy to  ree chat 



is an u h b ~ a x d  e3tinultbr 01 g(%!. the cum i s  taken ovrr n l l  pin o f  &la h t i o n s  such thmt q-h,  =&. In pr;ll'li\.r. dc i< 
desc-ribed in Myers112,13], I r  i s  nccemrs to mnu'der diffmncc elasscs and directional window5 espwialt j '  i r ~  the c a w  u f  
irregular d a u  gr~ds Lnfortunalely this tstirnaior only produrn eslimata otg Tor certain va lue  of x nnd il ir  nereruir++ 
to know g in functional form. The practinl wtution Is to csnsider positive b o a r  combina~ions oT known $,atid kernrl<. 
A plol o r  g' as a funcrion o f  the magnitude of r u r d  for a particular dirfflion will indicate certain impondnr 
parame!ers as well as model types+ There may bp r discontinuity nl theongin, coned the "nuggel clYect" and i f  ~ h r  p l r i ~  
levels o f  and kcoms @pproximatel) consun1 h n  the height is the sill and the dinonce ar which [h i *  rtcuurs i s  t11c 
range. I n  variogrim farm !he nugget t f f ~ t  m d e l  is given by 

grO) = 0 and g:w) =& for x = 0. 

In the ux  ~TCiaussian or Exponential models lhere i s  sn enedive range. If Che data k noisy and an tzar1 i l ~ f v r l l l l l ~ f r l r  

i s  used lhen the nugger effect wilt include t h e  vnriant- uf b e  noise term, more generally ii represents a spa t 8 a l  
correlation structure at  a distance l e u  than the minimum inlerramplc [-tion distmnc~s. Thert a r t  x u e r a :  adv.trh~;lr\ 
lo using a variogram estimaior in l ieu urn covariance cri lmatar. h vrriogram r a n  be unbrundtd and #hit wi l l  n l b t  uc 
deleted wirh a cobariawe cstinutor. EstImntion o t  the mvarhnce requires wparate p s i i ~ t i o r l  ortlir tgwnn. 111 gr l l r rd l  
the urnple  variogram gi t tn  b) 8. Mil h mmewhilt noisy and k known lo be rn Imperfect tstimalar of rht IIIV 
variogram. There are various re3wnS Iur this A regular grid  doe^ not product a milldent number of pairs for shuri 
lag  distances urlless the mesh distance Is quite smal l  whereas i t  is the values of g for short dirtantes !h;lr arc t \ w  trll~cr 

importanl. There are empirical resulrs for the use oileast pquares fltllng to valid models and fur lhc usc ol ~n;~\ i r~) r~ i~:  
likrllhwd but the lallrr in particujar is dependen1 on a rtrong mllltivaria~e normality assumpl i r~r~  kir I' 111 pr:l~.lrri 
the fitling is done visually and requires krh  rxpvrience and a knowledge of the runc~k l r l  o r  ~~~.~~IIII(LIII~II Ilt~ll: 

inierpota~ed. This visual fitting i s  Crequenliy combined with tht cross-validation fechniquv d;c~rr-,rl 1 . 1 1 ~ 1  

T l lpre is an a d d ~ l i o n a l  complicatioo that should k mentioned. In the case aherr n ~ r i ~ l i i i l ~ ~ ~  1 1 1  i- I I I I I  c . 1 l r 4 5 ,  f 
bur rather o veaktr  cundition 

where fhr 1,'s are unknown ro r l f i c~en l s  then g' i s  not an u n b i a d  csttmaror ofg.  U n f o r [ u n : ~ l r l ~  I l l i ~  1c:rrls ICI  :I * , i r t ~ ~ f , l :  
p r o b l r m  tvithuui a 1~1Iy satisfactor! sclurion. While Yir )  might no1 ratisfy (i), Y(L)- E l l ' ( \ ) ]  ~ + u i ~ l t l  i l l111 f i w ~ e  i! i. 
necesrarg lo estimate the unlinown coelficients. The optimal esf iwti~n ol(hose meKicien\\ rcqtl ircs h ~ l t , * i i i ~ &  g SI~IIII: 

cdn no1 hr estimated or modeled u r ~ l i l  the mffrc~enlsare esfimated. This problem has k t 1 1  e x ~ c n % i r c t h  i u t ~ \ \ r h r , r l  
the gru r tad&r i c~ I  I~ terarure .  

A s  noted above the di lTeren~iabi l i ty  propeflics a l f  are asi ly  seen to belhoa o f  thc k ~ r l i e !  rrllt.11 ( 1 1 ,  ( 2 .  auc! 
(31  are uwd, g r o ~ d e d  that all data locaiions are used a1 one time m thpt the coeflicienfs in t I )  are crrtnprr~t-tl r* l l l !  I I I ~ L - ~  

[I an additional term $6 i s  ndded to the left ridt of (2) or q ( x ) ~ '  Is added IO Lhr len side ul  ( 2 ' )  ll1c.1, 1 1 , ~  
inlerpotalor i s  no longer exact. In the context of (I1), (2') md (3') this corresponds to ursu~rt i l ig 1lt:11 ~ h t .  r ; ) ~ l r l ~ r ~ ) r  
function Y i s  replaced by Z(x) = Y{w) + t ( x ]  whert t ( w )  i s  a n o i g  term The noisa term i r  ;\sftlrric.cE 10 Or c~l\cr>rri.l.i\~,~! 
wi th  respect to Y t x )  and to have a pure nueger variogrnm Then the data v n l u ~  y (~ , ) ,  ...,! [ I _ )  it1 ( 2 )  ;Ill[. I l ' r  ;II t m  

rcptaced b) s(rl),.A[x,). y' is then a mmthinp inlerplalor and the p a r a m e t e r '  which could bt in~erpreird :I< t l l r 8  

variance of [he noise term rpptesenls the degre of smoothing relallw l o  the smlhnesr ch i t r ac~e r i s~ i c r  IIT I lie kt.r ln,l 
g. When u pure nuggtt effect variogram is used tht [nterpobtor given by (I*) diners frnnl M I M I ~ ~  r l l ~ ~ t ~ i ; ~ ]  I r 1 1111 r.1, 
only al Ihe data Ima tions 

Scquenliallj, one at a lime, the data locations are r u p p r w d  and an initrpolaied r a l ~ i r  is r,bl.r i~~rrl r l r i l ~ g  ~ ~ r i l i  

the remaining data locations [or onl) those in m neighhrhwd shut  the rupprersed Ioca~itrr~). AI  r i t ~ t ~  (I.\\a Ius..tlis<rr 
x, there nil1 be three pieces o f  information, the datn value y(xJ, the lntrrplated v a l l r ~  y',!h,l anrl IIIC ~ n i r ~ i r l l i ~ . c . < !  

eslimillion ~ a t i a n c e b ; .  Note that the laltcr two n u y  br somewhat ehritire to [he choice GT l l ~ e  ~no r . i ng  t~pighbr,rllc~llrI 
and the li 1nit;rtion on rhe number aT data h a t i o n s  used in the {nterpolalion. For a " twl\-chocr.~~" kcrrlvl, ;.u.. x . ~ r  Irl;.r ; ; I I I .  



the inlerpolaied wlws rhou ld  be close to the corresponding dab values w k r e  cloe i s  in the wnsr of Ihr mi~~i l i i i / c . r l  
 airn nation variance. While  he ~cntra l  quc.dinn of chmring the kemct  i s  not welj-posed (given o ~ i l j  w n n i ~ r  r r u n i h r  ul 
data lacslions), choices of !he kernel andlor of the parameters of the kernel mn lx ranked with reSpecl lo I he ~ J O . W I ~ ~ F F  
o f  the interpolated values to the dnu values There a n  at least f ive -tislim lor quantifying this cluwnr-. ar ~ I I I ~ ~ I I  

in Myers  I f  I].  Thew include the folluwing: 

E, = sample mrrelalion { ( y ( x ) ,  y'tr)) 

E, = ample correlation [C,(X)-y'(x)g'(a)) 

In addition i t  common p r o d c e  to constrrrct the histogrmms of the ermrs and of thenormalized trrrorr. Undet  m o d e r ~ l r  
arsurrptir)ns il is pvssible to compute Ult expected values of thew t i a l i s t ~ c ~  The expected ra:ue o l  ~ h o ~ r l d  br ?c.rll 
and hence one would expect the sample value l o  tw close to zero. The expecled value of E, is the a l c r v g r  i r l  IIIC 
r n i n j m ~ l e d  escimalion vnriances u,hile the meon of E, should be one. IT Y is assumed ta wcrlnd rkrdrr stationar3 rhc-it 
the variance of El *an k computed huf the variances o f  all the reg eithcr require strorlg di+ l r ib l i i&u i~a l  a r su~ l l p l i c~ r~ r  
(such a <  rnult ivariale n o r m a l i t y ~  or knowledge of fourth order moments or Y. Under Ihe xct)ad ord r r  aat io~i . j r i i :  
assumpiion the expwted values of  E,, E, respectively Aould k do= to  one a n d  zero. Thrj are ill e r n r r ~ l  unl! rlllcv 
bccauw of t h e  presence o f  the Lagrange multipliers in (2'). In addition to computing the sample n ~ r r r l : l l i a l r ~ h  il i~irwl111 
iu  uun~rrucr r a t r e r  plots. in  some instances i t  is prererablc ta use the normalized error in E, in livu o i  t 11c r~ i rn : \ i i h : i  
error. sole  that a f o r m  of crussM,&lidarion i s  u*d in connection with the smoothing paranleier in  a srl ir~rrl l~irtg t l ~ l i r i c .  
that i s  ra1 her different from the f o r m  dewribed abo\e. The smoothing spline i s  not exact urtd thr k e n ~ r l  i s  2\~11111t  ( I  
alresdr dr ie rmined hencc in !ha! case the cross-validarion i s  not. u t i l imd  for Lornel w l r c l i l ~ n  IIr r.~nAir~: 

THE I'5E OF CROSS-VALIDATIOS 

M'h i l r  cross-validation provides some measure o f  the goodness-of-lit o f  a par l icular ker l~e l .  il i s  l1111il ui.rflll ill 
comparing difkren~ choices o r  different parameter values. There are a number o l  known va r i ug rab~~  anrl c{rurlJr)L-c. 
modelsand i n  general there are IWO parameiers associated with a model. I t  Is easiest to d s ~ r i b e  111e iso~rljpic nl ld t , l -  
firs1 asd then dkscribe hou lo incorporate geomelric nniwlropies in:o those modelr Some of  tnr s!irnd;~rtl 1n1~01,lr .I~.L 

described in greater detail in Myers  11 1,121. If Y Is second order stalionarj then the value o f  ~ h c  cuvnr ia l~cv a1 d i s t ~ f ~ c c  
zero is called the SILL, alternatitel! i t  b the mnstant vaiue that tht variogram achier-a or appruchrq as!-tnptutr~'.~ll\ 
The d i r t a ~ ~ c e  at which thc covariance i s  zero Is called the RANGE, In the caw of the Exponrntia1 and Cuucsian nblrrlt4r 
there is only an e f fw t i ve  range. Any positive linear combination o f  valid models i s  again a valid nw1dc.1, t t l c r l l l i~ l i  111.11 

the appropriate posit ive definitentss condition i s  sattsfied Some variogram donot c o r r e s p a ~ ~ d  Ir l  m\ltiunt'r.r n n ~ l  hcl~c.t, 
du no1 have s i l l so r  ranges but there will tx corresponding parameters Crusl-validation cilrr r l lcn Ibr ttu.(l 111 t \ ; l l ~ t . l l r '  

such Irnear combinat ions by varying the paremeter choices. 

In e ~ a m i n i n g  the inlerpolator given by ( 1 )  it is easy to see that Inr a fixed point x. the r-ala~rs r ) r , s ' ( \ ~  dcllrt l t l  
on 1. the kernel  runtlion (and its parameters), 2. the data vdues, 3. the data kcat ion pattern, 4. Ihr r c l ; l ~ i c ~ ~ ~ \ l r i j ~  I.! I l r ~  

point x l o  the data locafion pattern. I f  a moving neighborhood is used then both 3, and 4. change as r c l ~ ~ l l g c s .  ~ ~ L , I I  

appl?ing crou-validation however one mn fix 2., 3. rnd 4. hencc only thc var iogram ( ~ r r  I t s  parvrnrfrrsl rli:ln:c\ 

although one can cunsidrr different search neighborhwds. T h e  continuity ofy '  re lat ive Itr thc r ,a r iopra l~ l  i~ w t t ~ i l i r c  

t o  the %arch neighborhood and i n  turn this i s  sensitive to the s m t h n e u  or the unknown f u n r l i o ~ l .  C'~:I,- t :1 l r r I .1111~11 

the11 will be used both to rank the variogram choices and also to identify unusual fevtureh ~ r f  t lrr I~;II;I XL I. 1 II~,u I r k , ,  

objective< a r e  no! total ly wparnble. 



A radial basis function Interplator b generated by an! kernel with the apprupriarr pc1si1ir.r dcfillilcl~t.<i 
proport3 and hence i s  not uniquely determined. When the principal informalion mnrer l~ ing the functio~n Itr I)r 
in!erpolaled consisls of the data values, it Ir important to flt tht kernel, cg., the inlerpolarur Iu  lhr dal:~. I].! urin; :III 
allernativc bur equivalent form o f  tht interpolator md the clwlntrr p r o p l y ,  cross-validatiun slafislics ulltr\* rail hill; 
choices of the kernel with respect to  their f i t  to the data. 
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