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Phononic crystals are composite materials made of periodic distributions of inclusions embedded in a
matrix. Due to their periodic structure, these materials may exhibit under certain conditions, absolute
acoustic band gaps i.e. forbiddenbands that are independent of the direction of propagation of the incident
elastic wave. In the first part of this review paper, we present some examples of two-dimensional bulk
phononic crystals i.e. two-dimensional arrays of inclusions assumed of infinite extent along the three
spatial directions. We show that the bandwidth of the forbidden band depends strongly on the nature
of the constituent materials (solid or fluid), as well as the contrast between the physical characteristics
(density and elastic moduli) of the inclusions and of the matrix, the geometry of the array of inclusions,
the inclusion shape and the filling factor of inclusions. The second part of this review paper is devoted
to some possible applications of these composite materials. In particular, we show that defect modes
(cavities, waveguides, stubs, etc.) inserted inside the two-dimensional periodic structure may lead to
very selective frequency filters and efficient devices for the wavelength demultiplexing. We present also
the possibility of sonic insulators for frequencies of the order of kHz with relatively small thicknesses
of phononic crystal samples. Finally we report on the vibration modes of a two-dimensional phononic
crystal plate i.e. a phononic crystal of finite thickness along the axis of the inclusions. We discuss guided
modes which may occur in the band structure of the plate. Surface acoustic waves propagating in two-
dimensional phononic crystals should open new perspectives in high-frequency radio-frequency devices.
Throughout the paper, themethods of calculation are presentedwith somedetails and some experimental
results complete the numerical predictions.
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1. Introduction

Optical properties of heterogeneous materials with a periodic
structure have received a great deal of attention during the past
two decades. Much effort has focused on the search for large
band gaps in the optical band structure of periodic inhomogeneous
dielectric materials. Several geometries of these so-called ‘‘pho-
tonic’’ crystals have been proposed: one-dimensional systems in
the form of Bragg lattices [1,2] or comb-like structures [3,4], two-
dimensional systems such as arrays of parallel cylinders embedded
in a matrix and three-dimensional crystals with various distribu-
tions of spherical inclusions suspended in a host matrix [5–8].

The mathematical analogy between Maxwell’s equations and
the equations of linear elasticity has spurred a renewed interest
in ‘‘phononic’’ crystals, that is periodic inhomogeneous elastic
media exhibiting forbidden bands in their acoustic transmission
spectrum. A comparison between phononic and photonic lattices
is in particular presented in Ref. [9]. In these materials, the density
as well as the elastic constants are periodic functions of the
position. Although the propagation of elastic waves in periodic
composite materials is an old topic in condensed matter physics
and/or acoustics [10–12], the search for acoustic band gaps in
heterogeneous materials gave rise, in recent years, to numerous
theoretical and experimental investigations [13–18].

The so-called elastic band gap materials are inhomogeneous
elastic media composed of one [19–25], two [11,26,9,27–33] or
three [34–36] dimensional periodic arrays of inclusions embedded
in a matrix. These composite media typically exhibit stop bands
in their transmission spectra where the propagation of sound
and vibrations is strictly forbidden. Several classes of phononic
materials differing in the physical nature of the inclusions and
the matrix have been studied. Among them one finds solid–solid,
fluid–fluid and mixed solid–fluid composite systems.

The existence of absolute band gaps in two-dimensional
phononic crystals was predicted theoretically [26,9] prior to be-
ing demonstrated experimentally in various phononic crystals
constituted of solid components [32] or mixed solid/fluid com-
ponents [33]. In two-dimensional solid–solid phononic materi-
als composed of periodic arrays of cylindrical inclusions, under
the assumption of wave propagation in the plane perpendicular
to the cylinders, the vibrational modes decouple in the mixed-
polarization modes with the elastic displacement u perpendicular
to the cylinders and in the purely transverse modes with u par-
allel to the inclusions. In contrast only longitudinal modes are al-
lowed in fluid/fluid composites [37]. The opening of wide acoustic
band gaps requires: (i) a large contrast in physical properties such
as density and speeds of sound, between the inclusions and thema-
trix, and (ii) a sufficient filling factor of inclusions [37]. In mixed
solid–fluid media, the first condition is often satisfied, particularly
in the case of solid/gas combinations. The mixed systems present
complex vibrationalmodes ranging from longitudinalmodes in the
fluid tomixed-polarizationmodes and transverse vibrations in the
solid. In mixed composites, the fluid can be either a condensed liq-
uid (water [38,39], Hg [33]) or a gas (air [35,40–47]). The frequency
domainwhere the band gap occurs scales as the ratio of an effective
sound velocity in the composite material to a measure of the pe-
riodicity of the array of inclusions. For solid/air systems, the effec-
tive sound velocity is significantly lower than that of solid/solid or
fluid/fluid composites allowing for the design of acoustic band gaps
in the audible frequency domain without excessively large periods
and inclusions sizes. In light of this observation, themixed solid/air
phononicmaterials show the necessary physical characteristics for
use as practical sound insulators.

Theoretical models of two-dimensional [48,26,9,31] and three-
dimensional [34,35] phononic crystals based on the planewave ex-
pansion method have shown that the width of the acoustic band
gaps strongly depends on the composition and the geometry as
well as on the nature of the constituent materials. A large con-
trast in physical properties between the inclusions and the host
material is required to obtain large acoustic band gaps [37]. Sigalas
et al. [49,50] applied the finite difference timedomainmethod [51],
well known in the field of photonic crystals [52,53], to the study
of two and three-dimensional elastic band gap materials. In con-
trast to the plane wave expansion method, the finite difference
time domain method enables the calculation of the acoustic trans-
mission coefficient of a finite composite sample that can be mea-
sured routinely in experiments. Moreover, the finite difference
time domain method can be applied to mixed (solid–fluid) com-
posites where the plane wave expansion fails to work [54] due
to the vanishing of the shear modulus in the fluid component.
In the finite difference time domain method, the elastic wave
equations are discretized in both the spatial and time domains
with appropriate boundary conditions. The evolution of the elas-
tic displacement field is calculated in the time and space domain.
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Fourier transformed results give the acoustic transmission spec-
trum. The agreement between the finite difference time domain
and the plane wave expansion methods seems to be excellent
in locating the forbidden bands [49]. As other reviews on two-
dimensional phononic crystals have appeared already [13,15–18],
we will give in Section 2 only a few examples of respectively
solid–solid, fluid–fluid and solid–fluid two-dimensional phononic
crystals. In the next sections, we will focus on applications of
these new materials, dealing with filtering, demultiplexing of
acoustic waves, phononic crystal plates and high-frequency radio-
frequency devices and sonic insulators. This review ends with
some general conclusions and prospects.

2. Examples of two-dimensional phononic crystals

2.1. Solid–solid phononic crystals

2.1.1. Examples of dispersion curves
The elastic band structure of two-dimensional composite

materials, formed from periodic arrays of parallel solid cylinders
embedded in a solid background material, have been treated
independently in a few works by Sigalas and Economou [55,56,46,
57], and Kushwaha et al. [9,27]. These last authors [9] considered
only the transverse polarization mode of vibration, with elastic
displacement parallel to the cylinders and perpendicular to the
wave vectors. The dispersion curves for Ni (Al) cylinders in an Al
(Ni) background were presented. Phononic band gaps, extending
throughout the first Brillouin zone, were found in both cases. On
the other hand, the dependence of the band gap on the composition
of the material and on the physical parameters of the constituents
involved in the composite system was investigated [27]. In
addition to the above polarization, Sigalas and Economou [46] also
studied the coupled longitudinal–transverse polarization mode
of vibration for which the elastic displacement as well as the
Bloch wave vector are perpendicular to the cylinders’ axis. They
found that Au cylinders in a Be background exhibit a very
narrow, however complete gap, shared by both polarizations. They
proposed [55] that the cermet topology, in which the cylinders are
made of a low-velocitymaterial surrounded by a high-velocity host
material, is themore favorable periodic binary composite structure
for the appearance of acoustic gaps.

In what follows, we present results [31] of elastic band struc-
ture for composite materials commercially available like epoxy
reinforced carbon or glass fibers. The dispersion curves for com-
binations of two metals like W and Al taken as isotropic were
also calculated. We emphasize the existence of several large
complete band gaps in the epoxy reinforced carbon cylinders com-
posite while one single narrow low frequency gap was found pre-
viously in previous work on elastic composites [46]. We also point
out the possibility of very flat bands. The calculation of the band
structure is performed for different shapes of the cylinders’ cross
section, when the array of rods forms a square lattice. A general
requirement for the existence of complete band gaps (which is ful-
filled in our examples) is a large contrast between the parameters
of the constituents. However, these gaps were obtained for carbon
cylinders in an epoxy matrix or W inclusions in an Al matrix and
not in the reverse situations. In both cases, the elastic constants
are higher in the inclusions than in the backgroundmaterial; how-
ever carbon and epoxy have similar mass densities and very differ-
ent elastic constants, whereas in W and Al both elastic constants
and mass densities are rather different, the velocities of sound be-
ing almost similar. Therefore, these results show that a statement
about the relative velocities of sound in the constituents cannot
give a general rule for the existence of complete band gaps [55];
rather, the contrast between elastic constants as well as mass den-
sities should be taken into account. The method of calculation is
first briefly presented and followed by the numerical results and
the main conclusions one can draw from this example.
2.1.1.1. Calculation method. These periodic systems are modeled
as arrays of infinite cylinders of arbitrary cross section made of
an isotropic material A embedded in an infinite isotropic elastic
matrix B (see Fig. 1). The lattice constant is a and the filling fractions
are f and (1− f ) for the materials A and B respectively. The elastic
parameters are periodic functions of the position. Themass density
ρ and the elastic constantsCij areρA andCA

ij inside the cylinders and
ρB and CB

ij in the background. It means that ρ and Cij are functions
of the coordinates x and ywhere the z axis defines the direction of
the cylinders. Considering the double periodicity in the xOy plane,
we can write ρ and Cij as Fourier series

ρ(r) = ρ(x, y) =

−
G

ρ(G) exp(iGr) (1)

and

Cij(r) = Cij(x, y) =

−
G

Cij(G) exp(iGr) (2)

where r is the position vector of components x and y and G are the
reciprocal lattice vectors in the xOy plane. The Fourier coefficients
in Eq. (1) take the form

ρ(G) =
1
A

∫ ∫
d2rρ(r) exp(−iGr), (3)

where the integration is performed over the unit cell of area A =

a2. For G = 0, Eq. (3) gives the average density

ρ(G = 0) = ρ = ρAf + ρB(1 − f ). (4)

For G ≠ 0, Eq. (3) may be written as

ρ(G ≠ 0) = (ρA
− ρB)F(G) = (∆ρ)F(G), (5)

where F(G) is the structure factor given by

F(G) =
1
A

∫ ∫
A
d2r exp(−iGr). (6)

In Eq. (6), the integration is only performed on material A. In an
entirely similar way, Eq. (2) gives

Cij(G = 0) = Cij = CA
ij f + CB

ij (1 − f ) (7)

and

Cij(G ≠ 0) = (CA
ij − CB

ij )F(G) = (∆Cij)F(G), (8)

with ij = 11, 44 or 12. Let us now give the equations of motion
in the composite material remembering that the elastic constants
and the mass density are position dependent

ρ(r)
∂2ui

∂t2
= ∇.[C44(r)∇ui] + ∇.

[
C44(r)

∂u
∂xi

]
+


∂

∂xi


[(C11(r) − 2C44(r))∇.u], (9)

where u represents the position and time dependent displacement
vector u(r, t). For wave propagation in the xOy plane, one can
introduce a wave vector K(Kx, Ky) (which means Kz = 0) and use
the Bloch theorem to write the displacement field

u(r, t) = exp i(K.r − ωt)
−
G

uK(G) exp iG.r, (10)

where ω is the wave circular frequency. In this case the vibrations
polarized parallel to the z axis become decoupled from those in
the xOy plane. The equations of motion for the former modes are
written in dyadic notation as

[C44(K + G)2 − ρω2
]uz

K(G) +

−
G′≠G

[(∆C44)(K + G).(K + G′)

− (∆ρ)ω2
]F(G − G′)uz

K(G′) = 0, (11)
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Table 1
Mass density ρ and elastic constants C11 and C44 of carbon [58], epoxy resin [58], W and Al [59]. cl and ct represent respectively the longitudinal and the transverse speed of
sound.

Material ρ C11 C44 cl =


C11
ρ

ct =
√
C44ρ

(g cm−3) (1011 dyn cm−2) (1011 dyn cm−2) (m s−1) (m s−1)

C 1.75 30.96 8.846 13310 7110
Epoxy 1.2 0.964 0.161 2830 1160
W 19.3 50.1 15.14 5090 2800
Al 2.692 11.2 2.79 6450 3220
B

A

a

Y

XZ

Fig. 1. Transverse cross section of the binary composite system: a square array of
infinite cylinders (A) periodically distributed in an infinite matrix (B).

whereas the latter modes are governed by the equation

[C44(K + G)2 − ρω2
].uT

K(G) + (C11 − C44)(K + G)(K + G′)

×uT
K(G) +

−
G′≠G

F(G − G′){(∆C44)[(K + G).(K + G′).uT
K(G

′)

+ (K + G′)(K + G).uT
K(G

′) − 2(K + G)(K + G′).uT
K(G

′)]

+ (∆C11)(K + G)(K + G′)uT
K(G

′) − (∆ρ)ω2uT
K(G

′)} = 0, (12)

where uT
= uxex + uyey, ex and ey being the unit vectors along the

x and y axes. Eqs. (11) and (12) are two infinite sets of linear equa-
tions where the unknowns are the Fourier components of the dis-
placement field. In practice, only a finite number of G vectors are,
of course, taken into account. The determinants of these systems of
equations must vanish, which conditions yield the band structure
ωn(K). The eigenmodes of Eq. (11) correspond to transverse vibra-
tions (u = uzez⊥K) (ez being the unit vector along the z axis) and
will be called Z modes or bands. On the other hand, the eigenvalues
of Eq. (12) describe coupled longitudinal–transverse vibrations, to
be denoted XY modes or bands.

2.1.1.2. Numerical results for a square lattice. We first consider
composite systems of technological interest, namely the carbon
fiber reinforced epoxy composites which are used, for example,
in aeronautics and car manufacture [58]. The dispersion curves for
different filling fractions and various cross sections of the cylinders
were calculated. Epoxy and carbon are polycrystalline materials,
which may be considered as isotropic at a macroscopic scale. Their
physical parameters are listed in Table 1.

It is assumed that the array of cylinders forms a square lattice
of period a. Then the reciprocal lattice vectors are given by

G =
2π
a

(nxex + nyey) (13)

where nx and ny are two integers. In the course of the numerical
calculations, these integers are limited to the interval −N ≤ nx,
ny ≤ +N . For the sake of consistency, all the results sketched
below are obtained with N = 6. However, some of the dispersion
curves were also calculated with N = 10 and confirmed the good
accuracy of the results for N = 6. The different shapes of the
cylinders’ cross sections are the following:

(i) circular section of radius ro,
(ii) square section of width 2ℓ and
(iii) rotated square section of width 2ℓ with a 45° angle of

rotation with respect to the x, y axes.
The structure factors F(G) associated with these shapes are

respectively
(i)

F(G) =
2fJ1(Gr0)

Gr0
(14)

with

f =
πr02

a2
, 0 ≤ f ≤

π

4
,

where J1 is the Bessel function of the first kind,
(ii)

F(G) = f

sin(Gxℓ)

Gxℓ


sin(Gyℓ)

Gyℓ


(15)

with

f =
4ℓ2

a2
, 0 ≤ f ≤ 1,

and
(iii)

F(G) = f


sin[

ℓ
√
2
(Gx + Gy)]

ℓ
√
2
(Gx + Gy)


sin[

ℓ
√
2
(−Gx + Gy)]

ℓ
√
2
(−Gx + Gy)


, (16)

with

f =
4ℓ2

a2
and 0 ≤ f ≤

1
2
.

In each case, the maximum value of the filling fraction f corre-
sponds to the close packing of the cylinders.

The left part of Fig. 2(a) shows the first few Z and XY phononic
bands for the square array of carbon cylinders of circular cross
section in an epoxymatrix, the filling fraction f being equal to 0.55.
The band structure for the Z and XY modes in the three principal
symmetry directions of the Brillouin zonewas plotted, see the inset
in Fig. 2(a). The plots are given in terms of the reduced frequency

Ω =
ωa

2πc0
(where c0 is equal to


C44
ρ
) versus the reduced Bloch

wave vector k =
Ka
2 π .

In the range of frequency of Fig. 2(a), three complete band gaps
were found between the XY and the Z mode bands. These gaps are
defined by the high symmetry points Γ , X , M of the first Brillouin
zone except for the bottom of the first gap. One can also notice that
the higher dispersion curves in Fig. 2(a) are rather narrow and we
especiallymention the presence of a nearly flat Z band between the
second and third forbidden bands. These behaviors may indicate
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Fig. 2. (a) Elastic plane wave expansion band structure and density of states for
carbon cylinders of circular cross section in an epoxy resin matrix, for f = 0.55. In
the left panel of the figure, the band structure is plotted for Z (dashed lines) and for
XY (solid lines) modes of vibrations, in the three high symmetry directions Γ XM
of the first Brillouin zone (see inset). One can notice three complete band gaps (a
fourth one of lower width exists between the ninth XY band and the eighth Z band)
aswell as the existence of nearly flat bands as the fifth Z band. The right panel of the
figure shows the density of states for Z (dashed lines) and XY (solid lines) modes of
vibrations. The phononic complete band gaps in the elastic band structure appear in
this figure as regions of null densities of states. (b)Width of the first three complete
band gaps as a function of the filling fraction: solid line, first gap; dash-dotted line,
second gap; dashed line, third gap.

the existence of localized states in this structure, even though no
search for the eigenvectors was done in this computation.

The right panel of Fig. 2(a) presents the variations of the
densities of states of XY and Z modes, scanning the interior of the
irreducible triangle Γ XM of the Brillouin zone at 1275 points. The
phononic gaps in the band structure coincide exactly with regions
of null density of states. This leads us to confirm that the existing
band gaps extend throughout the Brillouin zone and not only on its
periphery. One can also notice that for the nearly flat Z band, the
density of states resembles a Dirac δ function.

The band structure in Fig. 2(a) is computed for a filling fraction
of 0.55 because this is the value of f which leads to the largest
complete gaps. Indeed, in Fig. 2(b), the widths of these three gaps
are presented as a function of the filling fraction f . We note the
opening of complete band gaps over a large range of the filling
fraction, namely, 0.2 < f < 0.65. One can also notice that the
most usual carbon fiber reinforced epoxy composite commercially
available corresponds to a filling fraction equal to 0.6 [58].

In Fig. 3(a), the Z and XY band structure for the square array
of carbon cylinders of square cross section in an epoxy matrix are
drawn for f = 0.65. Two complete gaps appear in the range of
energy considered, as well as a few rather narrow bands. The value
of the largest gap width is now ∆Ω = 0.14 as compared to a
value of ∆Ω = 0.09 in Fig. 2(a). It is noteworthy, for this cylinder
geometry, that there exists a very large gap between the second
and the third XY bands, which explains the presence of a very large
1.0

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

1.1

R
E

D
U

C
E

D
 F

R
E

Q
U

E
N

C
Y

0.0
Γ XM M

REDUCED WAVE VECTOR

G
A

P 
W

ID
T

H
 (

ΔΩ
)

FILLING FRACTION (f)

b

a

0.10

0.12

0.14

0.08

0.06

0.04

0.02

0.00
1.00.2 0.4 0.6 0.8

Fig. 3. (a) Elastic plane wave expansion band structures for carbon cylinders of
square section in an epoxymatrix, for f = 0.65. (b) Width of the first two complete
band gaps as a function of the filling fraction: solid line, first gap; dash-dotted line,
second gap. It is noteworthy that the second complete band gap which appears for
higher filling fraction is larger than the first one.

complete gap. As a function of the filling fraction, complete band
gaps open up for 0.25 < f < 0.8 with a maximum of their width
around f = 0.65 (Fig. 3(b)). The gap widths are greater than those
calculated for the cylinders of circular cross section.

The case of square cylinders rotated 45°with respect to x, y axes
was also investigated. In Fig. 4(a), the band structure for f = 0.35
displays two complete band gaps. The third, the fifth and the sixth
Z bands are quite flat. The largest gap width is ∆Ω = 0.033 in this
case.

Fig. 4(b) shows that the domain of existence of complete band
gaps in this structure corresponds to filling fractions in the range
0.225 < f < 0.4. In this composite system, the gap widths are
much lower than those obtained in the two preceding geometries.
Let us notice that for the three geometries, themaximumgapwidth
is obtained for f

fmax
≃ 0.6 where fmax corresponds to the close-

packing value of f .
The acoustic band structures of the carbon fiber reinforced

epoxy composites are very sensitive to the cylinders’ cross section
as well as to the filling fraction. The existence of rather large gaps
is here associated with the very large contrast between the elastic
constants of the cylinders and the background, while the mass
densities of thesematerials are of the sameorder ofmagnitude (see
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Fig. 4. (a) Elastic plane wave expansion band structures for carbon cylinders of
square cross section 45° rotated around the z axis, in an epoxy matrix for f = 0.35.
(b) Width of the first two complete band gaps as a function of the filling fraction:
solid line, first gap; dash-dotted line, second gap.

Table 1). Notice that for these usual composite systems presenting
very large complete acoustic gaps, the cylinders are made of the
high velocity material.

Another composite of technological interest was also studied in
the same paper [31], namely a glass fiber reinforced epoxy matrix,
using a filling fraction of 0.6. Only one complete gap was found
in this case, having a width smaller than that of the first gap in
the carbon–epoxy composite. The glass fibers’ elastic constants
being approximately three times lower than those of the carbon
fibers [58], the contrast between the elastic constants of thematrix
and the background is in this case less important than in the
carbon–epoxy system.

Finally, the case of metallic composites was also considered as
a matter of comparison, where there is a contrast between both
elastic constants and mass densities of the constituents whereas
their velocities of sound have the same order of magnitude. W and
Al are two quasi-isotropic metals presenting a large ratio between
the parameters although the contrast is far from being comparable
to the carbon–epoxy case (see Table 1). With a filling fraction of
f = 0.30, Figs. 5 and 6 give the dispersion curves of W (Al)
cylinders in anAl (W) background. Only one complete gap ofwidth,
∆Ω = 0.05, was found in the first case while there is no such gap
in the second case. Qualitatively similar results are also obtained
for f = 0.15, with a smaller width of the gap than at f = 0.30.
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Fig. 5. Elastic planewave expansion band structures forWcylinders in anAlmatrix
for f = 0.30. One phononic band gap appears between the third XY band and the
second Z band.
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Fig. 6. Same as in Fig. 5 for Al cylinders in a W matrix for f = 0.30. There is no
band gap in this case.

These behaviors are similar to those found inRef. [46] for theAu–Be
system. We can notice that W is here the low velocity material.

2.1.2. Examples of transmission spectra
The transmission of elastic waves in two-dimensional solid

compositemedia composed of square and centered rectangular ar-
rays of Duralumin cylindrical inclusions in an epoxy resin matrix
were investigated experimentally [32]. In these cases, the mea-
sured transmission drops to noise level throughout the frequency
intervals in reasonable agreement with the forbidden frequency
bands calculated with the plane wave expansion method. In paral-
lel, other groups have studied acoustic band gaps in mixed binary
two-dimensional composite materials such as Hg, oil or air cylin-
ders in an Al matrix [50,33] or metallic rods in air [47,44,43].

As an example, we review here [60] a combined theoretical and
experimental study of a triangular two-dimensional solid–solid
phononic crystal that demonstrates unambiguously the existence
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of absolute acoustic band gaps. The band structure for elastic
waves propagating in the plane perpendicular to the cylinders and
the acoustic transmission spectrum for longitudinal waves were
computed with the plane wave expansion method and the finite
difference timedomain scheme respectively. The numerical results
are compared with transmissions measured experimentally with
two finite size composite samples oriented along two different
directions of propagation.

We are dealing with a triangular array of steel cylinders
embedded in an epoxy resinmatrix. The choice of thesematerials is
based on the strong contrast in their densities and elastic constants.
The densities and the speeds of sound of steel and epoxy were
measured in a short cylinder of hard resin and in a small piece
of steel. The densities are ρsteel

= 7780 kg m−3 and ρepoxy
=

1142 kg m−3. The measured values of the speeds of sound lead to
the following elastic constants (in units of 1010 N m−2), C steel

11 =

26.4 and C steel
44 = 8.1, C epoxy

11 = 0.754 and C epoxy
44 = 0.148. Two

samples of the same physical dimensions, 85 mm × 85 mm ×

29 mm were manufactured. The steel cylinders have a diameter
d = 4 mm. The periodicity of the triangular lattice is a =

6.023 mm. This results in a filling fraction f = πd2/2a2
√
3 = 0.4.

In order to analyze the effect of the direction of propagation on
the band gaps, the first sample contains 60 scatterers arranged in
such a manner that its thickness is parallel to the Γ J direction
of the triangular Brillouin zone. A second sample consists of 67
cylinders with the sample thickness along the Γ X direction. We
have illustrated in Fig. 7(a) and (b) the two-dimensional cross
sections of these samples. The experimental setup is based on the
well known ultrasonic transmission techniquewhich uses a couple
of ultrasonic broad-band transmitter/receiver transducers with a
central frequency of the order of 1 MHz and a diameter of 25 mm
(Panametrics contact transducer type Videoscan NoV102). A
pulser/receiver generator (Panametrics model 5052 PR) produces
a short duration (about 100 ns) large amplitude (200–380 V) pulse
which is applied to the transmitting transducer launching the
probing longitudinal waves. The signal acquired by the receiver
is post-amplified and then digitized with a maximum sampling
rate of 100 MHz (or 10 ns/point) by a Lecroy digital oscilloscope.
To reduce the random errors, each measurement is averaged over
a sample size of 200 with the oscilloscope which performs a
fast Fourier transform on the acquired signals. Both emitter and
receiver are coupled to the transversal walls of the specimen using
a coupling gel. The acoustic transmission spectra of Fig. 8 clearly
show two forbidden bands. The first band gap appears between
120 and 270 kHz for the two directions considered. At higher
frequencies, the transmission drops to noise level between 350
and 510 kHz in the direction Γ J and 430–560 kHz in the direction
Γ X . The intersection frequency domain 430–510 kHz is therefore
independent of the direction of propagation. One should stress that
because of the strong attenuation of the transmitted power at these
high frequencies, it is quite difficult to define precisely the edges of
the region with noise level transmission.

The band structure of an infinite periodic triangular lattice
with the same lattice parameter and physical characteristics as
the experimental samples were calculated with the plane wave
expansion method depicted previously. The band structure for the
XY modes (Fig. 9) was calculated with 1381 G wavevectors. This
number of G vectors insures sufficient convergence of the Fourier
series. Fig. 9 indicates the existence of two absolute band gaps
extending throughout the two-dimensional triangular Brillouin
zone. The first gap extends from a frequency of 124 kHz up to
276 kHz and is in very good agreement with the experiment. The
second absolute gap occurs between 441 and 483 kHz and falls
also in the experimental range although, for both Γ J and Γ X
directions, the transmission drops to the noise level throughout
a wider range than the one predicted by the band structure. This
Fig. 7. Two-dimensional cross sections of the triangular array of steel cylinders
embedded in an epoxy matrix. (a) The ‘‘Γ J ’’ sample. (b) The ‘‘Γ X ’’ sample. The
steel cylinders, of circular cross-section, are parallel to the x axis of the Cartesian
coordinate system (0, x, y, z). The lattice parameter a is defined as the distance
between two nearest neighboring cylinders. The inset shows the irreducible
Brillouin zone of the triangular array.

Fig. 8. Transmission power spectrummeasured perpendicular to the vertical faces
of the (a) ‘‘Γ J ’’ sample and (b) ‘‘Γ X ’’ sample. The transmitted power is given in
arbitrary units. The probing signal is a longitudinal wave.

difference can be attributed to the low level of transmission in
this range of frequencies, but more especially to the fact that
some eigenfrequencies of the structure may not contribute very
significantly to the transmission.

To gain a better insight into these effects, and also to investigate
the qualitative behavior of the transmission inside the pass
bands, the finite difference time domain method was applied to
calculate the transmission through two finite size samples oriented
respectively along the Γ J and Γ X directions. The calculations
were limited to a strictly two-dimensional finite difference time
domain scheme. The samples are composed of three adjacent
regions. The probing signal corresponding to a longitudinal wave
that propagates along the y direction (see Fig. 7), is launched
from the first region and detected in the third one. This signal
is the superposition of 5 sinusoïdal waves of frequencies 100,
250, 400, 550 and 700 kHz weighed by a Gaussian profile of
full width at half maximum of 13.5 mm. Transmission of this
signal through a homogeneous epoxy medium produces a broad
band spectrum whose envelope resembles the experimental one.
The central region contains the phononic crystal. To probe the
Γ X direction, the central region with a thickness (along the y
direction) of 3a

√
3 and awidth (along the x direction) of a contains
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Fig. 9. Planewave expansion results for the band structure of the two-dimensional
XY modes of vibration in the periodic triangular array of steel cylinders in an epoxy
resin matrix for a filling fraction f = 0.4. The reduced wave vector k(kx, ky) is
defined as Ka

2π where K is a two-dimensional wave vector. The points Γ , J and X
are defined in the inset of Fig. 7. Absolute band gaps are represented as hatched
areas.

9 cylinders. The Γ J direction is modeled with a rectangular
central region containing 8 cylinders, of thickness, 4a, and width,
a
√
3. Periodic boundary conditions are applied in the y direction

perpendicular to the direction of propagation. Absorbing boundary
conditions are imposed on the external surfaces of the first and
third regions. Space and time are discretized with fine enough
intervals to achieve convergence of the algorithm. Three output
signals (longitudinal vibrations) are detected at different locations.
The transmission spectra are calculated as the averages of their
Fourier transforms.

The finite difference time domain computed spectrum in theΓ J
direction is shown in Fig. 10(a) where the longitudinal component,
uy, of the displacement field is given in arbitrary units as a
function of frequency. One observes an overall agreement with
the experiment. The width of the first gap is well reproduced.
The shape of the second pass band as well as its width are in
better accord compared to the band structure. Moreover one can
notice a maximum of the transmission coefficient in the middle
of the lowest pass band as well as a qualitative similarity of the
theoretical and experimental transmissions at higher frequencies.

Fig. 10(b) contains the finite difference time domain results
in the Γ X direction. Again, the width of the first gap and the
occurrence of a maximum of transmission in the middle of the
lowest pass band are in good agreement with the experiment.
However some discrepancies remain when considering the
location and shape of the second pass band. The finite difference
time domain spectrum presents, between 260 and 400 kHz, two
peaks separated by a narrow stop-band centered around 320 kHz,
in accordance with the local gap in the band structure of Fig. 9. In
contrast the experimental spectrum exhibits three distinct peaks,
the second of maximal amplitude centered on 340 kHz. Also the
second gap (430–560 kHz in Fig. 8) is located nearly 40 kHz higher
a

b

Fig. 10. Transmission spectrum computed with the finite difference time domain
method along the Γ J direction (a) and along the Γ X direction (b) of propagation.
The longitudinal component uy of the output displacement field is given in arbitrary
units.

than predicted by the finite difference time domain method. At
this point, it is worthwhile to notice that the measurement of
sound velocities in epoxy is subject to important uncertainties
(since these velocities are quite dependent on the conditions of
sample preparation), and in turn the location of the higher bands
in the theoretical calculations may be affected by a few tens of
kHz. Therefore a detailed interpretation of the measured spectrum
above 280 kHz, with a one to one correspondence between
experiment and theory, does not seem possible although one may
infer that there is a good correspondence between the major peak
(around 340 kHz) in the measured and calculated spectra. Another
point that deserves further attention concerns the divergence of
the emitted acoustic signal, i.e. the fact that the input signal is not
a plane wave but is composed of a set of wave vectors inside a
cone around the incident direction. Therefore other modes than
those considered till now in the plane wave expansion and finite
difference time domain calculations can be excited, which in turn
may affect the final transmission.

2.2. Fluid–fluid phononic crystals

2.2.1. An example neglecting the fluid–fluid separation solid
Wepresent now results of elastic band structure for a geometry

of two-dimensional phononic crystals: the boron-nitride-like
structure in which the infinite circular elastic rods are located
on the vertices of a regular hexagon and are surrounded by an
elastic background [37]. The unit cell of the Bravais lattice contains
two kinds of infinitely long parallel cylinders [61,62]. With two
cylinders of identical radius, constituted of the same material,
the graphite structure is obtained, while if the radius of one of
the two cylinders is infinitely small, the widely studied triangular
structure [36,28–30] is generated. In the boron-nitride structure,
in addition to the contrast in densities and elastic parameters, the
numerical studies show that the ratio α = R1/R2 between radii of
the cylinders appears as a pertinent parameter in determining the
existence of acoustic band gaps.

We consider two-dimensional composite media, for which
the inclusions and matrix are fluids, cylindrical inclusions being
disposed on boron-nitride arrays. The physical realization of a two-
dimensional fluid/fluid composite system could be achieved by
inserting the inclusion material in a latex bladder. The dispersion
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Fig. 11. Two-dimensional boron-nitride array of infinite cylinders, A1 (white) and
A2 (black), of different radii, R1 and R2 , periodically distributed in an infinite matrix
B. The cylinders are assumed to be parallel to the z axis perpendicular to the
transverse plane (xOy) and may be composed of different materials. The distance
between the nearest neighbors is a. The unit cell contains one cylinder of each kind.
The graphite structure is obtained for cylinders of identical radius and constituted
of the same material. When only one kind of site is occupied, the two-dimensional
boron-nitride array results in a triangular structure with a lattice parameter d =

a
√
3.

curves are computed for water (resp. mercury) cylinders in a
mercury (resp. water) background. These band structures will be
discussed as a function of the parameter, for different values of
the inclusion filling fraction f . For the practical realization of large
acoustic band gaps, the graphite structure, and more generally the
boron-nitride geometry, can appear as better, similar orworse than
the most studied triangular structure, depending on the values of
α and f and on the material parameters. In the fluid composites,
the graphite structure is more favorable for mercury cylinders
in a water background, both for high and low filling fractions.
In the opposite case of water rods in mercury, the triangular
structure gives rise to the largest band gap but the boron-nitride
and graphite geometries may allow several additional gaps of
similar magnitude. We show that selective noise filters could be
obtained from boron-nitride arrays of cylindrical inclusions of very
different radii.

In what follows, the model and the method of calculation
are first briefly presented for fluid/fluid binary two-dimensional
composite media. We discuss then the numerical results and draw
some conclusions.

2.2.1.1. Model and method of calculation. (a) Model. The elastic
band structures for fluid/fluid two-dimensional binary composite
systems was calculated [37]. These periodic systems are modeled
as arrays of infinite cylinders of circular cross section made of
isotropic materials embedded in an infinite isotropic matrix B.
The elastic cylinders, of radius Ri, are assumed to be parallel to
the z axis of the Cartesian coordinate system (Oxyz) (ex, ey, ez are
unit vectors along the x, y, z axis, respectively). The intersections
of the cylinder axes with the (xOy) transverse plane form a two
dimensional periodic array which resembles the boron-nitride
crystallographic structure with two kinds of cylinders, A1 and A2,
in each unit cell. The distance between the nearest neighbors is a
(see Fig. 11). The graphite structure is obtained with cylinders of
identical radius and composed of the same material. The removal
of one type of cylinder (A1 or A2) from the boron-nitride array
results in a triangular array of lattice parameter d = a

√
3. The

filling fraction fi of the cylinder Ai, of radius Ri, is defined as
the ratio between the cross-sectional area of the rod i and the
surface of the unit cell, i.e. for the boron-nitride structure, fi =
(2πRi
2)/(3

√
3a2). For the graphite structure (R1 = R2), in the close

packed arrangement (Ri = a/2), the maximum value of each fi is
fimax

= π/(6
√
3) ∼= 0.302. In the triangular pattern (with R1 = 0,

i.e. f1 = 0 and α = R1/R2 = 0, for example) the close packed value
of f2 = f corresponds to R2 = d/2, i.e. f2max

= f max
= π/(2

√
3) ∼=

0.907. One notices that themaximum filling fraction is lower in the
graphite array than in the triangular structure. The propagation of
elastic waves in the transverse plane was investigated. With the
choice of coordinate axes shown in Fig. 11, the primitive lattice
vectors for the boron-nitride structure can be written as

a1 =
a
√
3

2
(1,

√
3), (17)

and

a2 =
a
√
3

2
(−1,

√
3). (18)

The two infinite cylinders of the primitive unit cell are located
at the positions

r1 = −r2 = a
√
3

0,

1
√
3


. (19)

The primitive vectors of the reciprocal lattice are given by

b1 =
2π

a
√
3


1,

1
√
3


, (20)

and

b2 =
2π

a
√
3


−1,

1
√
3


(21)

and the two-dimensional reciprocal lattice vectors G are then

G = hxb1 + hyb2 =
2π

a
√
3

[
(hx − hy)ex +

1
√
3
(hx + hy)ey

]
(22)

where hx and hy are two integers.
(b)Method of calculation. The method of calculation is the plane

wavemethod.We summarize here thismethod for fluid/fluid two-
dimensional systems. The matrix and inclusions are composed of
isotropic materials described by linear elasticity. The mass density
and the elastic constants are ρAi and C11Ai (i = 1 or 2) inside the
cylinders Ai and ρB and C11B in the background B. These physical
characteristics in the composite system, denoted ζ in a general
way, are space dependent with respect to the position vector r =

(x, y) in the transverse plane i.e. ζ (r) = ζAi in the cylinder Ai and
ζ (r) = ζB in the matrix B.

In the two-dimensional fluid/fluid binary composite systems,
only longitudinal waves are allowed and the general equation of
motion is

ρ(r)
∂2u
∂t2

= ∇(C11(r)∇.u). (23)

However the displacement field u(r, t) can be obtained from a
scalar potential Φ(r, t) such that ρu = ∇Φ . Then Eq. (23) may be
rewritten as

1
C11(r)


∂2Φ

∂t2
= ∇.


1

ρ(r)


∇Φ


. (24)

Wemust keep inmind that in fluids, C11 stands for the inverse of
the compressibilityχ of thematerial. Taking advantage of the two-
dimensional periodicity in the (xy) plane, the quantities 1

ρ(r) ,
1

C11(r)
for fluid/fluid inhomogeneous media are developed in Fourier
series in the form

ζ (r) =

−
G

ζ (G) exp(iG.r). (25)
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The Fourier coefficients in Eq. (25) are given as

ζ (G) = ζBδG0 +

−
i

ζAi(G) exp(−iG.ri), (26)

where ri (i = 1, 2) are defined in Eq. (19), δ is theKronecker symbol
and

ζAi(G) = (ζAi − ζB)Fi(G). (27)

In Eq. (27), Fi(G) stands for the structure factor of the cylinder i
defined as

Fi(G) = 2fi
J1(GRi)

GRi
, (28)

where J1(x) is the Bessel function of the first kind of order one. After
some algebra, Eq. (24) becomes the standard eigenvalue equation
for which the size of the involvedmatrices depends on the number
of G vectors taken into account in the Fourier series.

2.2.1.2. Numerical results for the boron-nitride structure. (a) Two-
dimensional fluid/fluid binary composite systems. We show now
band structures calculated for two-dimensional binary water/
mercury composite systems with boron-nitride structure. The
choice of these materials is based on the strong contrast in their
densities ρ = 1.025 and 13.5 g cm−3 for respectively water
and mercury and elastic properties: speeds of sound 1531 and
1450 m s−1 and C11 = 0.241010 and 2.841010 N m−2 respectively.
We shall compare the results on boron-nitride structures with
those obtained for triangular arrays of water (resp. mercury) rods
in a mercury (resp. water) background [30]. Let us remember that
according to the ratio between the radii of the two cylinders in the
unit cell, α =

R1
R2
, the boron-nitride structure takes into account

both the triangular pattern and the graphite structure. Indeed for
α = 0, one obtains a triangular array of lattice parameter a

√
3.

While for α = 1, the two cylinders being constituted of the
same material, the graphite structure is created. The effect of the
parameterα and the influence of the total filling fraction f = f1+f2
on the band structure was investigated intensively [37].

The Fourier transform of Eq. (24) for the longitudinal modes
of vibrations in two-dimensional fluid/fluid binary composite
systems was worked out. In these calculations, the 169 shortest G
vectors were taken into account. These vectors are generated in
such a way that they are inscribed in a disk of a certain radius.
This way of generating these vectors and this number of G vectors
ensures sufficient convergence and offers a good compromise
between accuracy and computing time. The case of water (resp.
mercury) cylinders in a mercury (resp. water) background was
considered. One can imagine [30] that, in practice, the liquidwithin
the cylinders would be contained by some latexmaterial. Themass
density and speed of sound in rubber are comparable to those of
water and the effect of this thin latex partition can be neglected.
Moreover, it was found that for f = 0.27, the triangular band
structure of water cylinders in amercury background exhibits very
wide gaps. In the opposite situation, i.e. a triangular pattern of
mercury cylinders in a water background, they have shown the
existence of band gaps for 0.45 < f < 0.825, themaximalwidth of
the lowest stop-band being obtained for f = 0.75. The dispersion
curves of boron-nitride arrays of water/mercury systems were
calculated for f = f1 + f2 = 0.27 and 0.6 and the evolution of the
width of the gaps versus the parameter α =

R1
R2

was investigated.
Let us notice that the close packed configuration of the graphite
structure is obtained for f = f1 + f2 ∼= 0.604.

The dispersion curves for the first ten bands in the principal
symmetry directions of the first Brillouin zone (see Fig. 12)
were plotted. Fig. 13(a) shows the band structure for the boron-
nitride array of water cylinders in a mercury background with
Fig. 12. First Brillouin zone of the boron-nitride array. The irreducible part of this
regular hexagon is the triangle Γ JX where the reduced coordinates (k =

Ka
√
3

2π , K
being a two-dimensional wave vector) of the symmetry points Γ , J and X in the
(xOy) plane are respectively (0, 0), ( 23 , 0) and ( 12 , 1

2
√
3
).

f1 + f2 = 0.27 and α =
R1
R2

= 0.5345. The plots are given in terms

of the reduced frequency Ω =
ωa

√
3

2πcl
with

cl =




1
ρ




1
C11

 , (29)

where
1
ρ


=


1
ρ


(G = 0) (30)

and
1
C11


=


1
C11


(G = 0) (31)

versus the reduced Bloch wave vector k = K a
√
3

2π . There exist
five acoustic band gaps in the frequency domain of Fig. 13(a), the
largest appearing between the second and the third band with
∆Ω ≈ 0.37. Fig. 13(b) shows the dependence of these gaps versus
the parameter α for f1 + f2 = 0.27. For α varying between 0 and
1, the boron-nitride array evolves from a triangular to a graphite
structure. In the range of frequency, 0 < Ω < 2, one very
large gap appears in the band structure of the triangular pattern
(α = 0) for 0.27 < Ω < 0.82, i.e. ∆Ω = 0.55. This stop-band
corresponds to the widest gap obtained by Kushwaha et al. (see
Fig. 2 of Ref. [30]). The width of this gap decreases with increasing
α and reaches its minimum value for the graphite structure (α =

1). An interesting result is the existence of three additional gaps
(second, third and sixth gaps appearing with increasing Ω) in the
band structure of the boron-nitride pattern for 0.1 < α < 1.
The widths of these gaps increases with increasing α and are
maximal in the graphite structure. One observes also that the
width of the fifth gap is maximal for α ∼= 0.5. Compared to
the triangular pattern (α = 0), the boron-nitride structure of
this two-dimensional binary fluid/fluid composite systempresents
some large additional gaps in the same range of frequency. The
narrowness of the pass bands is also remarkable in this composite.
The boron-nitride band structures for this two-dimensional binary
composite were also calculated for f1 + f2 = 0.6 and lead to
qualitative similar conclusions although the gaps are narrower in
this case. In particular, the largest gap found in the triangular band
structure has a width ∆Ω equal to 0.42.

The opposite situation was also considered, i.e. the boron-
nitride array ofmercury cylinders in awater background. Fig. 14(a)
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Fig. 13. (a) The plane wave expansion elastic band structure for the boron-nitride array of water cylinders in a mercury background for f1 + f2 = 0.27 and α = R1/R2 =

0.5345 (fi and Ri , i = 1 or 2, are respectively the filling fraction and the radius of the two cylinders in the unit cell). The band structure is plotted for the longitudinal modes of
vibration in the three high symmetry directions Γ JX of the first Brillouin zone (see Fig. 12). One can notice five gaps in the range of frequency 0 < Ω < 1.9. (b) Variation of
the width of the gaps appearing in the band structure of the boron-nitride array of water cylinders in amercury background, for f1 + f2 = 0.27, as a function of the parameter
α = R1/R2 .
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Fig. 14. (a) The planewave expansion elastic band structure for the boron-nitride array ofmercury cylinders in awater background for f1+f2 = 0.60 andα = R1/R2 = 0.642.
One can notice three gaps in the range of frequency 0 < Ω < 1.9. (b) Variation of the width of the gaps appearing in the band structure of the boron-nitride array of mercury
cylinders in a water background, for f1 + f2 = 0.60, as a function of the parameter α = R1/R2 .
shows the band structure in this case for f1 + f2 = 0.6 and
α = 0.642. Three gaps exist in Fig. 14(a), the largest appearing
between the first and the secondbandwith∆Ω ≈ 0.368. Fig. 14(b)
shows the width of the gaps versus the parameter α for f1 +
f2 = 0.6 in the range of frequency, 0 < Ω < 2. For α = 0,
the second gap centered on Ω = 1 with a width ∆Ω ∼= 0.1,
corresponds to the one observed by Kushwaha et al. (see Fig. 2
of Ref. [30]) in the triangular lattice. One observes that the third
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gap (with increasing Ω) exists only in the boron-nitride structure
for 0.25 < α < 0.9 and reaches its maximal width around
α ∼= 0.65. The largest gap is obtained for α = 1 between the
first and the second band (see Fig. 14(a)). For f1 + f2 = 0.6,
the graphite structure (α = 1) is very near to the close-packed
configuration for which f1 + f2 = 0.604 and where each cylinder is
in contact with another. The technical realization of this structure
would probably be very difficult because the background material
separating two cylinders becomes very thin. However the contact
between cylinders can be avoided by using the boron-nitride
geometry with α quite different from 1, even for this maximum
filling fraction. These results reveal that for mercury cylinders in
a water background, the general boron-nitride structure and in
particular the graphite pattern is more favorable for the opening
of large gaps in the band structure while the triangular structure
is less appropriate. Moreover, for high filling fraction, the choice
of cylindrical inclusions of different diameters allows an easier
technical manufacturing together with the possibility of keeping
large absolute band gaps. It is noteworthy that for f1 + f2 =

0.6, the graphite band structure of mercury cylinders in a water
background presents some similarities with the triangular band
structure of water circular rods in a mercury matrix, especially
for the dispersion of the low frequency bands. Following the
observations of Cassagne et al. [62] on photonic crystals, this
can be understood from the disposition of the cylinders in the
graphite structure. From a geometric point of view, in the close-
packed arrangement, the graphite array of mercury cylinders in a
water background is equivalent to a triangular structure of lattice
parameter a

√
3 composed of water rods with non-circular cross

section embedded in a mercury matrix.
In order to investigate the effect of the filling fraction on the

band structure, the dispersion curves for the boron-nitride array
of mercury cylinders in a water background was also calculated
for f1 + f2 = 0.30. There is no gap in the triangular band
structure while the graphite pattern gives rise to a single gap
between the first and the second band with ∆Ω ≃ 0.142. One
can notice that the density of mercury is greater than that of water
while the speeds of sound in these materials are nearly the same.
One can think that, for any value of the total filling fraction, in
two-dimensional binary fluid/fluid composite systems, the largest
acoustic band gaps appear for triangular structures of low density
inclusions in a high density background or for a graphite array
of high density rods in a low density matrix. This result parallels
those of Cassagne et al. [62] for photonic crystals. These authors
have shown that the largest photonic absolute band gaps appear
for a triangular structure of cylindrical holes in a dielectric or
for graphite structures of dielectric rods in air. This is easily
understandable by the analogy between Maxwell’s equations and
those of linear elasticity in fluids. For α quite different from 0 to
1, the boron-nitride array gives rise to additional large gaps in the
same range of frequency.

(b) Two-dimensional solid/solid binary composite systems. It was
shown that the acoustic band structure of a square array of carbon
fibres embedded in an epoxy matrix exhibits large absolute band
gaps; the widest gaps being obtained for a filling fraction f = 0.55
(see figure 2(b) of reference [31]). In complement to this work, we
have calculated the dispersion curves for triangular arrays of car-
bon rods in an epoxy background considering various filling frac-
tions. With this pattern, the widest gap was obtained for f = 0.65.
Itswidth is 1.7 times larger than the one obtained for the square ar-
ray [27]. In this case, the triangular structure ismore favorable than
the square pattern for the opening of absolute gaps in the acous-
tic band structure of a two-dimensional binary solid/solid compos-
ite material. This observation is in agreement with previous re-
sults obtained independently by Sigalas et al. [28] and Kushwaha
et al. [29] for other constituents of the two-dimensional inhomo-
geneous material.
Now, we extend our investigation to two-dimensional compos-
ite materials of boron-nitride structure, the constituent materials
being C (or W) and epoxy. Both cases of high and low filling frac-
tions of the inclusions will be considered, namely we shall assume
either f1 + f2 = 0.6 (which is the nearest value to 0.65 available in
a boron-nitride structure) or f1 + f2 = 0.3 and discuss the behavior
of the acoustic band gaps versus the parameter α = R1/R2.

The calculation is performed by solving numerically the Fourier
transforms of Eqs. (24) and (25) for the XY and Z modes of
vibrations taking into account the 169 shortest G vectors. The plots
are given in terms of the reduced frequency Ω =

ωa
√
3

2πc0
(with

c0 =


C44/ρ where C44 = c44 and ρ = ρ (G = 0)) versus the

reduced Bloch wave-vector k = K a
√
3

2π .
Let us first consider the filling fraction f1 + f2 = 0.6.

Fig. 15(a) presents the first ten Z and XY acoustic bands when the
ratio between the radii of the two cylinders in the boron-nitride
structure is given byα = 0.186. One can observe that there are five
complete band gaps in this band structure, the largest appearing
between the third XY band and the second Z band with ∆Ω =

0.048. The presence of nearly flat bands such as the second or the
fourth Z bands may indicate the existence of localized states in
this structure. The effect of the parameter α on the band structure
is investigated in Fig. 15(b) where we have superimposed the
variations of the width of the Z (dashed lines) and XY (solid lines)
band gaps versus the parameter α for f1 + f2 = 0.6. Numerous
wide Z gaps appear for 0 ≤ α ≤ 0.5. The existence of a large
XY gap, between the third and the fourth XY bands, see Fig. 15(a)
for 0.33 ≤ Ω ≤ 0.57, gives rise to three absolute band gaps
where the propagation of acoustic waves of any polarization is
forbidden. These absolute gaps are represented as speckled areas
in Fig. 15(b). One can notice that the second absolute band gap
which opens for 0.4 ≤ Ω ≤ 0.5 exists only in the boron-nitride
structure with 0.13 ≤ α ≤ 0.45. The maximum width of this gap,
obtained for α ≈ 0.3, is of the same order of magnitude as the
largest gap observed in the triangular structure. One can imagine
for this kind of composite material engineering applications such
as very selective acoustic filters. There is no absolute band gap in
the graphite band structure i.e. for α = 1. This result shows that
the contrast between the diameters of the two cylinders plays an
important role in determining acoustic band gaps.

We have also investigated the inverse situation i.e. the boron-
nitride array of epoxy cylinders in a carbon background for f1+f2 =

0.6. As can be observed in Fig. 16, absolute band gaps appear in
this band structure for 0.4 ≤ α ≤ 1. The largest absolute gap,
centered on Ω = 0.45, is obtained in the graphite structure with
∆Ω ≡ 0.07. For smallα, most of the Z andXY gaps are very narrow
except the first Z gap. Forα close to 1, there exist some large Z gaps.
It is noticeable that in the case of square arrays of epoxy cylinders
in a carbon matrix, the band structure does not present absolute
band gaps [31]. We deduce that, for such a high filling fraction,
the existence of band gaps is more favored in a triangular array of
inclusions having a density and elastic constants greater than those
of thematrix. If the background is the component of greater density
and elastic constants, the graphite structure is more appropriate.
Similar studieswere performed for boron-nitride arrays ofW (resp.
epoxy) cylinders in an epoxy (resp.W) background for f1+f2 = 0.6.
Large absolute band gapswere obtained for boron-nitride arrays of
W cylinders in an epoxy background with 0 ≤ α ≤ 0.65 as well as
for boron-nitride arrays of epoxy cylinders in aWbackgroundwith
0.30 ≤ α ≤ 0.1, the largest gaps being observed for the triangular
structure in the first case and for the graphite geometry in the
second case. The absolute band gaps in composite materials made
of W and epoxy are larger than those observed in C-epoxy boron-
nitride structures. This result can be explained by the contrast
between the densities of W and C (see Table 1).
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Fig. 15. (a) The plane wave expansion elastic band structure for a boron-nitride array of C cylinders in an epoxy resin matrix for f1 + f2 = 0.6 and α =
R1
R2

= 0.186. The
band structure is plotted for Z (dashed lines) and XY (solid lines) modes of vibration in the three high symmetry directions Γ JX of the first Brillouin zone (see Fig. 12). One
can notice five complete band gaps in the range of frequency 0 ≤ Ω ≤ 0.9. (b) Variation of the width of the Z (dashed lines) and XY (solid lines) gaps appearing in the band
structure of the boron-nitride arrays of carbon cylinders in an epoxy background, for f1 + f2 = 0.6, as a function of the parameter α =

R1
R2

. Each couple of dashed lines (resp.
solid lines) represents the variation of the lower and upper frequencies for each Z (resp. XY ) gap as a function of α. The overlap of the Z and XY gaps results in absolute band
gaps represented as speckled areas in this figure.
0.65

0.55

0.45

0.35

0.25

0.15

0.10

0.05

0.60

0.50

0.40

0.30

0.20

0.70

R
E

D
U

C
E

D
 F

R
E

Q
U

E
N

C
Y

0.75

0.00
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

α = R1/R2

0.0 1.0
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appearing in the band structure of the boron-nitride arrays of epoxy cylinders in a
carbon background, for f1 + f2 = 0.6, as a function of the parameter α =
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. The
absolute band gaps are represented as speckled areas in this figure.

It is noteworthy that for this filling fraction, f1 + f2 = 0.6,
the first few dispersion curves in the graphite band structure
of the epoxy/C (or W) system show some similarities with the
corresponding curves in the triangular band structure of C (or
W)/epoxy composite. A similar observation was made above for
two-dimensional binary fluid/fluid composites in relation to the
results obtained in photonic crystals [61,62]. Finally we would
emphasize that at such a high filling fraction near to the close
packed arrangement in the graphite structure, the boron-nitride
geometry offers the possibility of avoiding the contact between the
cylinders together with the existence of large absolute band gaps.

We now come to consider the case of a low filling fraction such
as f1 + f2 = 0.3. In this case, there is no absolute band gaps in
the boron-nitride arrays of epoxy fibers in a C or W background.
Absolute gaps were obtained for composites made of C or W fibers
in epoxy, the widths of these gaps being much larger for W fibers
than with C inclusions. Fig. 17(a) shows the first Z and XY acoustic
bands, in the range of frequency 0 ≤ Ω ≤ 0.5, for the boron-
nitride array of W cylinders in an epoxy matrix with f1 + f2 = 0.3
and α =

R1
R2

= 0.603. There are seven absolute gaps in this
band structure; the largest appearing between the third and the
fourth Z bands with ∆Ω = 0.228. Most of the Z and XY bands,
especially those at high frequencies, are very flat. The fourth and
the fifth absolute gaps are very much larger than those obtained in
Fig. 15(a). In Fig. 17(b), we present the dependence of the Z and XY
gaps in the band structure of W/epoxy boron-nitride arrays versus
the parameter α =

R1
R2

for 0 ≤ Ω ≤ 0.8. The width of the first
absolute band gap is maximum for α = 0, strongly depresses for
α slightly different from zero and then reaches its minimum value
for α ∼= 0.8. One observes that a very large Z gap exists for all
values of α, for 0.5 ≤ Ω ≤ 0.7. This gap appears between the third
and the fourth Z bands in the band structure, see Fig. 17(a) and the
maximum of its width occurs for α = 1. For 0.25 ≤ α ≤ 0.75
and 0.4 ≤ Ω ≤ 0.7, the upper limit of the second XY gap and
the lower limit of the third XY gapmerge together. These two gaps
are delimited by the sixth XY band, see Fig. 17(a) which is strictly
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Fig. 17. (a) The plane wave expansion elastic band structure for a boron-nitride array of tungsten cylinders in an epoxy resin matrix for f1 + f2 = 0.3 and α =
R1
R2

= 0.603.
The band structure is plotted with the same conventions as in Fig. 15(a). One can notice seven complete band gaps in the range of frequency 0 ≤ Ω ≤ 1.05. (b) Variation
of the width of the Z (dashed lines) and XY (solid lines) gaps appearing in the band structure of the boron-nitride array of tungsten cylinders in an epoxy background, for
f1 + f2 = 0.3, as a function of the parameter α =

R1
R2

for 0 ≤ Ω ≤ 0.8. The absolute band gaps are represented as speckled areas.
flat for these values of α and Ω . The first and the sixth absolute
band gaps (of maximumwidth for α = 1) have widths of the same
order of magnitude (∆Ω = 0.26 for the first and ∆Ω = 0.244
for the sixth). One observes also that the third absolute band gap
which opens for 0.35 ≤ Ω ≤ 0.5 exists only when the boron-
nitride structure with 0 ≤ α ≤ 0.80 reaches its maximum width
for α = 0.5. For f1 + f2 = 0.3, the boron-nitride array of W
cylinders in an epoxymatrix is a good candidate for the opening of
absolute band gaps with a configuration far from the close packed
arrangement.

2.3. Solid–fluid (mixed) phononic crystals

We consider a square array of copper cylinders in an air
background. The design of suchmixed composites presents several
difficulties. Theoretically traditional approaches such as the plane
wave expansion method fail to predict accurately the acoustic
band structures for such a mixed system. This drawback can be
alleviated by imposing the condition of elastic rigidity to the solid
inclusions [41,42,45]. Within this condition the solid is effectively
treated as a fluid. Surprisingly this assumption works reasonably
well but does not account for the chemical nature (Cu, steel, W,
etc.) of the solid nor the geometrical differences such as filled
or hollow inclusions. Here we compare the approximate plane
wave expansion band structure with the transmission coefficients
calculated with the finite difference time domain method. The
finite difference time domain method enables us to differentiate
between filled and hollow inclusions. Finally the predictions of
finite difference time domain transmission spectra through finite
size Cu/air media and the plane wave expansion band structure
are compared to experimental measurements. We demonstrate
that filled and hollow Cu inclusions produce very similar sound
transmissions suggesting the possibility of realizing light, effective
sonic insulators [48].
This subsection is organized as follows. We present briefly
first the various theoretical approaches used to analyze the band
structure and the transmission of two-dimensional Cu/air mixed
composites. The next subsubsection contains the plane wave
expansion and finite difference time domain theoretical results,
the experimental transmission as well as critical comparisons
of the different methods. The conclusions of this subsection are
drawn at the end.

2.3.1. Models and methods

2.3.1.1. Model of two-dimensional phononic crystals. The geome-
try of the two-dimensional phononic crystal is referred to the
(O, x, y, z) Cartesian coordinates system. The two-dimensional
phononic crystal comprises usually parallel inclusions infinite
along the z direction and arranged periodically in the xy plane. We
investigate square arrays (lattice parameter, a) of cylinders of cir-
cular cross-section. Filled cylinders are characterized by the radius
of their cross-section, R. Hollow cylinders or tubes are defined by
their thickness δ and inner radius, Ri. The filling factor is π R2

a2
for

filled inclusions and π
δ(δ+2Ri)

a2
for hollow cylinders. The geometry

of the square arrays is illustrated in Fig. 18(a) and (b). For the sake
of simplicity, all constituentmaterials are assumed to be elastically
isotropic.

2.3.1.2. Plane wave expansion method and band structure. In the
most general case of wave propagation in a solid/solid periodic
two-dimensional inhomogeneous medium, one makes the as-
sumption that the wave propagation is limited to the xy plane
perpendicular to the cylinders. This has the effect of decoupling
the elastic displacements in the xy plane (called XY or mixed-
polarization modes) and those parallel to the z direction denoted
Z modes (transverse modes) [9,37], see Section 2.1.1.1. Since two-
dimensional fluid/fluid phononic crystals can support only longi-
tudinal acoustic waves, there is no need to decouple the different
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Fig. 18. Two-dimensional cross sections of the square array of circular (a) filled Cu
cylinders of radius R, and (b) hollow Cu tubes of inner radius Ri and thickness δ, in
air. The Cu cylinders are parallel to the z axis of the Cartesian coordinate system
(0, x, y, z). The lattice parameter a is defined as the distance between two nearest
neighboring cylinders. The inset shows the two-dimensional irreducible Brillouin
zone of the square array. K(Kx, Ky) is a two-dimensional wave vector.

modes and the problem of propagation in the composite is much
simpler than for solids [37]. In the plane wave expansion method,
numerical difficulties arise when considering mixed solid/fluid
composites. While the equations of motion for solid/fluid com-
posites are the same as for solid/solid systems, taking naively the
transverse velocity of sound in the fluid equal to 0 results in conver-
gence problems [63,64]. To resolve this difficulty we can make the
solid part of the composite, rigid by assuming that its compress-
ibility and its density are infinite. On the practical side, we replace
the solid by a fluidwith equivalent longitudinal speed of sound and
density. In comparison to air, this solid is nearly rigid. This simpli-
fying assumption is well justified for the metallic inclusions (for
example, Cu) in air [42,45]. It is, however incapable of differenti-
ating between different metals and filled versus hollow inclusions
since the sound waves do not penetrate the inclusions.

2.3.1.3. Finite difference time domain method and transmission coef-
ficient. Thismethod has been already presented in Section 2.1.2. In
this section, we consider as the incoming signal a sinusoidal wave
of pulsation ω0 weighted by a Gaussian profile and propagating
along the y direction. In Fourier space this signal varies smoothly
and weakly in the interval (0, ω0). The input signal amplitude does
not depend on x. The Fourier transform of that signal normalized
to the Fourier transform of a signal propagating through homoge-
neous material of the same nature as the matrix yields a transmis-
sion coefficient.

2.3.2. Results

2.3.2.1. Band structure. Fig. 19 presents the band structure calcu-
lated with the plane wave expansion method for a phononic crys-
tal composed of a two-dimensional periodic square array of Cu
cylinders of radius R = 14 mm in air. The lattice parameter is
a = 30 mm. Calculations were performed considering filled cylin-
ders made of Cu assumed as an infinitely rigid solid.

The choice of 1089 G vectors of the reciprocal lattice for
the computation ensures convergence of the eigenvalues over
the range of frequencies studied i.e. 0–45 kHz. Fig. 19 shows
unambiguously the existence of absolute stop bands i.e. band
gaps independent of the direction of propagation. The largest
observed absolute band gap appears between the first and the
second band and extends from 4.2 to 8.4 kHz which lies in the
audible range of frequencies.When consideringwaves propagating
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Fig. 19. Plane wave expansion results for the band structure of the longitudinal
modes of vibration in the periodic square array of Cu filled cylinders in air. The
radius of the cylinders is R = 14 mm and the lattice parameter is a = 30 mm.
The points Γ , X and M are defined in the inset of Fig. 18. The density ρ and the
longitudinal cℓ and transverse ct speeds of sound in air andCu areρAir

= 1.3kgm−3 ,
cAirℓ = 340 m s−1 , and ρCu

= 8950 kg m−3 , cCuℓ = 4330 m s−1 , cCut = 2900 m s−1 .
Absolute band gaps are represented as hatched areas.

in the Γ X direction of the irreducible two-dimensional Brillouin
zone, the lower bound of the local gap occurs at, approximately,
2.8 kHz. Other local gaps appear at higher frequencies in the
directions of propagation Γ X and Γ M . One also notes in both
directions of propagation, the existence of relatively flat bands in
the band structure. These flat bands are usually associatedwith the
existence of localized states in the composite material [9].

2.3.2.2. Computed transmission coefficients. In Fig. 20(a) and (b),
the computed finite difference time domain transmission coeffi-
cients through the two-dimensional square array of filled Cu cylin-
ders in air along the two principal directions of propagation are
presented. These transmission spectra were obtained numerically
by solving the equations of motion over 222 time integration steps
with each time step lasting 4 ns. The finite difference time domain
samples contain 6 cylindrical inclusions along the y direction of
propagation. The space is discretized in both x and y directions
with a mesh interval of 10−4 m. The location and the width of the
first absolute band gap in both directions of propagation compare
very well with those observed in the band structure of Fig. 19. At
higher frequencies, the location of the local gaps in the Γ X direc-
tion overlap in the finite difference time domain spectrum and in
the planewave expansion band structure. Moreover one notes that
the flat bands observed in the dispersion curves do not contribute
significantly to the transmission. Along the Γ M direction, the fi-
nite difference time domain transmission spectrum and the plane
wave expansion band structure lead to rather different results. For
instance a local gap occurs in Fig. 20(b) between 12 and 14 kHz
while longitudinal vibrationalmodes exist in Fig. 19 in this range of
frequency. It appears that some of the vibrational modes observed
in the plane wave expansion dispersion curves do not contribute
to the transmission as displayed in the finite difference time do-
main transmission spectrum. These bands are named ‘deaf bands’
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Fig. 20. Transmission coefficient through the square array of filled Cu cylinders in
air, computed with the finite difference time domain method along the directions
of propagation (a) Γ X and (b) Γ M .

ΓX

ΓM

0.5

T
R

A
N

SM
IS

SI
O

N
T

R
A

N
SM

IS
SI

O
N

0.0

1.0

0.0

0.5

1.0

10 15 20 25 30 35 405

FREQUENCY (kHz)

0 45

a

b

Fig. 21. Same as Fig. 20 but for the square array of Cu tubes of inner radius
Ri = 13 mm and thickness δ = 1 mm. Air occupies the interior as well as the
exterior of the hollow cylinder.

because they cannot be excited by a longitudinal incident wave as
can be observed from a detailed analysis of the eigenvectors asso-
ciated to these vibration modes. In both directions of propagation,
one also observes the decreasing of the amplitude of the transmit-
ted computed signal for increasing frequencies.

In contrast to the plane wave expansion method, the two-
dimensional finite difference time domain scheme allows one to
distinguish between hollow inclusions and filled cylinders. We
have then computed the transmission coefficients along the Γ X
and Γ M directions of propagation through a square array of Cu
tubes of inner radius Ri = 13 mm and of thickness δ = 1 mm. The
lattice parameter is the same as previously and the computations
were done under the same numerical conditions as those of
Fig. 20(a) and (b). In particular, with the mesh interval of 10−4 m
the thickness of the tubes corresponds to 10 spatial discretization
points. Fig. 21(a) and (b) present the variation of the computed
transmission coefficient as a function of frequency in the direction
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Fig. 22. Transmission coefficient through a square array (a = 30 mm) of Cu
cylinders in water, computed with the finite difference time domain method along
the Γ X direction of propagation for (a) filled cylinders (R = 14mm) and (b) hollow
tubes (Ri = 13mmand δ = 1mm). The density and the longitudinal speed of sound
in water are ρ = 1000 kg m−3 and cℓ = 1490 m s−1 . Water occupies the interior
as well as the exterior of the hollow cylinder.

Γ X and Γ M respectively, in the range of frequency 0–45 kHz.
Except for very slight differences these spectra are surprisingly
similar to those obtained with filled cylinders of the same outer
radius i.e. R = 14 mm (see Fig. 20(a) and (b)). This shows that
in this range of frequencies where the thickness of the tubes is
verymuch lower than thewavelength of sound and for constituent
materials with extremely different physical characteristics such
as Cu and air, the thickness of the inclusions does not affect
the transmission of acoustic waves through two-dimensional
phononic materials. This theoretical observation agrees with
previous experimental results on the transmission of acoustic
waves of audible frequencies through square and triangular arrays
of hollow and filled stainless steel cylinders in air [47]. However
this conclusion is quite dependent upon the choice of thematerials
constituting the phononic crystal. Therefore, we have considered
the case of two-dimensional phononic crystals made of materials
whose physical characteristics exhibit a lower contrast. More
specifically, a lower contrast can be obtained by replacing air
by water in the two-dimensional phononic band gap material
previously studied. Fig. 22 shows the finite difference time domain
transmission spectra along the Γ X direction of propagation for a
square array of filled Cu cylinders immersed inwater, see Fig. 22(a),
or hollow Cu inclusions surrounded and filled with water, see
Fig. 22(b). The geometrical parameterswere the same as previously
i.e. a lattice parameter a = 30 mm, radius R = 14 mm for the
filled inclusions and an inner radius Ri = 13 mm, and a thickness
δ = 1 mm for the tubes. Both spectra have been computed with
the same numerical conditions and especially with 5 cylinders
along the Y direction. These spectra exhibit significant differences
in the range of frequencies 0–90 kHz. On the one hand, Fig. 22(a)
shows a very large gap of width 18 kHz centered on 25 kHz
while in Fig. 22(b) the transmission just depresses around this
frequency. The width of this dip is also smaller than that of the gap
observed in Fig. 22(a). On the other hand, at higher frequencies,
the transmission spectra are completely different. For example, a
gap occurs around 45 kHz in Fig. 22(a) while the transmission for
hollow inclusions is maximal in this range of frequencies.

Another noticeable difference between the two spectra lies in
the existence of a zero of transmission at a frequency of 38 kHz
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Fig. 23. Transmission coefficient measured perpendicular to the vertical faces of
the sample made of 10 × 10 Cu tubes (Ri = 13 mm and δ = 1 mm) arranged
periodically on a square lattice (a = 30 mm).

in Fig. 22(b). The mid-frequency of this small gap depends on
the thickness of the hollow cylinders. Indeed a more detailed
study shows that the zero transmission frequency may be shifted
by changing the thickness of the inclusion. These calculations
demonstrate clearly that in the peculiar case of a Cu/water
composite material, the transmission coefficient of acoustic waves
is very sensitive to the thickness of the hollow metallic inclusion.

2.3.2.3. Experimental results. In order to test the theoretical predi-
ctions, we have manufactured a phononic crystal composed of
a 10 × 10 square array of hollow Cu cylinders. The physical
characteristics of the composite material were those considered in
previous sections i.e. an inner radius of the tubes Ri = 13 mm, a
thickness of the hollow inclusions δ = 1 mm and a period of the
square lattice a = 30 mm. With this geometry, the filling factor
of metallic inclusions is 0.094. It is worth noting that a similar
structure built out of filled Cu cylinders would possess a filling
factor of 0.684. The tubes of length 450 mm are embedded at one
end into a thick steel plate with the other end remaining free. A
speaker connected to a low frequency generator and amicrophone
are employed to produce an incoming signal and record the
transmitted one. The transmitted signal is detected by a tracking
generator coupled to a spectrum analyzer. The speaker and the
microphone are located 40 mm away from the sample faces. Two
measurements are conducted with and without the sample. The
difference between the Fourier transforms of both temporal signals
is calculated to subtract any background effect. Transmission was
measured for acoustic waves in the audible frequency range,
perpendicularly to the vertical faces of the sample i.e. along the
Γ X direction of propagation. The measured acoustic transmission
coefficient of Fig. 23 clearly shows one forbidden band between
4 and 8.8 kHz. The width of this forbidden band is slightly lower
than that obtained theoretically from the plane wave expansion
method and the two-dimensional finite difference time domain
scheme (see Figs. 19, 20(a) and 21(a)). On the other hand, the lower
and upper edges of the experimental gap appear at frequencies
slightly higher than the predicted ones. This discrepancy between
measurements and theoretical predictionsmaybe attributed to the
divergence of the emitted acoustic signal, i.e. the fact that the input
experimental signal is not a plane wave but is composed of a set of
wave vectors inside a cone around the incident direction. In other
words, experimentally, the transmission through the sample can
occur in a cone around the Γ X direction. At frequencies higher
than 8.8 kHz, the transmission is maximal for 9.8 kHz with an
amplitude very much lower than that at very low frequencies
i.e. in the range 0–3 kHz. The transmission is then strongly
attenuated and it becomes difficult to define precisely the edges
of regions with noise level transmission. But these experiments
performed with the usual setup validate fairly well the theoretical
predictions concerning the existence of a forbidden band at audible
frequencies.

2.4. Summary

The purpose of Section 2.1.1 was to investigate theoretically
the existence of complete band gaps in the acoustic band
structure of periodic elastic fiber reinforced composite materials
like the carbon–epoxy system. Relatively large complete gapswere
obtained where the propagation, perpendicular to the cylinders,
of acoustic waves is forbidden. The influence of the geometry of
the inclusions and the effect of the composition of the composite
material on the band structure was reviewed. In the case of a
square array of carbon cylinders embedded in an infinite epoxy
background, larger complete band gaps appear for a square section
parallel to the lattice than for the other two configurations studied.
The existence of a strong contrast between the physical parameters
of the inclusions and thematrix seems to be a general rule to obtain
complete band gaps in the band structure of elastic composite
systems. In the materials used as examples [31] here, carbon and
epoxy have rather similar mass densities and very different elastic
constants, whereas in W and Al the velocities of sound are in the
same range, the elastic constants and mass densities being much
higher in W than in Al. With these constituents were obtained
complete band gaps for carbon fibers in epoxy and W fibers in an
Al matrix, but not in the opposite situations. It was concluded that
the contrast between both elastic constants and mass densities is
important for the existence of complete band gaps, which cannot
be solely predicted by a requirement about the relative velocities
of sound.

In Section 2.1.2, the propagation of acoustic waves in a binary
two-dimensional phononic crystal constituted of a triangular array
of parallel, circular, steel cylinders in an epoxy resin matrix were
reviewed. The wave propagation was limited to the plane perpen-
dicular to the cylinders. The measurements and the numerical cal-
culations prove unambiguously the existence of two absolute stop
bands independent of the direction of propagation of the acous-
tic waves. Besides the band gaps, one can establish some quali-
tative and even semi-quantitative correspondences between the
experimental and theoretical transmission spectra inside the pass
bands. However, a more quantitative comparison would need to
repeat such experiments with other samples (for instance to check
the possibility of defects during the sample preparation, different
thicknesses of the samples, etc.), and also to include in the finite
difference time domain calculation the possibility of three dimen-
sional propagation due to the divergence of the initial pulse. In this
respect, an analysis of the eigenvectors associated with the differ-
entmodeswould also be helpful for an understanding of the details
of the experimental transmission spectra.

The examples of Section 2.2 show the existence of absolute
band gaps in the acoustic band structure of a class of two dimen-
sional binary periodic composite systems: the boron-nitride array
of infinite parallel cylinders in a background. In this pattern, the
unit cell contains two cylinders of different diameters and the rods
are located on the vertices of a regular hexagon. Artificial materi-
als for which the inclusions and matrix are together water cylin-
ders (resp. mercury) in a mercury (resp. water) background were
reviewed. Relatively large complete gaps were obtained. In these
gaps, the propagation, perpendicular to the inclusions, of phonons
in the acoustic region is forbidden. The influence of the cylinder di-
ameters as well as the effect of the composition of the composite
material on the band structure were studied.

For high filling fraction, the triangular structure of C or W
cylinders embedded in an infinite epoxy matrix is more favorable
for the opening of very large gaps in the band structure. In the
opposite situation, i.e. epoxy fibers in a C or W background, the



246 Y. Pennec et al. / Surface Science Reports 65 (2010) 229–291
graphite structure, in which all the cylindrical inclusions have the
same radius, is more appropriate. For quite low filling fractions,
triangular and graphite arrays of W cylinders in an epoxy matrix
give rise to large absolute acoustic band gaps of qualitatively
similar widths. Our results demonstrate also that two-dimensional
solid/solid boron-nitride structures with cylinders of markedly
different radii may be used as selective frequency filters. For two-
dimensional binary fluid/fluid composites, the graphite structure
yielded the largest acoustic band gaps when cylinders of a high
density material were embedded in a background of low density;
this independent of the filling fraction of the inclusions. In the
opposite case of low density fibers embedded in a high density
matrix, the triangular structure gives rise to one large absolute
band gap (which is the largest one obtained). Moreover in the
limit of a high filling fraction, the boron-nitride geometry offers
the possibility of an easy technical realizationwhich avoids contact
between the fibres.

In solid composites, one may of course be interested in a
separate study (or experimental excitation) of Z and XY -polarized
modes. In this respect, it is worthwhile to notice the similarities
between the wave equation which describes the Z-polarized
modes in solid composites and the one giving the fluid composite
band structure. This comparison can be made by replacing the
parameters ρ and c44 in a solid respectively by 1

ρ
and 1

c11
in the

fluid. Then the conclusions mentioned above in fluid composites
can also explain or predict the behaviors of the band structure for
Z-polarized modes in solid composites. For instance, in the case of
epoxy fibers in a C (or W) matrix (which means c44A much smaller
than c44B andρA much smaller thanρB) the largest Z-polarized gaps
were obtained in the graphite and some boron-nitride geometries.
In the opposite case of C (or W) cylinders in an epoxy matrix,
the triangular structure gave the largest gap, although the boron-
nitride patterns with α different from 0, and in particular the
graphite structure, show richer band gap structures.

The calculation of the acoustic band structure was performed
in this example for waves propagating parallel to the (x0y) plane,
perpendicular to the z axis of the fibers. For infinitely long
cylinders, it is likely that these gaps will close, if we take account
of wave propagation along the z direction, in addition to the
propagation along the x, y directions. However, one may think
that these gaps will still exist either if the cylinders are of finite
dimension with a length of order π/a, or if they are composed of
a periodic structure with a repeating period of the same order of
magnitude [65].

Finally, it could be interesting to extend these calculations
to two-dimensional mixed periodic composite media where the
inclusions and matrix are of different nature, i.e. fluid (resp. solid)
cylinders, arranged on patterns of various geometries, in a solid
(resp. fluid) matrix. The experimental manufacturing of these
systems will of course be very easy.

In Section 2.3, we have reviewed theoretically and experimen-
tally the propagation of acoustic waves in a two-dimensional elas-
tic band gap material composed of a square array of parallel,
circular, Cu cylinders in air. The experiments and the theoretical
calculations prove the existence of a forbidden band for frequen-
cies in the audible regime. From a theoretical point of view, the
comparison between our plane wave expansion and finite differ-
ence time domain results have shown that the assumption of an
infinitely rigid solid made for the computation of the band struc-
ture is realistic at low frequencies i.e. for frequencies lower than
10 kHz. At higher frequencies the two theoretical methods give
rather different results especially in the Γ M direction of propa-
gation of the irreducible square Brillouin zone. On the other hand,
the finite difference time domain method enabled us to differen-
tiate between filled inclusions and hollow tubes. The plane wave
expansion method is not well adapted to the study of fluid–solid
systems. The finite difference time domain method is, on the con-
trary, well suited for such systems. These calculations demonstrate
undoubtedly that for frequencies in the range 0–45 kHz, filled and
hollow metallic inclusions placed in air lead to very similar trans-
mission coefficients in agreement with other experimental results.
In contrary, the transmission coefficient strongly depends on the
thickness of the hollow inclusion when air has been replaced by
water in the two-dimensional structure. From a practical point of
view, the Cu/air compositematerial, which can be very easilyman-
ufactured, is a good candidate for an effective light, sonic insula-
tor. It should also be possible to shift the forbidden band to much
lower audible frequencies by changing the geometry of the array
of inclusions.Wewill, inwhat follows, illustrate the applications of
two-dimensional phononic crystals by four different kinds of ex-
amples: first the filtering of acoustic waves, next the demultiplex-
ing of acoustic waves, then some high-frequency radio-frequency
devices using phononic crystal plates and finally some sonic insu-
lators.

3. Filtering and multiplexing of acoustic waves

Manipulation of light in waveguides inside photonic crystals
allows low loss transmission through sharp bends, filtering or
wavelength division multiplexing [66–70]. The coupling of a
waveguide with resonant cavities can alter drastically the trans-
mission spectrum and may find useful applications [71–73]. The
filtering technology enables us in particular to construct multi-
plexing and demultiplexing devices. Multiplexing is the operation
which enables us to inject in one waveguide frequencies incom-
ing from two or more different waveguides. Demultiplexing is the
inverse operation enabling us to extract from one waveguide one
frequency and to send it to another waveguide. Inspired bywaveg-
uides in photonic crystals, similar research appeared for phononic
crystals.

We review in what follows the propagation of acoustic waves
through perfect and defect-containing waveguide structures cre-
ated inside a phononic crystal composed of solid constituents. The
removal of inclusions along some pathway in the phononic crystal
produces acoustic waveguides [74–84]. Acoustic waves that would
not propagate otherwise in a phononic crystal can be guided with
minimal loss along such waveguides. Low loss transmission can be
achieved in linear waveguides as well as guides with sharp bends.
Furthermore, the passing band of a guide can be altered by at-
taching resonators to its side. For instance, side branch resonators
obtained by removing additional inclusions in a direction perpen-
dicular to a linear waveguide in a two-dimensional phononic crys-
tal induce zeros of transmission in the spectrumof the unperturbed
guide [78,81]. The zeros of transmission appear as narrow dips
with frequencies depending on the geometry of the resonator. Such
resonant filters rejecting specific frequencies may serve as build-
ing elements for the design of specific functions in the treatment
of acoustic signals.

Experimental observation of a phononic crystal waveguide was
reported [85–88] following several numerical studies of similar
guides [78–81]. In support of a recent theoretical study showing
the existence and properties of resonant filters in two-dimensional
phononic crystal waveguides [78], it was shown experimentally
that the presence of resonators in the vicinity of a waveguide
induces narrow zeros of transmission in the passing band of the
guide. The experimental results were supplemented by numerical
calculations of dispersion curves and transmission coefficients
based on the plane wave expansion and the finite difference time
domain methods.

In this section, we present first examples for filtering in
solid/fluid systems and then in solid/solid systems. Thenwe review
the wavelength division multiplexing of acoustic waves.
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Fig. 24. Cross sections of the phononic crystals for the directions of propagation and the geometries considered in this section. The PVC cylinders are parallel to the z
direction of the Cartesian coordinate system (O, x, y, z). The full and dashed arrows symbolize the location of the speaker and the microphone during the experimental
process. (a) The x direction of propagation along the perfect phononic crystal, (b) the perfect linear waveguide, (c) a stub of length equal to one period attached vertically to
the waveguide, (d) a stub two periods long, and (e) a guide with a sharp bend.
3.1. Filtering in solid/fluid systems

3.1.1. Systems
The basic experimental system is a two-dimensional solid/fluid

phononic crystal composed of 18 × 18 polyvinyl chloride (PVC)
cylinders in air. The cylinders are one meter long, parallel to the
z direction of the (O, x, y, z) Cartesian coordinate system (see the
inset in Fig. 24) and are arranged on a square array with lattice
parameter a = 2.7 cm, see the illustration in Fig. 24(a). The
cylinder radius is r = 1.29 cm. This results in a filling factor,
f = πr2/a2 = 0.717. We have chosen a PVC/air phononic crystal
with lattice parameter in the centimeter range to achieve acoustic
band gaps in the audible range of frequency [26,9,31]. Acoustic
waveguides and resonators are easily created in this structure by
removing cylinders.More specifically,we have constructed a linear
waveguide (Fig. 24(b)), two resonators of different lengths coupled
to a linear guide (Fig. 24(c) and (d)) and a guide with a sharp bend
(Fig. 24(e)).

3.1.1.1. Experiments. We measure the transmission across the
phononic crystal and along the guides with a speaker connected
to a function generator (HP3324A) and a microphone whose
frequency response lies in the range [40 Hz–12 kHz]. The speaker
produces the incoming signal and the microphone records the
transmitted one. The transmitted signal is detected with a track-
ing generator coupled to a spectrum analyzer (HP89410A). The
speaker and microphone are placed against the walls of the struc-
tures in the same plane perpendicular to the cylinders. For each
system, two measurements are conducted with and without the
structure. The difference between these frequency signals is calcu-
lated to subtract any background effect.
3.1.1.2. Theoretical methods. In this section, we apply the plane
wave expansion method for computing the band structure of the
phononic crystal by imposing the condition of infinite rigidity
of the solid constituent (as described in Section 2.3.1.2). We
used again the finite difference time domain method described
previously for computing the transmission coefficients through
phononic crystal samples.

In the present case, the transmission spectrum along the x
direction of propagation in the irreducible Brillouin zone of the
phononic crystal is calculated with an inhomogeneous region of
thickness 18a along the y direction and a width a along the x direc-
tion (i.e. 18 cylinders). For these structures the transmitted signal
is averaged over the entire width of the system. A transmission co-
efficient is obtained by Fourier transforming the transmitted tem-
poral signal and normalizing it to that of a homogeneous system
composed of air. The central regions for the linear waveguide and
the waveguides with a side branch resonator are constructed from
a structure composed of 18 × 18 periods. For this, cylinders are
removed along the y direction to form the guide and along the x
direction to create the resonator. The signal exiting the guides is
averaged over their width. The Fourier transform of the average
exciting signal is again normalized to the Fourier transformof a sig-
nal propagating inside homogeneous air. In contrast to the case of
the perfect phononic crystal, the normalization of the guided sig-
nal can give values of transmission exceeding 1 in linear scale or
equivalently slightly positive values in dB.

To avoid difficulties encountered in the calculation of the band
structure of mixed composites with the plane wave expansion
method, Tanaka et al. [63] have reported an extension of the finite
difference timedomainmethod for the calculation of dispersion re-
lations of acoustic waves in two-dimensional phononic crystals. In
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Fig. 25. (a) Band structures of the perfect PVC/air phononic crystal along the X direction of propagation of the irreducible Brillouin zone (see inset) computed with the plane
wave expansion (solid lines) and the finite difference time domain (dots) methods. Experimental (b) and theoretical (c) transmission coefficients along the Γ X direction.
contrast with the standard finite difference time domain approach,
the band structure finite difference time domain technique implies
a periodic system in the XY plane.

The displacement field and the stress tensor must satisfy the
Bloch theorem

u(r, t) = eiK.rU(r, t), (32)

and

σ⃗ (r, t) = eiK.rΣ⃗(r, t), (33)

where r(x, y) is the position vector in the xy plane and K(Kx, Ky)

is the Bloch wave vector. U(r, t) and Σ⃗(r, t) are spatial periodic
functions of period a, the lattice translation vector. One inserts Eqs.
(32) and (33) into the equations of propagation of the elastic waves

ρ(x, y)
∂2u
∂t2

= ∇.σ⃗ . (34)

To solve them, one first specifies a 2D wave vector, K, along the
principal direction of the irreducible Brillouin zone. An assumption
on the initial displacement U(r, t = 0) in the form of a delta
stimulus at some random locationwithin the unit cell is thenmade.
The equations of motion are solved by discretizing both space
and time. The time evolution of U(ri, t) at several predetermined
locations within the unit cell is recorded. Peaks in the frequency
space of the Fourier-transformed signals are identified as the
eigenfrequencies of the normal modes of the system for the wave
vector, K. In contrast to the plane wave expansion method, the
band structure finite difference time domain technique allows
us to compute the band structure of periodic mixed solid/fluid
composite materials without requiring the assumption of solid
rigidity.

The physical parameters used in these calculations are the
longitudinal Cl, transverse Ct , speeds of sound and themass density
ρ for the solid. The acoustic properties of a fluid like air are the
longitudinal speed of sound and the density. For all calculations
we use cl = 2230 m/s, ct = 1000 m/s and ρ = 1364 kg/m3 for
PVC, and Cl = 340 m/s and ρ = 1.3 × 10−3 kg/m3 for air.

3.1.2. Results

3.1.2.1. Perfect phononic crystal. Fig. 25(a) presents the band
structures along the x direction of propagation computed with
both the plane wave expansion and the finite difference time
domain methods. The plane wave expansion band structure was
calculated with 169 G vectors of the reciprocal space. In the
range of frequencies of Fig. 25(a), there exists a large stop band
between 2.8 and 10 kHz. The very good agreement between the
two theoretical methods validates the assumption of the rigidity
of the solid in the peculiar case of the PVC/air composite in this
range of frequencies. Fig. 25(b) and (c) show the experimental and
theoretical transmission spectra of the PVC/air phononic crystal
along the x direction of propagation, respectively. The measured
transmission is drastically depressed in the interval of frequencies
[3, 10] kHz. This stop band is also confirmed by the computed
transmission and agrees with the band structure calculations. On
the other hand, we have verified experimentally and theoretically
via plane wave expansion and finite difference time domain
calculations, that along theΓ M direction a stop band extends from
4 to 10 kHz. This shows that the PVC/air phononic crystal possesses
an absolute band gap in the audible frequency range between 4 and
10 kHz. This interval of frequency is the intersection of the gaps in
the Γ X and Γ M directions.

3.1.2.2. Linear waveguide. In this section, we investigate the pro-
perties of a two-dimensional phononic crystal made of PVC
cylinders surrounded by air and containing a straight waveguide
(see Fig. 24(b)). Fig. 26(a) reports its band structure. These
dispersion curves were obtained numerically, on the one hand,
using the plane wave expansion method (solid lines) with a
supercell of 7 periods. The supercell contains 7 unit cells, one
of which is filled with air only. The supercell is also repeated
periodically in the x direction leading to a stack of waveguides
separated by 7 periods in this direction. This separation is sufficient
to avoid coupling between neighboring guides. The plane wave
expansion band structure was calculated with 1105 G vectors.
On the other hand, the band structure was also computed with
the help of the finite difference time domain method (dots) and
the agreement with the plane wave expansion calculations is
again quite good. The slight difference in frequency of the finite
difference time domain bands compared to those obtained with
the plane wave expansion method results from the fact that the
plane wave expansion calculation has not fully converged with
respect to the G vectors [63]. The dispersion curves numbered 6,
7, 8 and 9 are related to localizedmodes in the straight waveguide.
The measured and calculated transmission spectra of the linear
waveguide are presented in Fig. 26(b) and (c), respectively.
Experimentally, thewaveguide permits transmission ofwaves that
otherwise would be forbidden in the perfect phononic crystal.
There are two waveguide passing bands with frequency intervals
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(a)(b) (c)

Fig. 26. (a) Plane wave expansion (solid lines) and finite difference time domain (dots) band structures of a PVC/air phononic crystal containing a straight waveguide along
the Y direction (see Fig. 24(b)). The supercell contains 1 × 7 unit cells. Experimental (b) and theoretical (c) transmission spectra along the linear waveguide. The bands
numbered 6, 7, 8 and 9 in (a) are associated with waveguide modes. Bands 7 and 9 are ‘‘deaf bands’’ and do not contribute to the transmission (see text for details).
[2.4, 5.6] kHz and [6.8, 8.5] kHz. Transmission of waves with
frequencies in these intervals takes place along the waveguide
without any loss. Stop bands still exist for frequencies between
5.6 and 6.8 kHz and 8.5 and 10 kHz. The experimental spectrum is
confirmed by the finite difference time domain calculation. Indeed
the right panel of Fig. 26 shows twopassing bands from0 to 5.5 kHz
and6.8 to 8.5 kHz, separated by a regionwith low transmission that
extends from5.5 to 6.8 kHz. The gap of the perfect phononic crystal
persists for frequencies in the range [8.5, 9.6] kHz.

A comparison between the transmission spectra and the band
structures indicates that the dispersion curves labeled 7 and 9 in
Fig. 26(a) do not contribute to the transmission. An analysis of
the symmetry of these modes may explain this singular effect.
For this, using the plane wave expansion method, we compute
some eigenvectors associated with bands 6 through 9 at a given
wave vector. The Fourier transform of the eigenvectors yields the
pressure field inside the phononic crystal [47]. Fig. 27 illustrates
the pressure field pattern corresponding to the 6th, 7th, 8th and
9th bands at the X point of the irreducible Brillouin zone. It is
important to note that the 6th and 8th modes have a symmetry
readily excitable by an incident wave of longitudinal polarization.
In contrast, the 7th and 9thmodes are anti-symmetricwith respect
to the symmetric plane of the waveguide. Consequently, these
antisymmetric modes cannot be excited by a longitudinal incident
wave and will not contribute to the transmission. Modes of this
kind, named ‘‘deaf bands’’, were reported for perfect photonic or
phononic crystals [47,89–92]. Let us stress again that the deaf
modes reported in this paper are not modes of perfect crystals but
waveguide modes.

In Fig. 27, the centers of the cylinders in the phononic crystal
are located at integer values of the ratios x/a and y/a, excluding
x/a = 3 which is the position of the symmetry plane of the
waveguide. The rigidity of the inclusions explains that the acoustic
waves do not penetrate inside the cylinders and this leads to a
vanishing pressure field inside the inclusions. The air waveguide
is bound by PVC cylinders at x/a = 2 + r/a = 2.48 and
x/a = 4 − r/a = 3.52, that is, its width is equal to 1.04a. The
acoustic pressure field extends significantly beyond these bounds,
showing that the waveguidemodes are not strictly confined inside
thewaveguide. At larger distances from thewaveguide boundaries,
the pressure field vanishes everywhere since the frequency of
the propagating waves falls inside the stop band of the perfect
phononic crystal. In another study of a waveguide in air/water and
steel/water two-dimensional phononic crystals, the guidingmodes
were shown to obey classical waveguide models with strictly
perfectly reflecting walls [78]. The extent of the pressure field
outside the limits of the waveguide in the PVC/air system indicates
that in this particular case thewaveguidemodes cannot be derived
analytically from simple waveguide theory. It therefore appears
that straightforward and generalized application of this theory to
waveguides in phononic crystals can be misleading.

3.1.2.3. Linear waveguides with side branch resonator. The effect
of a side branch resonator on the transmission spectrum of the
waveguide is illustrated in Figs. 28 and 29. The removal of a single
cylinder adjacent to the waveguide produces a resonator of nom-
inal length a. The calculated transmission spectrum in Fig. 28(a)
retains the general characteristics of the linear waveguide (see
Fig. 26(c)) with two additional features. Narrow dips appear in the
calculated transmission spectrum at two frequencies, namely 4.7
and 7.5 kHz. These reductions in transmission are similar in na-
ture to those observed in a theoretical study of waveguides with
side branch resonators in water/air and steel/water phononic crys-
tals [78]. The transmission in thewaveguide is significantly altered
due to interference phenomena between the acousticmodes of the
guide and those of the resonator. The characteristics of the experi-
mental spectrum of the guide with a resonator of length a are best
seen by calculating the difference between the transmission along
the guidewith a resonator and that of the perfect linear guide as re-
ported in the insets of Fig. 28(b). A small depression in transmission
occurs in the first passing band of the linear guide at 4.85 kHz. This
agrees quite well with the theoretically predicted dip at 4.7 kHz
(see Fig. 28(a)). In the range [7, 8.5] kHz, the experimental trans-
mission spectrumexhibits twodepressions around7.5 and8.2 kHz.
Since the first depression is in accordancewith the one observed in
the theoretical transmission, the feature at 8.2 kHz have no analog
in Fig. 28(a). Nevertheless, one notes that this feature appears in
the very near vicinity of the edge of the second waveguide passing
band and this renders its analysis very difficult.

Lengthening the resonator increases the number of resonant
modes and therefore the number of narrow dips in the transmis-
sion spectrum of the guide with a resonator. For instance, in the
case of Fig. 29(a) where the resonator is twice as long as in Fig. 28,
the theoretical transmission spectrum exhibits four narrow dips in
transmission at 3.95, 7.3, 9.7 and 9.8 kHz. The experimental spec-
trum of the guide with a resonator of length 2a possesses a signif-
icant reduction in transmission at 4.1 kHz in very good agreement
with the first calculated dip (see Fig. 29(a)). Two additional and
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Fig. 27. Pressure fields inside the PVC/air phononic crystal containing a straight waveguide. The grey scale indicates the relative amplitude of the pressure field. Thesemaps
were obtained from the plane wave expansion computations of the eigenvectors associated with the 6th, 7th, 8th and 9th eigenfrequencies at the X point of the irreducible
Brillouin zone (see Fig. 26(a)).
well-defined depressions in transmission are observed in the sec-
ond passing band of the guide at the frequencies 7.4 and 8.2 kHz. As
in the previous case, the first of these two features is in good agree-
ment with the theoretical predictions but the second one which
appears in the near vicinity of the stop band has no equivalent
in Fig. 29(a). Because the second stop band in the experimental
spectrum (see Fig. 26) is larger than the theoretically predicted
transmission band gap, the dips calculated around 9 kHz cannot
be observed experimentally.

A comparison between Figs. 28(b) and 29(b) reveals that the
influence of the resonator on the waveguide transmission is
much more pronounced with a longer resonator. For instance, the
first depression in transmission which occurs around 4.5 kHz in
these two figures is much more important with a resonator of
nominal length 2a than a. As noted before, the waveguide modes
extend significantly beyond the physical bounds of the guide. The
interference between these modes and those of a short resonator
are therefore anticipated to be weak. Simple models based on one-
dimensional waveguides coupled to one-dimensional resonators
introduced in [78] will not be applicable to systems such as those
studied here where the guiding modes are not strictly confined
inside the bounds of the guide.

3.1.2.4. Bent waveguide. The transmission spectrum along a bent
waveguide (Fig. 30) is similar to that of the linear guide. This
spectrum is measured by emitting sound waves at the entrance
of the guide and collecting the signal at its exit. This result
demonstrates that acoustic waves can be transmitted without
significant loss along a guide with sharp bends. To verify that
transmission occurs without much loss, we have also measured
the transmission by placing the speaker at the entrance of the
bent guide and the microphone on the opposite side. In this case
one recovers the transmission spectrum in the Γ X direction of the
perfect phononic crystal. The most significant difference between
the transmission spectra of the linear and bent waveguide arises in
the form of dips in the passing bands of the latter. Themost notable
features occur at 4.5 and 7.3 kHz and are reminiscent of the dips in
the transmission spectrum of a guide with a side branch resonator
of nominal length 2a. The observed features appear therefore to
be due to interferences between the incident wave and waves
reflected by the bend.
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Fig. 28. Theoretical (a) and experimental (b) transmission spectra along the linear waveguide with a side branch of nominal length a. The insets represent the difference
between the transmission in the guide with resonator and the transmission in the linear waveguide in the range of frequencies associated with the passing bands of the
linear guide. The dashed line in (a) represents the computed transmission along the linear waveguide of Fig. 26(c).
3.2. Filtering in solid/solid systems

3.2.1. Geometrical models
We consider now a solid/solid two-dimensional phononic crys-

tal composed of steel cylinders in epoxy. The physical parameters
characterizing the acoustic properties of the constituent materials
are the longitudinal, cℓ and transverse, ct , speeds of sound as well
as the mass density ρ. We take cℓ = 5825 m/s, ct = 3226 m/s,
ρ = 7780 kg/m3 for steel, and cℓ = 2569 m/s, ct = 1139 m/s,
ρ = 1142 kg/m3 for epoxy. The inclusions have the cylindrical
symmetry and are arranged periodically on a square lattice. The
parameters specifying the geometry of the crystal are the lattice
parameter, a, and the radius of the inclusion, r . The filling fraction
of the composite medium is defined as the ratio β = πr2/a2. We
assume a = 9 mm and r = 3.5 mm (or β = 0.475). This insures
that the phononic crystal displays a large band gap extending from
85 to 200 kHz.

Fig. 31 displays the cross sections of the phononic crystal for the
geometries considered here. Simple linear waveguides of different
width, d, are created in the phononic crystal by removing one or
several rows of cylinders along the y direction of the square array,
Fig. 31(a). Stubs of varying lengths and widths can be obtained
by removing cylinders in the direction x perpendicular to the
waveguide, Fig. 31(b). A cavity can be inserted at the side of the
waveguide, Fig. 31(c). The coupling between the cavity and the
waveguide can bemodified by changing their separation, although
we limit ourselves to a separation of one unit cell. Resonating
cavities can also be built out of two basic cylindrical inclusions
inserted within the waveguide, Fig. 31(d).

We study the transmission through the above structures as
well as dispersion relations of the perfect waveguide and of
an isolated cavity. Our calculations of the dispersion relations
and transmittivity are performed by a combination of the plane
wave expansion method and of the finite difference time domain
method.

3.2.2. Dispersion relations and transmissions of linear waveguides
In solid/solid two-dimensional phononic crystal, by limiting the

wave propagation to the plane xy perpendicular to the cylinders,
the propagation modes decouple in the Z modes (with elastic
displacement u parallel to the z direction) and in the XY modes
(with u in the plane xy). Here, we focus on XY modes. The
band structure of the XY modes of the perfect phononic crystal
considered here possesses a wide absolute band gap extending
from 85 to 200 kHz. This result is obtained from a calculation
of the band structure by means of the plane wave expansion
method using 882 wave vectors of the reciprocal space. It is also
confirmed in the transmission spectra of the phononic crystal
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Fig. 29. Theoretical (a) and experimental (b) transmission spectra along the linear waveguide with a side branch of nominal length 2a. The insets represent the difference
between the transmission in the guide with a resonator and the transmission in the linear waveguide in the range of frequencies associated with the passing bands of the
linear guide. The dashed line in (a) represents the computed transmission along the linear waveguide of Fig. 26(c).
Fig. 30. Experimental transmission spectrum for propagation along the bent waveguide.
calculated by the finite difference time domain method along
two high symmetry axes of the Brillouin zone. We review now
the properties of a phononic crystal containing a simple straight
waveguide. As a basis for further discussions, we first consider a
guide simply built by removing one row of cylindrical inclusions
along the y direction. This is analogous to the examples considered
in Refs. [78,79]. The width d of the guide, defined by the distance
between neighboring cylinders on both sides of the guide, equals
d = 11 mm, Fig. 31(a). Fig. 32(a) reports its band structure.
The band gap of the perfect phononic crystal is delimited by the
two thick horizontal lines. In order to perform this calculation, a
supercell of 5 periods is repeated periodically in the x direction.
This means that the waveguide is repeated every 5 periods in the
x direction. The band structure is calculated with 1586 vectors of
the reciprocal space.

The dispersion curves appearing inside the gap of the perfect
phononic crystal are related to localized modes associated with
the linear waveguide. The number and dispersion of the localized
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Fig. 31. Cross sections of the phononic crystals for the geometries considered in
this subsection. (a) A perfect linear waveguide of width, d. (b) A stub attached
vertically to the waveguide. (c) A side-coupled waveguide cavity. (d) A cavity inside
the linear waveguide.
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Fig. 32. (a) Band structure of the XY modes of propagation of a phononic crystal
containing a linear waveguide along the Y direction as in Fig. 31(a). The calculation
is performed by considering a supercell of 5 periods along the x direction. The band
gapof the perfect phononic crystal is delimited by the two thick horizontal lines. The
filled arrows indicate two symmetrical dispersion curves that anti-cross each other
giving rise to the dip in the transmission spectrum around 145 kHz. The dashed
arrows indicate two anti-symmetrical branches that anti-cross each other giving
rise to the dip in the transmission spectrum around 120 kHz. (b) Transmission
through the waveguide for two polarizations of the incident wave, longitudinal
(solid line) or transverse (dashed line).
modes can be understood, and qualitatively explained, by consid-
ering the propagation of elastic waves in a classical linear guide
with rigid boundary conditions for which the dispersion relations
can be derived analytically [93]. Indeed this analogy is possible
since the displacement field of a wave propagating along the guide
in the phononic crystal remains almost confined inside the guide
and only penetrates weakly around the steel cylinders situated on
both sides of the guide. The main difference between the guide in
the phononic crystal and the classical one is that the former has
rough instead of planar walls. The roughness of the walls results
from the periodicity of a of the inclusion that bound them along
the Y direction. Therefore, for comparison, the dispersion curves
of a guide with planar walls should be essentially folded back into
a reduced Brillouin zone of dimension π/a. The numerous local-
ized branches inside the gap of the phononic crystal, Fig. 32(a),
are the result of this folding and the resulting interaction between
branches that cross each other. The results of Fig. 32(a) resemble
qualitatively those of Ref. [79] dealing also with a solid/solid com-
posite, constituted by Pb cylinders in epoxy. On the other hand, in
the case of the solid/fluid composite (steel cylinders inwater) stud-
ied in Ref. [78], the number of localized branches in the band gap
is much smaller because the matrix is now constituted by a fluid
that can only support compressional waves, but not shear waves.

Like in a classical guide, the vibrational modes of the phononic
crystalwaveguide can be distinguished according to their symmet-
ric or anti-symmetric character with respect to the plane cutting
through itsmiddle. Consequently, thesemodes can be excitedwith
an incident wave of appropriate symmetry. We have calculated,
see Fig. 32(b), the transmission through the guide as a function of
the frequency, the probing signal being initially of either longitu-
dinal or transverse polarization. Indeed, as discussed below, these
waves are respectively symmetrical or antisymmetrical with re-
spect to the symmetry plane.

To calculate the transmission coefficient, we construct a sample
in three parts along the y direction, a central region containing the
finite phononic crystal sandwiched between two homogeneous re-
gions. A traveling wave packet is launched in the first homoge-
neous part and it propagates in the direction of increasing y along
the whole sample. Periodic boundary conditions are applied in the
x direction and absorbing Mur’s boundary conditions [94] are im-
posed at the free ends of the homogeneous regions along the y di-
rection. The incoming signal is a sinusoidal wave of frequency f0 =

400 kHzweighted by a Gaussian profile and propagates along the y
direction. In Fourier space, this signal varies smoothly and weakly
in the interval (0, f0). The amplitude of the input signal does not
depend on x; it is directed along the y direction (resp. x direction)
when the input signal is of longitudinal (resp. transverse) polar-
ization. Thus, the incident probing signal is either symmetrical or
anti-symmetrical with respect to themirror plane of the guide. The
transmittance is obtained by averaging the displacement field at
the guide’s exit along a line normal to its axis, followed by a Fourier
transformation and by normalizing to the same quantity calculated
for the incoming wave packet in the absence of the phononic crys-
tal. It should be pointed out that, with this definition, the transmis-
sion can exceed one. Depending on whether the input signal is of
longitudinal or transverse polarization, the average is taken over
the y component or the x component of the displacement field.

With an incident wave of longitudinal polarization, the tran-
smittance, Fig. 32(a), in the frequency range corresponding to the
gap of the phononic crystal takes on a value near 1 except for
the secondary gaps appearing respectively around 125, 145 and
170 kHz. The first dip around 125 kHz results from the folding
of the symmetrical branches at the Brillouin zone boundary. The
second dip at 145 kHz is associatedwith the anti-crossing between
two symmetrical branches marked by arrows in Fig. 32(a). In
this example, the length of the guide is taken to be ℓ = 15a.
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The attenuation of the transmitted signal in these secondary gaps
is significantly dependent upon the length of the waveguide.
Decreasing this length will result in the weakening of the dips. For
instance, the dip at 125 kHz will become very small for a length
ℓ = 7a of the guide, whereas the dip at 145 kHz is less affected by
this length. It is likely that this effect is due to the large flat part of
the two dispersion curves that anti-cross each other.

Finally, launching a probing signal of transverse polarization
(dashed curve in Fig. 32(b)) yields a high transmittance from
93 kHz where the anti-symmetric modes of the waveguide start to
exist. This transmission spectrum displays a dip in the frequency
interval [118–125] kHz due to the anti-crossing between two anti-
symmetric branches (indicated by dashed arrows in Fig. 32(a)).

Now, we review another example dealing with a case that has
not been mentioned in the literature, namely the possibility of
decreasing the number of dispersion curves (and even yielding
the guide monomode) by narrowing the width of the waveguide.
Indeed, similarly to the case of a classical linear guide, the cut-
off frequency of the guided modes in the phononic crystal can be
increased by decreasing the width of the guide. This operation can
be performed by assuming that the cylindrical inclusions on both
sides of the waveguide are separated by a distance smaller than
the period a. Decreasing the thickness of the guide will have, at
the same time, the effect of reducing the number of guided mode
branches that appears in the gap of the phononic crystal. As a
consequence, the guide can even be made monomode over a large
frequency range. This effect is sketched in Fig. 33wherewe present
the band structure of the guided modes and the corresponding
transmission coefficients for a narrow waveguide of width d =

6.5 mm. One notices the existence of a small (secondary) gap
around 150 kHz at the edge of the Brillouin zone, between two
symmetric branches. This gap gives rise to a dip in the transmission
spectrum. This dip becomes less pronounced when decreasing the
length of the waveguide. On the other hand, the dispersion curves
display two almost flat antisymmetric branches around 140 kHz,
and therefore the transmission with a probing signal of transverse
polarization mainly extends over the limited frequency domain of
[130–147] kHz.

On contrary, increasing the width of the guide (for instance by
removing two or several rows of cylinders along the y direction)
will increase the number of localized mode branches in the band
gap of the phononic crystal and the transmission becomes mainly
multimode.

3.2.3. Waveguides containing a cavity or side-coupled with a cavity.
We now turn to the behavior of a defect cavity in the phononic

crystal. The cavity is simply obtained by removing one cylindrical
inclusion thus creating a vacant lattice site. The band structure
of such a system is calculated for a supercell of 3 × 3 cylinders
with one vacancy in its center. The number of reciprocal lattice
vectors used in the calculation is 2738. The band structure reported
in Fig. 34 shows the stop band of the phononic crystal containing
several nearly flat bands. These flat bands are representative of the
vibrational modes characteristic of the cavity. Let us notice that
the cavity possesses two perpendicular symmetry axes x and y.
Thus, its eigenmodes can be labeled according to their symmetry
with respect to these axes as SS, AS, SA and AA, where S and A
respectively stand for symmetric and anti-symmetric (for instance
SS means symmetric with respect to both x and y axes). We have
created excitations inside the cavity having each of the four above
symmetries. The characteristic frequencies of the cavity, falling in
the band gap of the phononic crystal, coincide with those obtained
by the plane wave expansion method (34) within a few per cent.
In Fig. 35, we give a map of the eigenvectors for some of the cavity
modes. Thesemaps are obtained by excitingwith an incident probe
an eigenmode of the cavity, contained inside a waveguide. We
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Fig. 33. Same as in Fig. 32, but the width of the waveguide is taken to be d =

6.5 mm instead of d = 11 mm in Fig. 32.

shall again refer to this point in connection with the explanation
of transmission spectra shown in Fig. 36.

The eigenmodes of the cavity can be used advantageously to
induce either narrow passing bands within the stop band of the
phononic crystal or very narrow stopping bands in the pass band
of a waveguide. To that effect we consider (i) a waveguide with a
side-branch resonator constituted by a cavity, Fig. 31(c), and (ii)
a waveguide in the phononic crystal containing a single cavity,
Fig. 31(d). Indeed, a single cavity incorporated into the waveguide
may limit the transmission mainly to the frequencies situated
in the neighborhood of the eigenfrequencies of the cavity. On
contrary, a side-coupled waveguide cavity is expected to induce
zeros in the transmission spectrum of the perfect waveguide [74,
75] that occur at the characteristic frequencies of the cavity. So, the
same cavity can have two opposite effects depending on whether
it is incorporated inside or at the side of the waveguide.

In the following examples, the length of the waveguide is
chosen to be ℓ = 9a as displayed in Fig. 31. Fig. 36 summarizes
the transmittance of the two systems. The cavity-containing guide
is probed with a longitudinal, Fig. 36(a), as well as a transverse,
Fig. 36(b), incident wave packet. The longitudinal incident wave
is symmetrical with respect to the y axis and, thus, can probe the
eigenmodes of the cavity that have SS and AS symmetries with
respect to the xy axes. On the other hand, the transverse incident
wave can excite eigenmodes of only SA and AA symmetries. This
is confirmed by the transmission spectra shown in Fig. 36(a)
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Fig. 35. Map of the components ux and uy of some of the eigenvectors of the
cavity modes shown in Fig. 34. f stands for the frequency of each eigenmode.
Thesemapswere obtained by using an incident probing signal of either longitudinal
polarization ((a) and (c)) or transverse polarization (b).

and (b) that are mainly composed of peaks in the vicinity of
the characteristic frequencies of the cavity with the appropriate
symmetry. It is worthwhile to notice that the maps sketched
in Fig. 35 are obtained by using an incident probing signal of
either longitudinal polarization, Fig. 35(a) and (c), or transverse
polarization, Fig. 35(b), at the frequencies of the peaks in the
transmission spectra of Fig. 36(a) and (b). Finally, one can remark
that the peaks appearing in the transmission spectra can be made
sharper if the isolation of the cavity is increased, for instance by
bordering the cavity on each side by two cylindrical inclusions
instead of one as was shown in Fig. 31.

In Fig. 36(c), we show the transmittance through the side-
coupled waveguide cavity, Fig. 31(c). Since this system does not
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Fig. 36. (a) and (b) Transmittance through a cavity containing waveguides such as
in Fig. 31(d). In these figures the polarization of the incident wave is respectively
longitudinal or transverse and the width of the cavity is d = 11 mm. (c)
Transmittance through a waveguide coupled to a cavity along its side as illustrated
in Fig. 31(d). The width of the waveguide is taken here to be d = 6.5 mm to
insure the monomode behavior of the propagation in a wide frequency range of
the phononic crystal bandgap.

display any particular symmetry, an incident longitudinal wave
can probe in principle all the eigenmodes of the cavity. To enhance
the zeros of transmission induced by the side branch resonator,
we have chosen a linear guide of narrower width than the period,
namely d = 6.5 mm, to yield monomode guiding character from
90 kHz up to approximately 150 kHz (see Fig. 33). Transmission
takes place for most frequencies below 140 kHz but zeros of
transmission occur at several frequencies corresponding to the
characteristic frequencies of the cavity. It should bementioned that
with a wider guide, for instance of width d = 11 mm, the dips in
the transmission still exist, but the transmission does not decrease
as much as in Fig. 36(c). It is interesting to notice that the dips in
the transmission spectrum of Fig. 36(c) occur exactly at the same
frequencies as the peaks in Fig. 36(a) and (b).

Finally, we have also investigated the transmission through
a stubbed waveguide such as in Fig. 31(b). The results for the
transmission spectra are presented in Fig. 37 where we have
considered two different lengths of the stub and two different
widths of the waveguide, the incident wave being of longitudinal
polarization. In Fig. 37(a) and (b), the width of the linear guide is
chosen to be d = 6.5 mm in order to have a monomode regime
over a broad frequency range (see Fig. 33). One can notice that the
main effect of the stub is to induce dips, or zeros of transmission,
in the spectrum. The existence of such zeros of transmission has
been demonstrated in modellistic calculations [74,75], especially
using perfect boundary conditions on the walls of the guide, and
also proved in a numerical simulation of stubbed waveguide in
phononic crystals made of fluid/fluid or solid/fluid constituents
[78]. They are associated with the resonance frequencies of the
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Fig. 37. Transmission through a stubbed waveguide such as in Fig. 31(b). In (a) and (b) the width of the waveguide is d = 6.5 mm and the length of the stub is respectively
equal to one or two periods of the phononic crystal (i.e. one or two cylinders have been removed perpendicularly to thewaveguide). In (c) and (d) thewidth of thewaveguide
is only d = 4 mm to show the possibility of selective transmission in a frequency range in which the propagation is prohibited along the guide.
resonators that are attached to the waveguide. However, the
number of such zeros of transmission is relatively smaller in the
case the matrix of the phononic crystal is constituted by a fluid
[78] because the fluid can only support compressional waves. In
the case of a solid/solid composite considered here, both shear
and compressional waves can propagate inside the waveguide and
resonators. As a consequence the transmission spectrum appears
to be more rich and also more complicated due to this coupling
between longitudinal and transverse vibrations in solid materials.
The results of Fig. 37 show that the transmission spectra still
contain very deep negative peaks, as well as some smaller dips.
Nevertheless, it is difficult to predict the exact frequencies of the
dips, in contrast to the case of phononic crystals in which the
background is a fluidmaterial that can support only compressional
waves [78]. From a qualitative point of view, the number of such
zeros of transmission increases by increasing the length of the stub,
as can be seen from a comparison of Fig. 37(a) and (b). This is
expected since the resonator constituted by the stub can support
an increasing number of modes when increasing its length.

In Fig. 37(c) and (d), the width of the waveguide is made
even smaller, i.e. d = 4 mm only. This has the effect of shifting
upwards the dispersion curves of the waveguide, therefore leaving
the lower part of the phononic crystal bandgap (from 80 to 120
kHz) free of modes. In other words, the waves are prohibited from
propagation along the waveguide in the above frequency range. In
this region, due to the presence of the stub, selective transmission
becomes possible by the well known quantum tunneling effect
at the frequencies of the modes induced by the stub. One can
notice a good correspondence between some of these peaks and
the strongest dips in Fig. 37(a). Therefore, the same stub can
induce selective transmissions or zeros of transmission depending
on whether the propagation is forbidden or allowed through the
waveguide.
3.3. Multiplexing of acoustic waves

Demultiplexing of acoustic waves has been predicted the-
oretically and/or observed experimentally in two-dimensional
phononic crystals [95,96]. In particular, a great deal of theoreti-
cal and experimental work was devoted to the study of the prop-
agation of acoustic waves in a guide (created by removing a row
of cylinders) in a two-dimensional phononic crystal composed of
steel cylinders in water, as well as the interaction of such a guide
with a cavity or a stub. For instance [78,81], a cavity inside the guide
permits us to select a particular frequency to be transmitted, while
the presence of a stub at the side of a waveguide leads to zeros of
transmission, removing a few frequencies from the transmission
spectrum.

Based on the above knowledge, the aim of this section is to
review, both theoretically and experimentally, the acoustic chan-
nel drops tunneling in a phononic crystal, namely the possibility
of transferring one particular acoustic wavelength between two
parallel waveguides coupled through an appropriate coupling el-
ement. The basic theoretical ideas for such a selective transfer to
occur, leaving all other neighboring states unaffected, have been
discussed thoroughly a few years ago by Fan et al. [97,98]. The phe-
nomenon was also demonstrated by a numerical simulation in a
photonic crystal. Subsequent works have adapted the same idea to
other systems or models [4,99]. In the case of the phononic crystal
discussed below, the coupling element is composed of two coupled
cavities interacting with stubs located at the sides of the two par-
allel guides (see Fig. 38).

Our ultrasonic crystal is composed of a two dimensional square
array of steel cylinders in water. The elastic parameters of the
materials are summarized in Table 2. The lattice parameter, a, is
3 mm and the diameter of cylinders is 2.5 mm, resulting in a
filling fraction of 55%. Such a phononic crystal displays an absolute
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Fig. 38. Schematic view of the phononic crystal with two waveguides coupled
through an element composed by two cavities (represented by dotted squares).
Stubs along the guides ensure the efficiency of the coupling. Extremities of the two
waveguides are labeled as ports 1–4.

Table 2
Mass density ρ, longitudinal speed of sound cL and transverse speed of sound cT of
water and steel.

Material ρ (kg m−3) cL (m s−1) cT (m s−1)

Water 1000 1490 –
Steel 7780 5825 3226

band gap ranging from 250 to 325 kHz [79]. The waveguides are
formed (Fig. 38) by removing two parallel rods of steel cylinders
along the direction of propagation (Γ X). The coupling element is
constituted by two single-mode cavities. However, to ensure an
efficient coupling between each cavity and the neighboring guides,
wehave grafted a stub to the side of the guide (Fig. 38). Let us notice
that due to the simplicity of the geometrical model we were able
to perform an experiment which is described in the second part of
this section.

Numerical simulations of the transmission responses were
obtained by using a finite-difference time-domain program.

The sample is constructed in three parts along the direction
of propagation y. The central region, which contains the finite
size inhomogeneous phononic crystal, is sandwiched between
two homogeneous media used for launching and probing the
acoustic waves. In our finite difference time domain calculation,
the structure is periodically repeated along the x direction; for
instance, in the case of Fig. 38, the unit cell along x contains 13
rows of cylinders. This number is chosen in order to obtain a good
compromise between the time needed for numerical simulations
and the efficiency of isolating each unit cell from the neighboring
ones. The space is discretized in both x and y directionswith amesh
interval of (a/50). The equations of motion are solved with a time
integration step of 4 ns with a number of steps equal to 221.

A broad bandwave packet is launched in the first homogeneous
region. The incoming wave is a longitudinal pulse, with a Gaussian
profile along the x and y directions. In the x direction, the incoming
signal covered the entrance of port 1, leaving port 2 without any
signal. The transmitted signals are recorded as a time function
at ports 2, 3 and 4 and are integrated over the cross section of
each waveguide. All transmitted spectrum, presented below in
decibels (dB)without any normalization, correspond to the Fourier
transform of the recorded signal.

Fig. 39 displays the theoretical transmission along a single
straight wave guide, either when the guide is perfect, or when a
stub is inserted at the side of the guide and when a single cavity
is inserted inside the crystal. The guide exhibits a full transmission
band of acoustic waves in the frequency range [270 kHz, 300 kHz]
that covers a large part of the phononic crystal stop band. The
insertion of the cavity (resp. a stub) gives rise to a filtering (resp.
a rejecting) of a narrow frequency domain around 290 kHz in
the transmission spectrum. It is interesting to notice that the
resonances of both defects occur almost at the same frequency
(f = 290 kHz), which again is in favor of the coupling geometry
shown in Fig. 38.

In Fig. 40, we present the theoretical transmission through
different ports of Fig. 38 when the incident signal is launched
from port 1. One can observe that the direct transmission at port
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Fig. 39. Modelised transmission spectrum (a) through a straight waveguide in the phononic crystal, in the frequency range of the absolute band gap (from 250 to 320 kHz),
(b) through a straight waveguide when a stub is inserted at the side of the guide and (c) for a single cavity inside the crystal.
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Fig. 41. (Color online). Calculated displacement field along the direction of
propagation (averaged over one period of oscillation) at the frequency f = 290 kHz.
Red color (respectively blue) corresponds to the highest (respectively lowest) value
of the displacement field given in arbitrary units.

2 drops almost to zero at the frequency of 290 kHz. At the same
time a significant peak of transmission occurs at port 3, with
magnitude comparable to the loss at port 2, while the signal at port
4 remains weak. This means that, at this frequency, the incoming
signal is essentially transferred to the second waveguide towards
port 3, leaving all other exits of the structure unaffected. In other
words, the input signal tunneled through the coupling element and
dropped inside the second waveguide.

To obtain a direct confirmation of the multiplexing pheno-
menon, the finite difference time domain computation has been
used to simulate a monochromatic source at the frequency f =

290 kHz. The computed displacement field along the direction of
propagation is displayed in Fig. 41. The transfer of the input signal
from port 1 to port 3 is clearly apparent with an absence of signal
250 300
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Fig. 42. Experimental transmission spectra for the phononic crystal structure.
The channel drop process from port 1 to 3 is observed at 290 kHz as predicted
numerically.

at port 2. Let us recall that, due to the periodicity of the structure
along the x direction, the displacement field in the exit domain
results from a superposition of the signals coming out of port 3
in two neighboring cells. At port 4, a weak signal is still observed,
probably due to the incident waves launched from the sources in
two neighboring cells.

As already mentioned, the simplicity of the structure has been
chosen with the aim of realizing the corresponding experiment.
The experimental set-up is based on the ultrasonic immersion
transmission technique [100]. A couple of wide-band-width
transmitter–receiver generators (Panasonic model 5800) produce
a short duration pulse which is applied to the source transducer
launching the probing longitudinal waves. The signal detected by
the receiving transducer is acquired by the pulser/receiver, post
amplified, and then digitized by a digital sampling oscilloscope.
To reduce random errors, 500 measurements are averaged before
a fast Fourier transform is performed to obtain the transmission
spectrum. The system is first calibrated with no sample present; a
reference signal is digitized and its spectrum is used to normalize
the subsequent transmission spectra.

The measured transmissions are displayed in Fig. 42. The con-
tinuous and dashed lines represent the transmission spectra at
ports 2 and3 respectively. As a first comment,we can observed that
the maximum value of the experimental transmission in port 2 is
10 dB less than the theoretical one (−62dB instead of−52dB). This
is due to the position of the detectorwhich is not exactly positioned
at the exit waveguide in the experimental device. However, inside
the transmission band of themain waveguide, extending from 250
to 320 kHz, we observe a drop of the amplitude at port 2 at the
frequency of 290 kHz together with an increase of the amplitude
at port 3. The amplitude at port 2 is estimated to be 15 dB lower
than the incoming signal amplitude. This means that at this fre-
quency the input signal is almost completely transferred from the
first continuumwaveguide to the second one through the coupling
element. On the other hand, the transmission peakwhich occurs at
port 3 presents a magnitude lower than the loss at port 2. This sig-
nifies that, at f = 290 kHz, the totality of the signal has not been
transmitted from port 1 to 3. We expect that the difference has
been linked to the absorption of the signal during the transfer via
the coupling element. Nevertheless, these experimental results are
in good agreement with the numerical transmission spectra pre-
sented in Fig. 40 in regards to the frequency of the phenomenon.
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3.4. Summary

The experimental results presented in this section report first
on the transmission of audible acoustic waves along waveguides
in a two-dimensional phononic crystal. We show the existence
of deaf modes in the band structure of the waveguide. We
demonstrate the possibility of resonant filtering in a linear
phononic crystal waveguidewith one single side branch resonator.
Frequency filtering takes place by reduction of the transmission
at specific frequencies within the passing band of the waveguide.
These frequencies depend on the length of the resonator. The
experimental results are in fair agreement with theoretical
calculations, especially at the lowest frequencies studied. A
waveguide with a sharp bend appears to transmit acoustic waves
without significant loss over most of the passing band of a linear
guide. Similarly to the linear guide with a resonator, transmission
along the bent waveguide is significantly reduced at some specific
frequencies which is believed to be due to interference between
incident and reflected waves near the bend. Such structures may
serve as an element in the design of devices for the treatment of
acoustic signals such as filtering.

Then we reviewed the propagation of acoustic waves through
defect-containing waveguide structures in phononic crystals com-
posed of solid constituents. First, we have considered the case of
perfect waveguides, mainly to show that the number and disper-
sion of the localized branches that contribute to transmission can
be adjusted by varying the width of the guide. In particular, the
guide can be made monomode over a large frequency range of
the phononic crystal band gap. Other geometrical structures of the
waveguide would also be interesting [71] for applications.

The transmission through the waveguide can be significantly
altered by incorporating a cavity inside or at the side of the
guide. In a cavity-containing waveguide, the transmission can be
limited to narrow frequency domains situated in the vicinity of
the characteristic frequencies of the cavity. Depending on their
symmetry, different modes can be excited and contribute to
transmission when either a longitudinal or a transverse incident
wave is launched onto the phononic crystal. The transmission
peaks can be made sharper by increasing the isolation of the
cavity. In the case of a waveguide with a cavity along its side,
the main modification in the transmission as compared to the
case of a perfect waveguide is the existence of notches that occur
at the characteristic frequencies of the cavity. The dips in the
transmission become in general deeper when the propagation
along the waveguide is made monomode. Zeros of transmission
can also be induced in the transmission spectrum by simply
coupling the waveguide to a stub. However, unlike the case of an
isolated cavity, it is more difficult to find a simple interpretation of
their frequencies, especially in the case of solid/solid composites
because the longitudinal and transverse waves are strongly
coupled together.

It would be interesting to investigate the above phenomena
in more detail for different shapes of the cavities and different
strengths of their couplingwith the guide, as well as a combination
of such defects [69–72]. A rich variety of situations may occur,
especially in view of the fact that the phononic crystal can be
composed of both solid and fluid constituents that can support
different polarizations of the waves.

We reviewed in the last subsection experimentally and nu-
merically an acoustic model of channel drop processes. The
general device is composed of two continuum waveguides and
a coupling element constituted by two cavities inserted in a
phononic crystal made of steel cylinders in water. The cavities are
coupled to thewaveguides through stubs grafted at the sides of the
guides. This basic model has been chosen to realize experimental
measurement in comparison with the theoretical simulation. We
have demonstrated that at the frequency of f = 290 kHz, we
have a complete transfer of the wave between the two continuum
through localized states of the coupling element. We have shown
that this frequency corresponds to the resonant mode of the
coupling element. Of course, the multiplexing phenomenon could
be improved or tuned by adjusting other parameters in the model
such as the diameters and the nature of the cylinders surrounding
the cavities in order to modify their interaction. Such devices
could find their applications for frequency division multiplexing
in acoustical systems.

4. Crystal plates and high-frequency radio-frequency devices

Earlier studies of bulk phononic crystals i.e. phononic crystals
assumed of infinite extent along the 3 spatial directions, have
shown that the bandwidth of the forbidden band depends strongly
on the contrast between the physical characteristics (density
and elastic moduli) of the inclusions and the matrix, as well
as the geometry of the array of inclusions, the inclusion shape
and the filling factor of inclusions [31,26,37,101]. More recently,
various authors have studied theoretically the existence of surface
acoustic waves localized at the free surface of a semi-infinite
two-dimensional phononic crystal [102–105],whereas the case of
three-dimensional phononic crystals has only been dealt more
recently [106]. A few works have also investigated the dispersion
curves of acoustic waves in a free or supported plate for one-
dimensional [107–109] or two-dimensional [110–116] phononic
crystals. The existence of band gaps in such geometries may
be useful for the purpose of introducing functionalities such
as waveguiding and filtering in integrated structures. They can
operate at the frequencies of telecommunications (about 1 GHz)
when the thickness of the plate is in the micron range. Let us
alsomention two experiments dealingwith the study of vibrations
in a periodical array of dots deposited on a substrate in the GHz
regime [117,118].

4.1. The phononic crystal plate

4.1.1. Introduction
In this subsection, we report on band gap properties and

applications of two phononic crystal based structures, namely the
phononic crystal plate and the periodical array of dots deposited
on a thin substrate.

For the first geometry considered in this section, the parallel
inclusions are of cylindrical shape and the surface considered is
perpendicular to their axis. Various arrays of inclusions [102,103],
crystallographic symmetries of the component materials [104],
and also the piezoelectricity of one of the constituents [105]
were taken into account by several authors. In these studies, the
same method of computation of the surface acoustic wave band
structure was applied. This method is based on the plane wave
expansion method [31,26,37] with surface acoustic waves explic-
itly searched as solutions of the Fourier-transformed equation of
propagation, exponentially decreasing along the cylinders’ direc-
tion and by imposing the proper boundary conditions on the free
surface. This method initially developed by Tanaka et al. [102] for
semi-infinite two-dimensional phononic crystals exhibiting a sin-
gle free surface was applied to compute the band structures of
two-dimensional phononic crystal plates, with two free surfaces
[119,120]. For example, the symmetric Lamb mode band struc-
tures of two-dimensional phononic crystal plates composed of tri-
angular arrays of W cylinders in an Si background were calculated
[119]. More recently, Charles et al. [120] reported on the band
structure of a slab made of a square array of Fe cylinders embed-
ded in a Cu matrix. Nevertheless, no absolute stop bands were re-
ported in these studies. Hsu and Wu [111] combined Mindlin’s



260 Y. Pennec et al. / Surface Science Reports 65 (2010) 229–291
plate theory and the plane wave expansion method for the cal-
culation of the lower dispersion curves in the band structure of
two-dimensional gold/epoxy phononic crystal plates. While accu-
rate, this method however is restricted to thin plates. Moreover,
Manzanares-Martinez and Ramos-Mendieta have also considered
the propagation of acoustic waves along a surface parallel to the
cylinders in a two-dimensional phononic crystal [121]. R. Sainidou
et al. investigated with the help of the layer-multiple scattering
method, the guided elastic waves in a glass plate coated on one
side with a periodic monolayer of polymer spheres immersed in
water [122]. From the experimental point of view, Wu et al. [123,
124] observed high frequency surface acoustic waves with a pair
of interdigital transducers placed on both sides of a very thick sil-
icon plate in which a square array of holes was drilled. Similar
experiments were conducted by S. Benchabane et al. on a two-
dimensional square lattice piezoelectric phononic crystal etched
into lithium niobate [125]. Zhang et al. [126] have shown the ex-
istence of gaps for acoustic waves propagating at the surface of
an air/aluminium two-dimensional phononic crystal plate through
laser ultrasonic measurements.

In this subsection [115,113], we use a supercell plane wave
expansion method to calculate the band structure of a two-
dimensional phononic crystal plate of finite thickness along the
axis of the cylinders. We highlight the differences between two-
dimensional bulk phononic crystal dispersion curves and the
band structure of the phononic crystal plate. We investigate the
influence of the constituent materials, of the plate thickness, and
of the geometry of the array on the band structure. Furthermore
we identify the conditions for convergence of the supercell plane
wave expansion method in terms of the contrast in the physical
properties of the constituent materials of the phononic crystal
plate. We focus on two-dimensional phononic crystal plates made
of solid cylindrical inclusions embedded in a solid material and
on arrays of air holes drilled in a solid matrix. In the case of
air holes/solid matrix phononic crystal plates, we characterize
the optimum conditions for the existence of wide absolute
forbidden bands upon variations of the thickness of the plate. We
demonstrate that removing cylinders in a phononic crystal plate
with a forbidden band to form a waveguide leads to the existence
of guided acoustic modes.

4.1.2. Models and plane wave expansion

4.1.2.1. Plane wave expansion method for bulk phononic crystals.
We first briefly recall the basic principles of the plane wave
expansion method used for the calculation of the band structures
of bulk two-dimensional phononic crystals. The presentation given
here is more general than the one of Section 2 where we assumed
that the transverse modes can be decoupled from the modes with
the two other polarizations. Two-dimensional phononic crystals
are modeled as periodic arrays of infinite cylinders of different
shapes (circular, square, etc.) made up of a material A embedded
in an infinite matrix B. Elastic materials A and B may be isotropic
or of specific crystallographic symmetry. The elastic cylinders
are assumed parallel to the z axis of the Cartesian coordinate
system (O, x, y, z). The intersections of the cylinders axis with
the (xOy) transverse plane form a two-dimensional periodic array
and the nearest neighbor distance between cylinders is a. The
two-dimensional primitive unit cell may contain one cylinder, or
more. The filling factor, fi, of each inclusion is defined as the ratio
between the cross-sectional area of a cylinder and the surface of
the primitive unit cell.

In the absence of an external force, the equation of propagation
of the elastic waves in any composite material is given as:

ρ(r)
∂2ui(r, t)

∂t2
=

−
j,m,n

∂

∂xj


Cijmn(r)

∂un(r, t)
∂xm


(35)
a

b

Fig. 43. Transverse cross-section of the square (a) and of the graphite (b) arrays.
The cylinders are parallel to the z direction. The dotted lines represent the primitive
unit cell of the two-dimensional array.

where ui(r, t) is a component (i ≡ x, y, z) of the elastic
displacement field. The elements Cijmn (i, j,m, n = 1, . . . , 6) of
the elastic stiffness tensor and the mass density ρ are periodic
functions of the position vector, r = (r//, z) = (x, y, z).
In the particular case of bulk phononic crystals, i.e. assumed of
infinite extent along the three spatial directions x, y and z, the
elastic constants and the mass density do not depend on z. Then
taking advantage of the two-dimensional periodicity in the (xOy)
plane, they can be expanded in Fourier series in the form:

Cijmn(r//) =

−
G//

Cijmn(G//)eıG//·r// (36)

ρ(r//) =

−
G//

ρ(G//)eıG//·r// (37)

where G// = (Gx,Gy) is a two-dimensional reciprocal-lattice
vector. One writes, with the help of the Bloch theorem, the elastic
displacement field as:

u(r) = eı(ωt−K//·r//−Kz z)
−
G//

uK(G//)eıG//·r// (38)

where K = (K//, Kz) = (Kx, Ky, Kz) is a wave vector and ω
an angular frequency. If one assumes that Kz = 0 then the
vibrations in the (xOy) plane (called XY or mixed-polarization
modes) decouple from those parallel to the z direction denoted
Z modes (transverse modes) [31,37]. Substituting Eqs. (36)–(38)
into Eq. (35) leads to a standard eigenvalue equation for which
the size of the matrices involved depends on the number of
two-dimensional G// vectors taken into account in the Fourier
series. The numerical resolution of the eigenvalue equation is
performed along the principal directions of propagation of the two-
dimensional irreducible Brillouin zone of the array of inclusions.

In this subsection, phononic crystals with square lattice and
graphite array are considered (see Fig. 43). For a square lattice
of inclusions (see Fig. 43(a)), with one cylinder of filling factor f
located at the center of the two-dimensional primitive unit cell,
the Fourier coefficients in Eqs. (36) and (37) are given as:

ζ (G//) =
1
Au

∫∫
primitive
unit cell

 ζ (r//)e−ıG//·r//d2r//

=


f ζA + (1 − f )ζB, if G// = 0
(ζA − ζB)F(G//), if G// ≠ 0 (39)
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where ζ ≡ ρ, Cijmn, and Au, is the area of the two-dimensional
primitive unit cell. F(G//) is the structure factor defined as:

F(G//) =
1
Au

∫∫
(A)

e−ıG//·r//d2r//. (40)

In Eq. (40), the integral is performed over the cross-section of the
inclusion. For cylinders of circular cross-section of radius R, the
structure factor is:

F(G//) = 2f
J1(G//R)
G//R

(41)

where J1 is the Bessel function of the first kind, f = πR2/a2 and
0 ≤ f ≤ π/4. The components of the two-dimensional reciprocal
lattice vectors G// are Gx =

2π
a nx and Gy =

2π
a ny where nx and

ny are integers. In the course of the numerical calculations, we
consider −Mx ≤ nx ≤ +Mx and −My ≤ ny ≤ +My (with Mx and
My positive integers) i.e. that (2Mx+1)(2My+1) two-dimensional
G// vectors (Gx andGy have (2Mx+1) and (2My+1)different values,
respectively) are taken into account. This gives 3(2Mx+1)(2My+1)
eigenfrequencies ω for a given wave vector K.
In the graphite network (see Fig. 43), the inclusions are located at
the vertices of a regular hexagon and the distance between two
nearest neighbors is a. The two-dimensional primitive unit cell
with a lozenge pattern of side a

√
3 contains two identical cylinders

of filling factors f1 and f2, located at τ i (i = 1, 2) and the Fourier
coefficients become:

ζ (G//) =


f ζA + (1 − f )ζB, if G// = 0

(ζA − ζB)F(G//)


e−ıG//·τ1 + e−ıG//·τ2

2


,

if G// ≠ 0

(42)

where F(G//) has the samemeaning as above, f = f1+f2 is the total
filling factor of inclusionwith f1 = f2 = 2πR2/3

√
3a2 (0 ≤ f1, f2 ≤

π/6
√
3) for cylindrical inclusions. The components of the two-

dimensional reciprocal lattice vectors G// are Gx =
2π
a
√
3
(nx − ny)

and Gy =
2π
a
√
3
(
nx+ny

√
3

) where nx and ny are integers [37].

4.1.2.2. Planewave expansionmethod for phononic crystal plates. To
calculate the elastic band structures of two-dimensional phononic
crystal plates, one modifies the plane wave expansion method
presented above. The phononic crystal plate of thickness, h2, is
assumed infinite in the (xOy) plane of the Cartesian coordinate
system (O, x, y, z). The plate is sandwiched between two slabs of
thicknesses h1 and h3, made of elastic homogeneous materials C
and D, see Fig. 44(a). In the course of the numerical calculations,
one considers the parallelepipedic supercell depicted in Fig. 44(b).
The basis of the supercell in the (xOy) plane includes that of
the two-dimensional primitive unit cell (which may contain one
cylinder or more) of the array of inclusions and its height along
the z direction is ℓ = h1 + h2 + h3. This supercell is repeated
periodically along the x, y and z directions. This triple periodicity
allows one to develop the elastic constants and themass density of
the constituent materials as Fourier series as:

ζ (r) =

−
G

ζ (G)eıG·r (43)

where r = (r//, z) = (x, y, z) and G = (G//,Gz) = (Gx,
Gy,Gz) are three-dimensional position vectors and reciprocal lattice
vectors respectively.Moreover the elastic displacement field can be
written as

u(r) = eı(ωt−K//·r//−Kz z)
−
G

uK(G)eıG·r. (44)
a b

Fig. 44. (a) Two-dimensional phononic crystal plate sandwiched between two
slabs of homogeneous materials, and (b) three-dimensional supercell considered
in the course of the supercell-plane wave expansion computation.

The components in the (xOy) plane of the G vectors depend on
the geometry of the array of inclusions (see above) while along
the z direction, Gz =

2π
ℓ
nz where nz is an integer. The Fourier

coefficients in Eq. (44) are now given as:

ζ (G) =
1
Vu

∫∫∫
(super cell)

ζ (r)e−ıG·rd3r (45)

with Vu = Au.ℓ is the volume of the supercell.
For a square array of inclusions, the Fourier coefficients become:

ζ (G) =


f ζA


h2

ℓ


+ (1 − f )ζB


h2

ℓ


+ ζC


h1

ℓ


+ ζD


h3

ℓ


, if G = 0

(ζA − ζB)F s
I(G) + (ζC − ζB)F s

II(G)
+ (ζD − ζB)F s

III(G), if G ≠ 0

(46)

with

F s
I(G) =

1
Vu

∫∫∫
(A)

e−ıG·rd3r

= F(G//)


sin

Gz

h2
2



Gz

h2
2

 
.


h2

ℓ


(47a)

F s
II(G) =

1
Vu

∫∫∫
(C)

e−ıG·rd3r

=


sin

Gx

a
2


Gx

a
2

 
.


sin

Gy

a
2


Gy

a
2

 
.


sin

Gz

h1
2



Gz

h1
2

 

×


h1

ℓ


.e

−ıGz


h1+h2

2


(47b)

F s
III(G) =

1
Vu

∫∫∫
(D)

e−ıG·rd3r

=


sin

Gx

a
2


Gx

a
2

 
.


sin

Gy

a
2


Gy

a
2

 
.


sin

Gz

h3
2



Gz

h3
2

 

×


h3

ℓ


.e

−ıGz


h2+h3

2


. (47c)

In Eq. (47), the integration is performed over the volume
occupied by eachmaterial A, C , orD inside the unit cell. In Eq. (47a),
F(G//) is the structure factor defined by Eq. (41) for cylindrical
inclusions. For the graphite network, the Fourier coefficients
become



262 Y. Pennec et al. / Surface Science Reports 65 (2010) 229–291
ζ (G) =



f ζA


h2

ℓ


+ (1 − f )ζB


h2

ℓ


+ ζC


h1

ℓ


+ ζD


h3

ℓ


, if G// = 0

(ζA − ζB)F g
I(G)


e−ıG//·τ1 + e−ıG//·τ2

2


+ (ζC − ζB)F g

II(G) + (ζD − ζB)F g
III(G),

if G ≠ 0

(48)

with

F g
I(G) =

1
Vu

∫∫∫
(A)

e−ıG·rd3r

= F(G//)


sin

Gz

h2
2


(Gz

h2
2 )


.


h2

ℓ


(49a)

F g
II(G) =

1
Vu
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(C)
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x
a
√
3
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√
3
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(49b)

F g
III(G) =

1
Vu
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(D)
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√
3
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(49c)

where
G′

x =
Gx +

√
3Gy

2

G′

y =
−Gx +

√
3Gy

2
.

(50)

As for the bulk phononic crystals, the equation of motion
is Fourier transformed by substituting Eqs. (43) and (44) in
Eq. (35) and one has again to resolve a standard eigenvalue
equation. The numerical resolution of this eigenvalue equation is
performed along the principal directions of propagation of the two-
dimensional irreducible Brillouin zone of the array of inclusions
while Kz is fixed to any value lower than π

ℓ
. In the course of the

numerical calculations, Gx, Gy and Gz take respectively (2Mx + 1),
(2My + 1) and (2Mz + 1) discrete values and this leads to 3(2Mx +

1)(2My + 1)(2Mz + 1) eigenfrequencies for a given wave vector K.
The supercell method requires an interaction as low as pos-

sible between the vibrational modes of neighboring periodically
repeated phononic crystal plates. Then, in order to allow the top
surface of the plate to be free of stress, medium C should behave,
for instance, like a vacuum [121]. But, as already observed by var-
ious authors [121,127,63], the choice of the physical parameters
characterizing vacuum in the course of the plane wave expansion
computations is of critical importance. Indeed, in the framework
of the plane wave expansion method, taking abruptly Cijmn = 0
and ρ = 0 for vacuum leads to numerical instabilities and un-
physical results [121,127,63]. Then the vacuum must be modeled
as a pseudo-solid material with very low Cijmn and ρ. For the sake
of simplicity, this low impedance medium is supposed elastically
isotropic and is characterized by a longitudinal speed of sound cℓ,
and a transversal speed of sound ct or equivalently by two elastic
moduli expressed with the Voigt notation as C11 = ρcℓ2 and C44 =

ρct2. The choice of the values of these parameters is governed by
the boundary condition between any solid material and vacuum.
Indeed, one knows that this interfacemust be free of stress and this
requires that C11 = 0 and C44 = 0 rigorously in vacuum [105,121].
Then, using the low impedance medium to model the vacuum in
the planewave expansion computations, the non-vanishing values
of these parameters must be as small as possible and we consider
that the ratio between the elastic moduli of the low impedance
medium and those of any other solid material constituting the
phononic crystal must approach zero. We choose cℓ and ct to be
much larger than the speeds of sound in the usual solid materials
in order to limit propagation of acoustic waves to the solid. Large
speeds of sound and small elastic moduli impose a choice of a very
low mass density for the low impedance medium. More specifi-
cally, we choose ρ = 10−4 kgm−3 and cℓ = ct = 105 m s−1 i.e. the
acoustic impedances of the low impedance medium are equal to
10 kg m−2 s−1. With these values C11 = C44 = 106 N m−2 and
the elastic constants of the low impedance medium are approxi-
mately 104 times lower than those of any usual solid material that
are typically of the order of 1010 N m−2. The values we choose
for C11 and C44 are a compromise to achieve satisfactory conver-
gence of the plane wave expansionmethod and still satisfy bound-
ary conditions. Values of the elastic constants of the low impedance
medium lower than 104 N m−2 can have, in some cases, effects on
the numerical convergence. We choose C11 = C44 for convenience.
In the course of the plane wave expansion calculations, these val-
ues of the low impedance medium physical characteristics allow
one to model the vacuum without numerical difficulties. One can
also note that our choice of unphysical high speeds of sound for the
low impedance medium such as 1

c2
ℓ

=
1
c2t

−→ 0 is consistent with

the numerical condition ρAir

CAir
ijmn

−→ 0, derived by Y. Tanaka et al. for

computing accurately the plane wave expansion bulk band struc-
tures of air/solid two-dimensional phononic crystals [63].

In the supercell, medium D can be either a vacuum or a
homogeneousmaterial depending onwhether onewants tomodel
a phononic crystal plate or a structure made of a phononic crystal
plate deposited on a substrate of finite thickness. Throughout the
present section, we restrict ourselves to isotropic materials A, B
andDor to constituents of cubic crystallographic symmetry. Finally
with our numerical method, computations of dispersion curves of
phononic crystal plates with Kz = 0 and with any other non-
vanishing value of Kz , lower than π

ℓ
, lead to nearly the same result.

Indeed the eigenvalues computed with Kz = 0 and Kz ≠ 0 differ
only in their third decimal. This indicates that the homogeneous
slabs C and D made of the low impedance medium modeling a
vacuum rigorously provide appropriate decoupling of the plate
modes of vibration in the z direction. Then, throughout this section,
the value of Kz has been fixed to zero.

In what follows, we give numerical results for different types of
crystal plates.

4.1.3. Solid/solid two-dimensional phononic crystal plates

4.1.3.1. Low contrast solid/solid systems. We first apply our super-
cell plane wave expansion method to the calculation of the band
structure of a phononic crystal platemade of a square array (lattice
parameter a) of iron cylinders, of circular cross section of radius R,
embedded in a copper background. Fe and Cu arematerials of cubic
crystallographic symmetry and their physical properties (density
and elastic constants) present a low contrast [120] (see Table 3).

The filling factor (f = πR2/a2) and the thickness of the plate
are f = 0.564 and h2 = 0.7a, respectively. Fig. 45(a) shows the
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Table 3
Mass density ρ and elastic constants C11 , C12 and C44 of Fe, Cu, steel, epoxy and Si.

Material ρ (kg m−3) C11 (1010 N m−2) C12 (1010 N m−2) C44 (1010 N m−2)

Fe (cubic) 7867 22.6 14.0 11.6
Cu (cubic) 8932 16.83 12.21 7.57
Steel (isotropic) 7780 26.4 – 8.1
Epoxy (isotropic) 1142 0.754 – 0.148
Si (cubic) 2331 16.578 6.394 7.962
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Fig. 45. (a) Planewave expansion elastic band structures for the bulk two-dimensional phononic crystal (open squares) and the phononic crystal plate of thickness h2 = 0.7a
(black filled circles) made of a square array of Fe cylinders of cylindrical cross section embedded in a Cu background with f = 0.564. 169 and 343 (i.e. Mx = My = 6 and
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andM points are 2π

a (0, 0), 2π
a ( 1

2 , 0) and 2π
a ( 1

2 , 1
2 ). A dimensionless frequency ωa/ct Cu where ct Cu is the transverse speed of sound in Cu, is reported on the vertical axis. (b)

Supercell-plane wave expansion (black filled dots) and finite element method (black crosses) band structures of the same plate. Note the excellent agreement between the
band structures of the plate derived from the two methods of calculation.
band structure of the bulk phononic crystal (hollow squares) and
of the phononic crystal plate (black filled dots). The band structure
of the bulk phononic crystal was computedwith the classical plane
wave expansion method (see the above subsection on the plane
wave expansion method for bulk phononic crystals). Applying the
supercell plane wave expansion method, one obtains the disper-
sion curves of the plate. In this case,materials C andD aremade of a
low impedancemediumand the thicknesses h1 and h3 were chosen
equal to a. 169 and 343 (i.e.Mx = My = 6 andMx = My = Mz = 3)
reciprocal lattice vectors were taken into account for the compu-
tations of the band structures of the bulk phononic crystal and of
the phononic crystal plate, respectively. This choice of the number
of reciprocal lattice vectors assures a good precision for the dis-
persion curves. One observes the characteristic nearly-parabolic
shape in the vicinity of the Γ point of the antisymmetric Lamb
mode A0. This is the slowest of themodes starting at theΓ point. In
this particular structure, the symmetric Lambmode S0 and the first
transverse mode nearly overlap. These band structures are nearly
the same as those published in Ref. [120]. In this reference, the
dispersion curves of the plate were derived with the help of the
plane wave expansion method, by imposing the stress free bound-
ary conditions on the top and bottom surfaces of the plate [120].
However this latter method requires sampling of both wave vector
and frequency while the supercell plane wave expansion method
generates the eigenvalues (frequencies) by sampling only over the
wave vector. In the case of the Fe/Cu system, the supercell plane
wave expansion method achieves satisfactory convergence at a
lower computational cost than the plane wave expansion method
with stress free surface boundary conditions. Slight differences oc-
cur between the values of the eigenfrequencies computedwith our
supercell plane wave expansion method and those obtained by C.
Charles et al., especially for modes of higher order. This can be at-
tributed to a better convergence of our method due to the larger
number of reciprocal lattice vectors taken into account (343 com-
pared to 25). Moreover, Fig. 45(a) does not exhibit some pseudo-
modes without physical meaning which can occur when solving
the Fourier transform of the equations of propagation with stress
free boundary conditions at the surfaces [102,103]. One notes also
that due to the very low contrast between the elastic constants
and density of Fe and Cu, these band structures do not exhibit an
absolute band gap. To verify the validity of the application of the
supercell-planewave expansionmethod to lowcontrast solid/solid
systems, the band structure of the same plate was also calculated
using the finite elementmethod [128,129]. In all finite element cal-
culations reported in this paper, we have insured that the finite
element mesh is fine enough for complete convergence of the fi-
nite element band structure. These finite element band structures
are subsequently used as reference for characterizing the rate of
convergence of the supercell plane wave expansion method. The
supercell plane wave expansion (black filled dots) and finite ele-
ment (black crosses) plate band structures are plotted in Fig. 45(b).
One observes the excellent agreement between the results derived
from the two calculation methods. This indicates the very good
convergence of our supercell plane wave expansion method for
low contrast solid/solid two-dimensional phononic crystal plates
with a reasonably small number of plane waves (i.e. 343) taken
into account. The calculations reported in Fig. 45(b)were donewith
h1 = h3 = a. We have verified the agreement between the super-
cell plane wave expansion and the finite element band structures
for h1 and h3 varying from 0.5a to 1.5a. This range of thickness for
media C andD effectively forbid the interaction between the vibra-
tionalmodes of neighboringperiodically repeatedphononic crystal
plates. Subsequently we fixed h1 = h3 = a.

Finally, we also checked that our supercell-plane wave expan-
sion method leads to similar results to those published by Tanaka
et al. [102] for another low contrast solid/solid system namely
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a two-dimensional semi-infinite phononic crystal composed of a
square array of AlAs cylinders in a GaAs matrix. For this, we in-
creased the thickness of the plate to a value of three times the
lattice parameter and verified that the zero order symmetric and
antisymmetric plate modes fuse into the Rayleigh wave propagat-
ing at the free surface of a two-dimensional semi-infinite phononic
crystal. Our supercell plane wave expansion band structure in-
cludes additional bands that arise from the finite thickness of the
plate. As the thickness increases further the number of extra bands
increases. However due to the limited number of reciprocal vectors
that can be taken into account, the convergence of the numerical
calculations fails when considering a very large thickness of the
plate [112].

4.1.3.2. High contrast solid/solid systems. Here we consider the
case of two-dimensional phononic crystal plates made of arrays of
steel inclusions embedded in epoxy resin. These solids possess very
different densities and elastic constants and the bulk phononic
crystal exhibits very large absolute band gaps provided the filling
factor of inclusion is sufficiently large [26]. Steel and epoxy
resin are isotropic materials and their physical characteristics are
reported in Table 3 [60].

Fig. 46(a) shows the supercell plane wave expansion band
structure in the Γ X direction of propagation, of a phononic crystal
plate composed of inclusions of circular cross section placed on
a square array with thickness h2 = a. The filling factor f (=
πR2/a2) is equal to 0.564. The results are rendered in terms of a
reduced frequency Ω = ωa/2πCt , versus a reduced wave vector

k = Ka/2π where ct =


C44/ρ =

√
C44(G = 0)/ρ(G = 0)

is an average transverse speed of sound. Here the calculation is
done with Mx = My = 6,Mz = 2. For comparison, the finite
element band structure of the same plate is reported in Fig. 46(b).
Although the shape of the dispersion curves is quite similar in the
supercell plane wave expansion and finite element calculations,
the values of the eigenfrequencies differ significantly by about
15%. This result suggests that the supercell plane wave expansion
method with Mx = My = 6,Mz = 2 has not converged for
the high contrast solid/solid phononic crystal plate. In Fig. 47, we
analyze the convergence of the supercell plane wave expansion
method at the X point of the square Brillouin zone for a steel/epoxy
phononic crystal plate of thickness h2 = a and f = 0.564 by
varying Mx, My and Mz i.e. the number of plane waves. On the one
hand, for this relatively small thickness of the plate, the supercell
plane wave expansion eigenfrequencies appear to be significantly
less sensitive to the choice ofMz thanMx = My. On the other hand,
comparison with the finite element method shows that even with
1575 plane waves (i.e. Mx = My = 8,Mz = 2) the frequencies
have not converged and remain about 10% above the finite element
results. Note that this pathological lack of convergence for high
contrast solid/solid systems is also observed in the plane wave
expansionmethodwith stress free boundary conditions [120,111].
This problem also arises in the calculation of the band structure of
bulk high contrast two-dimensional phononic crystals [31,26,101,
37]. For example, in steel/epoxy bulk two-dimensional phononic
crystals, the plane wave expansion eigenvalues start to converge
satisfactorily for Mx = My = 12. It seems that all the plane
wave expansion-based methods introduced to date for computing
the band structures of high contrast solid/solid two-dimensional
phononic crystal plates suffer from convergence difficulties and do
not constitute a reliable numerical tool in this case [111,112].

4.1.4. Air inclusion phononic plates and wave guiding
Since in all band structures reported previously the reduced

frequency Ω scales as the inverse of the lattice parameter of the
array of inclusions, a, the domain of frequency where forbidden
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Fig. 46. Band structures along the Γ X direction of propagation of a two-
dimensional phononic crystal plate composed of a square array of steel cylinders
embedded in an epoxy matrix calculated with (a) the supercell-plane wave
expansion method and (b) the finite element method. The supercell-plane wave
expansion calculation used Mx = My = 6,Mz = 2 i.e. 845 plane waves. The filling
factor of inclusions and the thickness of the plate are f = 0.564 and h2 = a.

band gaps may occur also scales as 1/a. The design of phononic
crystal plates with forbidden gaps in the mega- or gigahertz range
requires periodicity of the array of inclusions of the order of the
micro- or the nanometer. From an experimental point of view,
the realization at this scale of two-dimensional phononic crystals
composed of two different solid materials is a very challenging
task while actual techniques based, for example, on reactive ion
etching (RIE), focused ion beam (FIB) or interference lithography
allow one to drill relatively easily a regular network of holes in a
solid [105,130]. Consequently, with the aimof designing structures
exhibiting absolute band gaps at very high frequencies that can
be fabricated experimentally, we focus our attention on arrays of
holes drilled in a solid matrix. We consider two types of matrix
materials, namely steel and silicon.

4.1.4.1. Air/isotropic matrix systems. Fig. 48 shows the elastic band
structure of a phononic crystal plate made of a square array of
cylindrical holes in steel calculated with the supercell plane wave
expansion method with Mx = My = 4,Mz = 2 and the finite
element method. With these constituent materials, the choice
of the filling factor is of particular importance. Indeed, most of
the theoretical and experimental studies conducted on bulk two-
dimensional phononic crystals have shown that larger gaps are
obtained when the inclusions are made of the stiffer material [31,
37]. Nevertheless, a very compact array of holes, for example, a
square array of holes drilled in a solid with a filling factor near the
close packed value (i.e. f = π/4 or R/a = 0.5), can be visualized
as a square array of singular shape solid inclusions embedded
in air. Consequently one may expect large gaps for a high filling
factor of holes [131]. This is indeed observed in Fig. 48 where
f = 0.7 i.e. R/a = 0.472. In the course of the supercell plane
wave expansion numerical calculations, the material inside the
holes i.e. air was modeled by the low impedancemedium depicted
in the subsection on the plane wave expansion method for plates.
With these very large contrast material constituents the supercell
plane wave expansion band structure has converged to the finite
element results with 405 plane waves. It is worth noting that the
air inclusions are not included in the finite elementmesh and their
effect is accounted for through stress free boundary conditions at
the surface of the holes.We further analyze the rate of convergence
of the supercell plane wave expansion method as a function of the
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Fig. 48. Band structure of a two-dimensional phononic crystal plate composed of a square array of holes drilled in a steel plate calculated with (a) the supercell-plane wave
expansion method and (b) the finite element method. The supercell-plane wave expansion calculation used Mx = My = 4,Mz = 2 i.e. 405 plane waves and the air holes
were modeled with the low impedance material. The filling factor of inclusions and the thickness of the plate are f = 0.7 and h2 = a. Note the excellent agreement between
the eigenvalues of the two band structures.
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Fig. 50. Supercell-plane wave expansion band structures for the bulk two-dimensional phononic crystal (open squares) and the phononic crystal plate of thickness
h2 (black filled circles) made of a square array of air (low impedance material) holes embedded in silicon with f = 0.7. (a) h2 = 0.1a; (b) h2 = 0.55a;
(c) h2 = 2a. The dashed area in (b) shows the absolute band gap for the plate. The supercell-plane wave expansion calculation used Mx = My = 4,Mz = 2 i.e. 845
plane waves.
number of plane waves taken into account in the Fourier series
expansion in Fig. 49 at the X point of the Brillouin zone. This figure
shows that good convergence is achieved for the lower 20 bands
with the number of plane waves greater or equal to 405. In the
case of Fig. 48, where 405 plane waves were taken into account,
the worst convergence in reduced frequency is less than 2% of the
fully converged finite element eigenfrequency. We also observed
an overall agreement between the band structures obtained by
Langlet on arrays of cylindrical holes drilled in PVC plates applying
the finite element method [128] and that calculated with the
supercell plane wave expansion method using a low impedance
medium as the inclusion material. This agreement is achieved
with Mx = My = Mz = 3. All our numerical results using
the low impedance medium as the inclusion material suggest
that the supercell plane wave expansion method provides a mean
of calculating the band structure of air/solid two-dimensional
phononic crystal plates reliably with a reasonably small number
of plane waves in the Fourier series expansion and this over a wide
range of matrix materials.

4.1.4.2. Air/cubic matrix systems. With a reasonably fast converg-
ing supercell plane wave expansion method for air/solid sys-
tems, we now investigate a two-dimensional phononic crystal
plate composed of amaterial commonly used inmicro-fabrication,
namely silicon. The first plate is composed of a square array of
air holes. Fig. 50 reports the elastic band structures of the bulk
phononic crystal and of phononic crystal plates with varying thick-
nesses for a filling factor fixed to 0.7. The plate modes differ signif-
icantly from the bulk band structures. The thin (h2 = 0.1a) and
thick plates (h2 = 2a) of Fig. 50(a) and (c) do not exhibit a band
gap. An absolute band gap occurs in Fig. 50(b) for a plate thick-
ness of 0.55a. The complete evolution of the gap width with the
ratio h2/a is presented in Fig. 51 showing the closing of the gap for
thicknesses below 0.2a and above 0.9a. One may search for larger
band gaps with the same constituent materials by changing the
geometry of the array of inclusions. Indeed, it is well known that
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Fig. 51. Location andwidth of the band gap versus the ratio of the plate thickness h2
to the lattice parameter a for air/silicon phononic crystal plate with a square array
of holes. All other parameters (f ,Mx , My ,Mz ) are the same as those of Fig. 50.

bulk phononic crystal geometry plays a fundamental role in de-
signing large elastic band gaps. Subsequently we investigated the
dispersion curves of two-dimensional phononic crystal plates with
the graphite structure. Fig. 52 shows the bulk band structure (hol-
low squares) and the dispersion curves of a phononic crystal plate
(black filled circles) for a graphite array of holes in silicon with
f1 = f2 = 0.25 i.e. a total filling factor f of inclusions equal to 0.5,
smaller than the close-packing value of 0.604. We consider plates
of varying thicknesses. The characteristic ‘‘lattice’’ parameter of the
graphite array is not a but rather a

√
3 i.e. the length of the sides of

the two-dimensional primitive unit cell of the graphite array (see
Fig. 43). Then we study the evolution of the band structure of the
plate as a function of the ratio between the plate thickness h2 and
a
√
3. As in the previous cases, the band structure of the plate differs

from that of the infinite phononic crystal. On the other hand, the
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Fig. 52. Supercell-planewave expansion band structures for the bulk two-dimensional phononic crystal (open squares) and the phononic crystal plate of thickness h2 (black
filled circles) made of a graphite array of air (low impedance material) holes embedded in silicon with f = f1 + f2 = 0.5. (a) h2

a
√
3

= 0.1; (b) h2
a
√
3

= 0.58; (c) h2
a
√
3

= 1.15.

The results are rendered in terms of a reduced frequency Ω = ωa
√
3/2πct versus a reduced wave vector k = Ka

√
3/2π where ct =


C44/ρ =

√
C44(G = 0)/ρ(G = 0) is

an average transverse speed of sound. The inset represents the first Brillouin zone (Γ JX) of the graphite array. The components of the wave vector K at the Γ , J and X points
are 2π

a
√
3
(0, 0), 2π

a
√
3
( 2
3 , 0) and 2π

a
√
3
( 1
2 , 1

2
√
3
). The supercell-plane wave expansion calculation usedMx = My = 4,Mz = 2 i.e. 845 plane waves.
width of the full band gap centered around Ω ≈ 0.6 in Fig. 52(b)
is markedly larger than the gaps reported in the case of the square
array. As previously, the existence of this absolute stop band de-
pends on the thickness h2 of the plate and the optimum value of h2

is of the order of magnitude of 0.58a
√
3. In Fig. 52(c), the absolute

band gap remains for a thickness of 2a
√
3. In Fig. 53, we present

the position and width of the first band gap as a function of the ra-
tio h2/a

√
3. Fig. 53 shows that the absolute band gap vanishes for

h2/a
√
3 < 0.2. For the graphite structure, the band gap does not

close before the ratio h2/a
√
3 exceeds 1.15. One observes that the

larger gap appears for h2/a
√
3 ≈ 0.58. Then the variation of the

gap width with the ratio between the thickness of the plate and
the characteristic ‘‘lattice’’ parameter for both square and graphite
networks of holes scales in a similar way. Moreover, while for the
square array of holes, absolute band gaps were obtained for filling
factors approaching the close-packed value for which cylinders are
in contactwith one another, the graphite network showswide gaps
for non-contacting cylinders. Consequently, the technical realiza-
tion of phononic crystals made of holes in a solid matrix exhibit-
ing absolute stop bands at very high frequencies is probably much
easier when the holes are arranged upon a graphite array than a
square network especially at the scale of a thin plate. Moreover,
we have verified that the effect of the geometry of the inclusion
(square rather than cylindrical inclusion) in that case of an air/solid
two-dimensional phononic crystal plate is minimal as already ob-
served in bulk phononic crystals [101].

4.1.4.3. Waveguide in air/silicon two-dimensional phononic crystal
plate. Bulk phononic crystals containing rectilinear defects have
been shown to guide elastic waves efficiently [95,88,132,16].
Moreover surface acoustic waves can also be guided in defective
semi-infinite two-dimensional phononic crystals [133]. Sun et al.
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Fig. 53. Location andwidth of the band gap versus the ratio of the plate thickness h2
to the characteristic lattice parameter a

√
3 for an air/silicon phononic crystal plate

with a graphite array of holes. All other parameters (f , Mx , My , Mz ) are the same as
those of Fig. 52.

and Chen et al. investigated the propagation of elastic waves
through waveguides in a two-dimensional phononic crystal plate
made of solid constituents [134,135]. In addition to the calculation
of band structures of perfect two-dimensional phononic crystal
plates, the supercell plane wave expansion method can also be
extended to study wave propagation in defective plate structures.
More specifically, we consider a phononic crystal composed of a
square array of low impedance medium holes in an Si plate with
a filling fraction f = 0.7. Here we extend the supercell plane
wave expansion method to the calculation of the band structure
of two-dimensional phononic crystal plates with a linear defect of
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variable width. The guide is obtained by removing a row of holes
along the x direction and varying the distance between the two
neighboring rows of holes. This is done numerically by considering
a rectangular supercell of width along the x direction equal to a
and a length along the y direction, Ly > a. The thickness of the
supercell along the z direction remains equal to ℓ = h1 + h2 + h3.
The structure of the defected supercell is illustrated in Fig. 54.
In this figure, αa represents the separation distance between the
edges of the two unit cells adjacent to the waveguide. αa is an
adjustable geometrical parameter. For α = 0, the structure is that
of a supercell containing Ncyl holes arranged on a perfect square
lattice, namely a supercell of the perfect phononic crystal plate. If
α = 1 the structure is that of a two-dimensional phononic crystal
platewith one row of holes filledwith thematrixmaterial. One can
vary the width of the waveguide by setting α ≠ 0. The widthW of
the guide defined as the closest distance between the surface of the
holes on either side of the guide is given byW = (1+α)a−2R. This
supercell is repeated periodically in the x, y and z directions. We
choose the thickness h2 of the slab equals to 0.55a for insuring the
existence of the largest gap in the perfect phononic crystal plate.
The thickness h1 and h3 of the low impedance medium slabs are
equal to a. Due to the periodicity in the y direction, the expression
of the Fourier coefficients defined by Eq. (46) must be modified as

ζ (G) =



ζAf
Ncyl

(Ly/a)


h2

ℓ


+ ζB


1 −

Ncyl

(Ly/a)
f


h2
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In order to follow the evolution of the dispersion curves of the
defective phononic crystal plate as a function of the waveguide
width, we have investigated seven systems. The first system
corresponds to a perfect phononic crystal plate with a supercell
containing Ncyl = 5 with α = 0. For the seventh system, we
have chosen α = 1 and Ncyl = 4. This structure is equivalent
Ly

a

a

αa

y

xW O

Fig. 54. Schematic illustration of the supercell used for the supercell-plane wave
expansion calculation of the band structure of a defected phononic crystal plate.

to filling, with silicon, one of the five holes in the first system,
effectively resulting in a linear defect along the x direction. The
other systems with Ncyl = 4 and α ranging from 0.25 to 0.85 by
steps of 0.15 are similar to the seventh system but with a narrower
waveguide. Because of the periodicity, the waveguide is repeated
in the y direction leading to a stack of waveguides separated by 4
air holes. This separation is sufficient to avoid significant coupling
between neighboring guides.

The band structures, computed along the Γ X direction (i.e. the
direction of propagation of a wave along the linear waveguide) of
the seven systems, are reported in Fig. 55. Since the supercell is
longer in the y direction, a larger number of reciprocal vectors is
required along the y direction for satisfactory convergence. (2Mx+

1)(2My.M ′
y + 1)(2Mz + 1) = 1845 (with Mx = My = 4,Mz = 2

and M ′
y = 5) reciprocal lattice vectors were taken into account for

computing these dispersion curves. Fig. 55(a) exhibits numerous
additional branches than that of Fig. 50(b) (i.e. the band structure
calculated with a single unit cell along the y direction) as the
result of the folding of the bands in the y direction due to the 5
unit cell periodicity in that direction. This system still shows the
forbidden band. Formation of a waveguide in that structure inserts
guided modes inside the band gap of the perfect phononic crystal
as illustrated in Fig. 55(b)–(g). Fig. 55 shows thatwhen thewidth of
the waveguide increases, the number of guided modes in the band
gap increases. This is the standard behavior observed inwaveguide
theory. One considers now a specific waveguide mode that falls
inside the band gap of the perfect phononic crystal plate. Thismode
is representedwith red dots in Fig. 55(b)–(e). One observes that the
location of this mode inside the stop band of the perfect phononic
crystal plate depends strongly on the width of the waveguide. This
mode evolves from a location near the top of the gap to near the
bottom of the gap as the width of the waveguide increases. This
mode merges with the pass band below the band gap for α larger
than 0.7. We characterize this guided mode further by calculating
the modulus of the complex components of the displacement
field for different values of α. For example, Fig. 56 shows the
maps of the modulus of these components for this specific mode
for a fixed value of the wave vector i.e. Kx = 0.14.(2π/a)
(blue square in Fig. 55(b–e)). Fig. 56(a1–c4) correspond to cuts
of the three-dimensional displacement field in the (xOy) plane at
a position z = 0.2a, that is near the top surface of the plate.
One observes that for α = 0.25, the guided mode which appears
approximately at the center of the stop band (see Fig. 55(b)) is
confined within or in the close vicinity of the waveguide (see
the top panel of Fig. 56). The displacement field penetrates the
inner space between the adjacent cylinders but becomes negligible
once one leaves the close vicinity of the guide [87]. For a larger
waveguide, while the z component of this mode remains well
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Fig. 55. Band structures along the Γ X direction of (a) the perfect phononic crystal plate (α = 0 and Ncyl = 5), (b) the phononic crystal plate containing a waveguide
with α = 0.25 and Ncyl = 4, (c) the same as in (b) but with α = 0.4, (d) the same as in (b) but with α = 0.55, (e) the same as in (b) but with α = 0.7,
(f) the same as in (b) but with α = 0.85, (g) the same as in (b) but with α = 1.0. αa represents the separation distance between the edges of the two unit cells adjacent to the
waveguide. The supercell-plane wave expansion calculation used Mx = 4,My ∗ M ′

y = 4 ∗ 5 = 20,Mz = 2 i.e. 1845 plane waves. The dashed area in (a) shows the absolute
band gap for the plate. In (b)–(e) (resp. (g)), the blue (resp. green) square indicates the location of the guided modes analyzed in Fig. 56 (resp. Fig. 57). (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)
confined into the waveguide, the other components leak out into
the phononic crystal structure. The mode becomes less and less
confined to thewaveguide as thewidth of thewaveguide increases.
In Fig. 55(c) and (d), one notes that the mode we consider crosses
another mode for this value of Kx. These two modes may interact
strongly together and this has probably a detrimental effect on
the waveguide mode confinement. For α = 0.7, the mode is very
close to the bottom of the stop band (see Fig. 55(e)) and this may
explain the very weak confinement of the mode. The bottom panel
of Fig. 56 shows cuts of the displacement field in the (xOz) plane
located at a position along the y direction corresponding to the
center of the guide for thewaveguidemode considered in Fig. 55(b)
for α = 0.25 and Kx = 0.14.(2π/a). We use these figures to define
the polarization of themode in the (xOz) plane. At the center of the
waveguide, due to the symmetry of the mode, the y component of
the displacement field is negligible while the x component is fairly
localized near the surfaces of the plate. The z component varies
slowly along the x direction. We checked that the modes depicted
by a blue square in Fig. 55(b)–(e) possess the same polarization
in the (xOz) plane than that described in the bottom panel of
Fig. 56. Fig. 57 presents the maps of the displacement field for
the waveguide mode with Ω = 0.4834 at the X point for the
wider guide. This mode is represented with a green square in
Fig. 55(g). In this case, the wave vector corresponds to one of the
highest symmetry points in the square Brillouin zone. Note that
at this K point another mode appears at a slightly higher reduced
frequency i.e.Ω = 0.4836. One observes in the top panel of Fig. 57
that the confinement of the waveguide mode with Ω = 0.4834
is very good in this large waveguide and does not suffer from
the possible interaction between these two modes. The bottom
panel of Fig. 57 shows that, in that case, the z component of the
displacement field is localized to the vicinity of the surfaces of the
plate. The polarization of this mode differs from that depicted in
Fig. 56(d–f) for the guided mode of the narrowest waveguide. A
comparison between the bottompanels of Figs. 56 and 57 indicates
that depending upon the polarization of the mode, the x or z
component of the displacement field of the guided mode may be
localized on the surfaces of the plate. Moreover the thickness of
the plate governs the width of the absolute band gap of the perfect
phononic crystal plate. As observed in these results (see Figs. 56
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(a) ux . (b) uy . (c) uz .

(d) ux . (e) uy . (f) uz .

Fig. 56. (Color online) Maps of the modulus (in arbitrary units) of the complex components of the elastic displacement field in (a1), (b1), (c1) the xOy (z = 0.2a) plane and
(d)–(f) the xOz plane at the center of the waveguide for the waveguide mode with Ω = 0.5001 at the Kx = 0.14.( 2π

a ) point for the narrowest waveguide (see blue square
in Fig. 55(b)). (a2), (b2) and (c2): the same as in (a1), (b1) and (c1) but for the mode represented with a blue square in Fig. 55(c); (a3), (b3) and (c3): the same as in (a1), (b1)
and (c1) but for the mode represented with a blue square in Fig. 55(d); (a4), (b4), (c4): the same as in (a1), (b1) and (c1) but for the mode represented with a blue square in
Fig. 55(e).
(a) ux . (b) uy . (c) uz .

(d) ux . (e) uy . (f) uz .

Fig. 57. (Color online) Maps of the modulus (in arbitrary units) of the complex components of the elastic displacement field in (a)–(c) the xOy (z = 0.2a) plane and (d)–(f)
the xOz plane at the center of the waveguide for the waveguide mode with Ω = 0.4834 at the X point for the widest waveguide (see green square in Fig. 55(g)).
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Fig. 58. (Color online) Schematic view of a phononic crystal made of a square
lattice of finite cylinders deposited on a homogeneous plate. The lattice parameter
is denoted a, the height of the cylinder h and the thickness of the plate e. The dashed
cube (a × a × b) represents one unit cell of the periodic structure.

and 57) and also in the case of guided modes in bulk phononic
crystals [87], a guided mode is confined more effectively inside
the waveguide if it appears in the band structure far away from
the edges of the stop band. One may suppose that due to the
narrower stop band, a guidedmodewill be less confined inside the
waveguide when considering a thinner or thicker phononic crystal
plate.

4.2. Cylindrical dots deposited on a thin homogeneous plate and high-
frequency radio-frequency devices

In this subsection, we are dealing with the band structure
of a finite thickness structure composed of a square array of
cylindrical dots deposited on a thin homogeneous plate. The new
effect observed in this geometry is the possibility of finding a low
frequency gap,whichmeans a frequency atwhich thewavelengths
in the constituting materials are much longer than the typical
lengths in the structure such as the period of the lattice or the
thickness of the plate. The opening of this gap results from a
sharp bending of the dispersion curves at a given frequency. We
shall discuss the existence and evolution of this gap as a function
of the geometrical parameters of the structure and the material
parameters of the two constituents namely the dots and the plate.
The band structure can also display one or more higher gaps
which will also be investigated. Finally, we show the possibility
of confinement and wave guiding when a guide is created inside
the phononic crystal by removing or modifying a row of dots. The
calculations presented in this subsection are based on both the
finite difference time domain and the finite element methods.

4.2.1. First model and gap study [116]

4.2.1.1. Introduction. As shown in Fig. 58, the physical model
considered is a square lattice of cylindrical dots deposited on
a plate. The z axis is chosen to be perpendicular to the plate
and parallel to the cylinders axis. The lattice parameter a of the
phononic crystal is chosen to be a = 1 mm except if stated
otherwise. The filling factor is defined as β = πr2/a2, where r
represents the radius of the cylinders. The height of the cylinders
is denoted by h and the thickness of the plate by e. The materials
constituting the dots and the plate (which are taken in most of
the numerical calculations to be steel and silicon) are assumed to
be isotropic or of cubic symmetry with their crystallographic axes
oriented along the coordinate axes x, y and z. The elastic constants
andmass densities of thematerials involved in the calculations are
given in Table 4.

The band structures were computed using the finite difference
time domain method. Dispersion curves were calculated using a
three dimensional unit cell (see the dashed lines in Fig. 58), with
dimensions (a × a × b), which is repeated in the three directions
of space and by using the Bloch theorem which introduces the
wavevector K. In the z direction, the length of the unit cell, b, is
chosen in such a way as to embed the plate and the cylinder as
well as a thin layer of vacuum on both sides in order to decouple
the interaction between neighboring cells. Therefore, with respect
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Fig. 59. (Color online) (a) Band structure in the frequency range [0, 2500 kHz]
of the model of Fig. 58 for steel cylinders on a silicon plate, calculated in the first
irreducible Brillouin zone of the phononic crystal. The lattice parameter is a =

1mm (β = 0.564), the height of the cylinders h = 0.6mm and the thickness of the
plate e = 0.1 mm. (b) Same as (a) in the magnified frequency range [0, 400 kHz].
Points A and B correspond respectively to the extremities of branches 2 and 3 at the
X point of the Brillouin zone.

to the wavevector Kz along z, the dispersion curves are flat and the
calculation can be limited to Kz = 0. The space is discretized in x, y
and z directions using a mesh interval equal to ∆x = ∆y = ∆z =

a/30. The equations of elasticity are solved with a time integration
step ∆t = ∆x/(4cl) where cl is the highest longitudinal velocity
involving the structure. The number of time steps in general is
equal to 219 which is thenecessary test time for a good convergence
of the numerical calculation. For each value of the wavevector
parallel to the plate, an initial random displacement is applied
inside the unit cell at the origin of time. Then, the displacement
field is recorded at every position in the unit cell as a function
of time and finally Fourier transformed to obtain the eigenmodes
of the structure for the chosen wavevector. Therefore, the band
structures are rendered in terms of frequency as a function of the
wave vector and plotted along the principal directions of the two-
dimensional irreducible Brillouin zone.

We have made the calculation of the band structure for the
system described in Fig. 58 with propagation in the (x, y) plane,
along the high symmetry axes of the first Brillouin zone. The
following parameters are used: filling factor β = 0.564, height of
the cylinders h = 0.6 mm and thickness of the plate e = 0.1 mm.
The band structure is presented, Fig. 59(a), in the frequency range
[0–2500 kHz], and magnified in Fig. 59(b) for its lowest part
([0–400 kHz]). The choice of the geometrical parameters insures
the existence of two absolute band gaps extending respectively
from 265 to 327 kHz and from 1280 to 2110 kHz. The direction XM
of the Brillouin zonedoes not change the existence and thewidth of
the gaps andwill not been drawn in the rest of this subsection so as
to reduce the representations of the figures of dispersion. It should
be noticed that the lowest band gap happens in a frequency range
where the smallest wavelength in the constituent materials is ten
times larger than the period of the phononic crystal. In the vicinity
of the Brillouin zone center, the three lowest branches 1–3, starting
at the Γ point, are quite similar to those of a homogeneous slab.
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Table 4
Physical characteristics of materials used: ρ is the density, C11 , C12 and C44 are the three independent elastic moduli of cubic structure.

Constant Silicon Steel Tungsten Aluminium Epoxy

ρ (kg/m3) 2331 7780 18700 2730 1142
C11 (N/m2) 16.57 × 1010 26.4 × 1010 50.23 × 1010 10.82 × 1010 0.754 × 1010

C12 (N/m2) 6.39 × 1010 10.2 × 1010 20.27 × 1010 5.12 × 1010 C12 = C11−2C44
C44 (N/m2) 7.962 × 1010 8.10 × 1010 14.98 × 1010 2.85 × 1010 0.148 × 1010
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Fig. 60. (Color online) Evolution of the band structure as a function of the height of the dots, keeping constant the thickness of the plate (e = 0.1 mm) and the filling factor
(β = 0.564). (a) h = 0.1 mm, (b) h = 0.2 mm, (c) h = 0.6 mm and (d) h = 2.7 mm.
They respectively correspond to the antisymmetric Lamb mode
(A0), the shear horizontal mode (SH), and the symmetric Lamb
mode (S0). Dispersion curve calculations of Fig. 59 have also been
performed using the finite element method and present a good
agreement except for the flat band at 1280 kHz which does not
exist. This discrepancy does not affect the conclusions of this study.

4.2.1.2. Behavior of the low frequency gap. The behavior of the
band structure of Fig. 59(b) has been studied as a function of the
geometrical parameters h, e and β , for the high symmetry axes Γ X
and Γ M of the irreducible Brillouin zone (Figs. 60–62).

First, in Fig. 60, we fix the value of the filling fraction (β =

0.564) and the thickness of the plate (e = 0.1 mm) while
increasing the height h of the dots. For a small thickness h =

0.1 mm, Fig. 60(a), the band structure does not display any
band gap in the range [0–1200 kHz], although one can notice
a bending of both shear horizontal mode (branch 2) and more
particularly of symmetric Lamb mode which becomes a negative
slope branch (branch 3). Increasing the height of the cylinders from
0.1 mm to 0.2 mm, Fig. 60(b), the first three dispersion curves
shift downwards and the band structure shows the opening of a
small absolute gap in the range [675.5–695.2 kHz] which results
from a most important bending of the shear horizontal mode
(branch 2). With increasing h, the dispersion curves continue to
shift downwards. Until h = 0.6 mm, the central frequency of
the first gap decreases and its width becomes larger, Fig. 60(c).
Increasing h further, one can notice a slower decrease of point B,
situated at the boundary X of the Brillouin zone on branch 3, with
respect to the other branch extremities, leading to the closing of
the gap. This occurs first in the Γ M direction for h ≥ 1.0 mm, and
then in both directions of the Brillouin zone as seen for example
in Fig. 60(d) for h = 2.7 mm in the magnified frequency range
[0–300 kHz].

Fig. 61 presents the evolution of the dispersion curves as a
function of the thickness of the plate for constant values of β =

0.564 and h = 0.6 mm. Increasing e from 0.1 to 0.4 mm, the
dispersion curves shift to higher frequencies and the gap closes
first in the Γ M direction, Fig. 61(b), and finally in both directions
of the Brillouin zone as sketched in Fig. 61(c) for e = 0.6 mm. This
result is due to a faster upward shift of point B with respect to the
other branch boundaries.

On the basis of a closed gap (e = 0.4 mm), we show in Fig. 62
the influence of the filling factor β on the dispersion curves. The
reduction of the filling factor is obtained by increasing the lattice
parameter a from 1.0 to 1.6 mm, keeping constant all the other
parameters of the structure (r = 0.42 mm, e = 0.4 mm and
h = 0.6 mm). In Fig. 62(a), with a = 1.0 mm, the gap is closed
in the Γ M direction of the Brillouin zone. Increasing a to 1.2 mm,
the dispersion curvesmove downwards and the gap appears in the
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Fig. 61. (Color online) Evolution of the band structure as a function of the thickness of the plate keeping constant the height of the dots (h = 0.6 mm) and the filling factor
(β = 0.564). (a) e = 0.1 mm, (b) e = 0.4 mm and (c) e = 0.6 mm.
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Fig. 62. (Color online) Evolution of the band structure as a function of the filling factor keeping constant the height of the dots (h = 0.6 mm), the thickness of the plate
(e = 0.4 mm) and the radius of the cylinders (r = 0.42 mm). (a) a = 1 mm (β = 0.564), (b) a = 1.2 mm (β = 0.38) and (c) a = 1.6 mm (β = 0.22). Points A′ and B′

correspond respectively to the extremities of branches 2 and 3 at theM point of the Brillouin zone.
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Fig. 63. Displacement fields of the modes A and B in Fig. 59(b). The dashed lines correspond to the rest position of the structure.
frequency range [765.1–778.9 kHz], Fig. 62(b). This result comes
from a faster downward shift of point B′, situated at the boundary
M of the Brillouin zone on branch 3, with respect to the other
branch boundaries as seen in the Γ M direction of Fig. 62(c).

To summarize the above trends, the low frequency gap is
generated from the bending of both shear horizontal (branch 2)
and symmetric Lamb mode (branch 3) of the plate. Since the
extremities A and B of these branches move differently (although
in the same direction) with the geometric parameters e/a and h/a,
the opening of the gap requires an appropriate choice of these
parameters. In all cases, the opening of the gap is closely linked to
the shift and bending of branch 3 and, for small h, Fig. 60(a), to the
shift and bending of branch 2. In comparison with the other band
extremities, the evolution of point B is most importantly related to
the thickness of the plate and the lattice parameter rather than to
the height of the dots. The central frequency of the gap depends
upon all the geometrical parameters e, h and a. It decreases either
by increasing h, decreasing e or increasing a.

We have investigated the spatial distribution of the eigenmodes
inside the unit cell for themodesA and B situated at the extremities
of branches 2 and 3 in Fig. 59(b) whose bending is at the origin
of the gap. The parameters are h = 0.6 mm, e = 0.1 mm and
β = 0.564. The initial excitation of the mode is made in the Γ X
direction. The results for mode A [wave vector KA = (π/a, 0, 0)
and frequency fA = 233.0 kHz] and mode B [(KB = (π/a, 0, 0) and
frequency fB = 180.6 kHz)] are plotted in Fig. 63(a) and (b) using a
cut along the (x, z) or (x, y) plane. In Fig. 63(a), themode A is clearly
associated to an oscillation of the dot in the x direction together
with a weak bending of the plate. In Fig. 63(b), the vibration
of the mode B involves, in the z direction, an oscillation of the
dot correlated to a strong bending of the slab. In both cases, the
displacement fields are distributed in the dot as well as in the
plate, in agreement with the dependence of the points A and B
of the dispersion curves with all the geometrical parameters h,
e and a. Moreover, the stronger dependence of mode B with the
thickness of the plate (seen in Fig. 61) can be related to a stronger
deformation in the plate than in the dot.

We have also investigated the persistence of this gap upon
different combinations of the materials constituting the dot and
the plate among a set of five materials (tungsten, steel, silicon,
aluminum and epoxy). Table 4 reports the densities and velocities
of the constituent materials. In Fig. 64(a), we show the limits
of the gap by changing the material of the plate when the dots
are made of steel. Similarly, Fig. 64(b) displays the gap limits for
various materials in the dots and the plate being made of silicon.
One can notice the persistence of this gap even if the constituent
materials are identical. This supports the origin of the gap as being
related to the geometrical rather than physical parameters of the
structure. On the other hand, the central frequency of the gap is
very dependent upon the choice of the materials and happens at
lower frequencieswhenwe combine a high densitymaterial (steel)
in the cylinders with a low density material (epoxy) in the plate.
For such a system (steel dots on an epoxy plate), the gap extends
from 43 to 63 kHz. It is worthwhile to notice that one can obtain
a gap in the audible frequency range, around 2 kHz, for a period of
a = 20 mm and the other parameters being scaled accordingly.
Such solid systems could then easily be used as a vibrationless
environment for high precision mechanical systems.

In general phononic crystal studies, the band gapsmayoriginate
from the Bragg reflections resulting from the periodicity of the
structure.Wenote that the low frequency gap reported here occurs
at a frequency such that thewavelength in all constituentmaterials
is at least one order of magnitude larger than the geometrical
sizes of the structure. Thus, it shows some similarity with the
behavior obtained in locally resonant sonic materials [136–141].
Still, from the spatial distribution of the displacement field, we
cannot attribute a totally localized character to the modes in this
frequency range. Instead, the competitive motions of branches 2
and 3 by varying the geometrical parameters should allow the
opening of the gap.

4.2.1.3. Behavior of the higher gaps. The behavior of the higher gap
observed in the band structure of Fig. 59(a) has been studied as
a function of the geometrical parameters h, e and β , along the
high symmetry axes Γ X and Γ M of the irreducible Brillouin zone
(Fig. 65). We choose to refer to the thickness e = 0.2 mm to
avoid a thin discretization of the space thus decreasing the time
of calculation. In Fig. 65, we fix the values of the filling fraction
β = 0.564 and the thickness of the plate (e = 0.2 mm) while
increasing the height of the dots from h = 0.6mm to h = 2.7mm.
For h = 0.6mm, Fig. 65(a), we note the existence of three gaps. The
lowest one [519.3–571.7 kHz], discussed in Section 5.2.1, closes
for h > 1.0 mm. Besides, the band structure exhibits two higher
gaps respectively in the frequency ranges [1560–1887 kHz] and
[2092–2328kHz].When increasingh to 1.5mm, Fig. 65(b) and then
to 2.7 mm, Fig. 65(c), the central frequencies of these gaps move
downwards together with the dispersion curves, whereas new
absolute band gaps appear at higher frequencies. It is interesting
to remark that, up to a certain frequency range, the opening of the
gaps results from the crossing of the normal acoustic brancheswith
almost flat bands, which is similar to the case of locally resonant
materials.

We have also studied the evolution of the gaps with the
thickness of the plate e, keeping constant h = 2.7 mm and β =

0.564, Fig. 66(a). Increasing e from 0.1 mm to 1.0 mm, we observe
a slow variation of the central frequency of the gap. In addition,
most of the gaps close for e > 1 mm, due to many new dispersion
branches moving downwards. The evolution of the gaps with the
filling factor has also been investigated. When increasing a from
1.0 mm, Fig. 65(c), to 1.4 mm, Fig. 66(b), with the same h and e,
several branchesmove downwards from the high frequency region
and progressively fill the higher gaps; at the same time, the lowest
remaining gaps keep their central frequencies almost preserved.
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Fig. 64. Evolution of the lowest frequency gap limits for different combinations of constituent materials. (a) Steel dots on a plate of different materials. (b) Various dots on
a silicon plate. The geometrical parameters are e = 0.1 mm, h = 0.6 mm and β = 0.564.
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Fig. 65. (Color online) Evolution of the band structure for different values of the height of the dots: (a) h = 0.6 mm, (b) h = 1.5 mm and (c) h = 2.7 mm. The other
geometrical parameters are e = 0.2 mm and β = 0.564.
4.2.1.4. Propagation of guiding waves in the slab. We study now
the possibility of propagating a confined mode in a rectilinear
waveguide created inside the phononic crystal. The geometrical
parameters are the same as in Fig. 59, i.e. β = 0.564, h =

0.6 mm and e = 0.1 mm that ensures the existence of the largest
forbidden gaps. The finite difference time domain calculation is
performed by using a supercell containing five unit cells in the y
direction. The guide is created by removing one row of dots in the
third unit cell, thus constituting a linear waveguide in the x direc-
tion. The width of the waveguide, δ, has been chosen as a variable
parameter to investigate the existence and number of localized
modes in the band gap [81]. Fig. 67(a) shows the band structure
in the Γ X direction for the waveguide structure with δ = 0.55a.
The dispersion curve exhibits three additional branches inside the
higher gap (1287–2106 kHz) while no supplementary branches
appear inside the lowest gap. Increasing the width of the waveg-
uide leads to the lowering of the frequencies of the waveguide
modes. Fig. 67(b) shows the band structure for a waveguide with
δ = 1.05a which presents one new mode in the lowest forbidden
band (265.2–327.9 kHz). To show the confinement of such modes
inside thewaveguide, we focus on the points C andD of the disper-
sion curves. The maps of the displacement fields associated with
both modes are respectively sketched in Fig. 67(c) and (d). In both
cases, the acoustic field is essentially confined in the area of the
waveguide and does not leak out into the rest of the structure.

4.2.2. Second model and wave guiding study [142]

4.2.2.1. Introduction. From the calculation of both transmission
coefficients and dispersion relations, the purpose of this subsection
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Fig. 66. (Color online) (a) Evolution of the gaps of Fig. 59(a) as a function of the thickness of the plate, keeping constant the other geometrical parameters (h = 2.7 mm and
β = 0.564). (b) Dispersion curves for a low filling fraction β = 0.38 (lattice parameter a = 1.4 mm) and the geometrical parameters h = 2.7 mm and e = 0.2 mm.
is to study in detail the wave guiding effects through different
types of linear defects in this novel phononic crystal, made up of
cylindrical dots on a thin homogeneous plate. Such waveguides
are obtained either by removing a row of dots or by replacing
in a row the materials or geometrical parameters of the dots. In
each case, we present a detailed study of the confined modes, the
transmitting andnon-transmitting characters of the corresponding
bands, and the possibility of polarization conversion, which could
frequently occur. The flexibility of tailoring the acoustic properties
of phononic crystals, especially those utilized for waveguide
design, makes them particularly suitable for a wide range of
applications from transducer technology to filtering and guidance
of acoustic waves. Moreover, it should also be pointed out that a
knowledge and engineering of phononic band structures is also
a necessary step to investigate heat transport in heterogeneous
nanostructured materials [143–145] since the existence of gaps
and/or flat bands prohibits the propagation of phonons in certain
frequency ranges.

Fig. 68(a) is a scheme of the phononic crystal which is studied
in this subsection, namely a heterostructure made up of a square
array of steel cylindrical dots of radius r and height h, deposited
on a thin homogeneous plate of silicon. The z axis is assumed to be
perpendicular to the plate and parallel to the cylinders. We define
the lattice parameter a of the periodic array as equal to 1m and the
filling factor β , given by β = πr2/a2, equal to 0.564. The thickness
of the plate is denoted by e and takes the value e = 0.2 µm.
The materials composing the dots and plate are assumed to be of
cubic symmetrywith their crystallographic axes oriented along the
coordinate axes x, y and z. The elastic constants andmass densities
of the materials involved in the calculations were given in Table 4.
The dispersion curves were calculated with the help of the finite
difference time domain method (see Section 5.2.1.1).

The transmission spectra through perfect or defect-containing
phononic structures were computed using a three-dimensional
finite difference time domain code. Our calculation is performed
in a three-dimensional box with the propagation along the y axis.
The box is finite along y and composed of a phononic crystal
containing seven or ten cylinders, sandwiched between an ingoing
and an outgoing media, which are two homogeneous plates of
thickness e. Perfect matching layer conditions are applied at the
boundaries of the box along the y direction. Along the x direction,
the structure is periodic, which means that it contains one unit
cell when dealing with a perfect phononic crystal. However, the
waveguide is studied with a supercell of five periods to avoid the
interaction between neighboring guides. Along z, a thin layer of
vacuum is added on both sides of the phononic structure in order
to decouple the interaction between repeating periodical cells. A
broad bandwave packet is initiated from the homogeneous plate in
front of the phononic crystal. Thiswave is a longitudinal pulse,with
a polarization and Gaussian profile along the y axis, but uniform
in the x and z directions. The transmitted signal is recorded at
the end of the phononic crystal, and integrated in the (x, z) plane
for each component ux, uy and uz of the displacement field. The
throughput signal of the waveguide is integrated only over the
cross section of the waveguide instead of the whole period in the x
direction aswas the case for the perfect phononic crystals.We note
that, with this procedure, the maximum value of the transmission
can exceed unity. In practice, the ux component vanishes, so that
the transmission spectra will be obtained only for the uy and uz
components. Finally, the signal, recorded as a function of time,
is Fourier transformed and normalized by an equivalent signal
propagating through a single homogeneous silicon slab to yield the
transmission coefficient.

The band structure is presented in Fig. 68(b) in the frequency
range [0–2.5 GHz] along the high symmetry axes Γ X and Γ M of
the first Brillouin zone. The choice of the geometrical parameters
ensures the existence of two absolute band gaps extending
respectively from 0.613 to 0.668 GHz and from 1.615 to 2.139 GHz.
It should be noticed that the lowest band gap happens in a
frequency range where the smallest wavelength in the constituent
material is ten times larger than the period of the phononic crystal.
The higher gap appears in the Bragg frequency regime, where the
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Fig. 67. (Color online) (a, b) Band structures along the Γ X direction for a phononic crystal containing a waveguide of width δ obtained by removing one row of dots.
The calculation is performed with a supercell containing 1 × 5 unit cells and the dots are removed in the third unit cell. The blue and red hatched areas indicate the
location of the absolute band gaps of the perfect structure. (a, b) display respectively the dispersion curves for a waveguide width of δ = 0.55a and δ = 1.05a.
(c, d) Maps of the modulus of the elastic displacement fields for the modes labeled C and D, represented in three-quarter, top, and lateral views. The red and blue colors
respectively correspond to the maximum and minimum of the displacement.
wavelength is almost of the same order of magnitude as the lattice
parameter. The origin and behavior of these gaps as a function of
the geometrical and physical parameters of the whole structure
have been already studied here above, see sections 5.2.1.2 and
5.2.1.3. The new results, shown in the diagrams of Fig. 68(b), are
the computing transmission spectra in the directions Γ X and Γ M
of the Brillouin zone, which are displayed on each side of the
central band diagram. In the transmission spectra, we differentiate
the polarization uy (black solid lines) and uz (red dashed lines) of
the detected signal. We can notice a good agreement between the
transmission and dispersion curves and, in particular, the positions
of the gaps. The number of Fabry–Perot oscillations appearing in
the transmission spectra below 1.5 GHz is in accordance with
the number of unit cells in the phononic crystal along the y
direction. At frequencies above 2.1 GHz, we can observe an
isolated branch with a negative slope [146] which contributes to a
transmission only for the polarization uz normal to the plate while
the detected signal for the component uy is negligible. We made
the calculation of one eigenmode along the negative branch, at the
point A defined by the reduced wavenumber Ka/π = 0.474 and
frequency f = 2.312 GHz. This eigenmode, sketched in Fig. 68(c),
presents a localization of the acoustic energy in the corners of
the unit cell for the normal component uz . In accordance with
the polarization of the negative branch, the incident longitudinal
mode has been partially converted into a normal polarized signal.
This effect shows that an incident longitudinal symmetric pulse
which is initiated inside the plate of thickness e, can be partially
converted into a transmitted signal perpendicular to the plate.
Such a property can be useful for the observation of the transmitted
field with a laser interferometric technique, which is sensitive to
the component of the displacement field normal to the plate.

4.2.2.2. Conventional line-defect waveguide. The traditional way
of creating a linear defect is to remove a row of dots. In our
calculation, the length of the waveguide is assumed to be ten
periods of the phononic crystal and the width of the waveguide
wg has been considered as a variable, Fig. 69(a). Fig. 69(b) gives
the transmission spectra for both components uy and uz of the
displacement field through thewaveguidewithwg = 1.2µm. As a
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Fig. 68. (Color online) (a) Phononic crystal made of a square lattice of steel finite
cylinders deposited on a homogeneous silicon plate. The geometrical parameters
are a = 1 µm, h = 0.6 µm and e = 0.2 µm. The red arrow symbolizes the
incident longitudinal pulse. (b) Middle: band structure calculated along the high
symmetry axis Γ X and Γ M of the Brillouin zone. From each side of the band
diagram: transmitted curves of the longitudinal incident wave for the polarization
uy (black solid line) and for the polarization uz (red dashed lines). The red (blue)
area corresponds to the position of the low (high) absolute band gap. (c) Eigenmode
calculation at the point A, defined by the coordinates (Ka/π = 0.474, f =

2.312 GHz). The blue (red) color corresponds to the lower (higher) value of the
displacement field modulus.

comparison, we also give the transmission coefficient through the
perfect crystal as red dashed lines. The shaded red and blue areas,
respectively, represent the two band gaps. Increasing wg from 0 to
1.2 µm leads to the emergence of transmitted signals in the gaps,
the case ofwg = 1.2µmbeing presented in Fig. 69(b). Beyond this
value, the number of confined modes in the band gaps increases
too much, which is not most suitable for filtering or multiplexing
applications. Looking at Fig. 69(b), we observe a full transmission
of the acoustic waves within the higher gap [1.615–2.139 GHz]
for the uy component while the uz component remains weak. For
the low frequency gap [0.613–0.668 GHz], the opposite situation
occurs, i.e. the transmitted signal hasmainly an uz component. The
transmission coefficients in the pass band between the two gaps
are also strongly perturbed by the presence of the waveguide.

To highlight the waveguiding properties through the gaps, the
finite difference time domain computation was used to simulate a
monochromatic source, first at the frequency f = 1.751 GHz in the
higher gap and then at the frequency f = 0.6284 GHz in the lower
gap, Fig. 69(c).Wedisplay the computed displacements in the (x, y)
plane for a section in the middle of the plate (z = e/2). It is clearly
seen that in both cases the incident wave propagates without
attenuation and with a strong confinement inside the waveguide.
Only a slight amount of energy leaks out of the waveguide.

The dispersion of the waveguide structure with wg = 1.2 µm
is shown in Fig. 70(a). In this diagram, the red dots represent
the band structure of the perfect phononic crystal for a supercell
of five periods, and the black dots the band structure with the
linear waveguide. In this latter case, we can observe several modes
inside both the low and high frequency gaps, which correspond
to the existence of defect modes confined in the waveguide.
Nevertheless, when comparing with the transmission spectrum,
it seems that many of these branches do not contribute to the
transmission of the incident longitudinal waves. We made a
complete analysis of the eigenmodes for different branches and
found that, in the higher gap, only one branch has the appropriate
longitudinal polarization in order to efficiently contribute to the
transmission. The displacement field of this mode was calculated
for a reduced wave number Ka/π = 0.26 and frequency
f = 1.778 GHz (point B in Fig. 70(a)), and is presented in
Fig. 70(b). The wave is well localized within the waveguide
and essentially exhibits a longitudinal displacement uy whereas
the normal component uz is almost equal to zero. For the low
frequency gap, there are two localized branches existing at low
and high wave vectors, respectively. For the branch at low wave
vector, the polarization is mainly ux and does not contribute to
the transmission. Fig. 70(c) displays the displacement field for the
second branch associated with the mode at the point C (Ka/π =

0.737; f = 0.6426 GHz). We can see that the mode is mainly
polarized along z with a weak contribution of the polarization uy.
From this analysis, we can understand that the branch at higher
wave vectors contributes to a transmission perpendicular to the
plate. These conclusions are in accordance with the transmission
spectra shown in Fig. 69.

As a summary, the transmission of a longitudinal incident
pulse through a conventional waveguide gives rise to a mainly
longitudinal wave in the range of the high frequency gap, while a
conversion to a wave with a normal component to the plate occurs
in the low frequency gap.

4.2.2.3. Linearwaveguidemade up of dots of different heights. In this
paragraph, we study a waveguide structure obtained by changing
the height of the dots along one row. We study, more specifically,
the case where the height hg , Fig. 71(a), is smaller than that in
the perfect crystal, and is in a scale ranging from 0.6 to 0.1 µm.
The band structure analysis reveals that, when hg ≤ 0.4 µm, new
localizedmodes appear inside the gaps. Those defect branches shift
towards the higher frequencies as far as the height of the dots
decreases.

Fig. 71(b) displays the dispersion curves magnified in the
frequency range [1.2–2.5 GHz]. In this figure, the black dots
represent the band structure of the linearwaveguide (h = 0.2µm)
compared with the band structure of the perfect phononic crystal
(h = 0.6 µm) represented by the red dots. We can observe three
guided modes inside the high frequency gap; among them we
especially focus on the branch which crosses the whole frequency
range of the gap. Fig. 71(c) presents the eigenmode corresponding
to the point D (Ka/π = 0.58; f = 1.885 GHz) on this
branch. We can observe that both components uy and uz of the
displacement field are represented and strongly localized within
the dot constituting the waveguide. In Fig. 72(a), we present, for
the incident longitudinal pulse, the transmission coefficients for
the components uy and uz of the displacement field and observe
a similar magnitude of both components in the transmitted
waves. To complete the study, the propagation and confinement
of the acoustic waves are represented using a displacement field
representation for the components uy and uz at the incident
monochromatic frequency f = 1.698 GHz, Fig. 72(b).

Fig. 73(a) displays the dispersion curves and the corresponding
transmission spectra in the low frequency range [0.3–0.8 GHz]
for hg = 0.3 µm. The value of hg is chosen in such a way so
that we obtain guided modes in the low frequency gap extending
from 0.4147 to 0.668 GHz along the Γ X direction. Nevertheless,
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we notice that this gap is much wider than the absolute band gap
because the lower limit of the band gap along the Γ M direction
is 0.613 GHz. This effect explains the existence of several peaks of
transmission inside the Γ X partial band gap [0.4147–0.613 GHz],
which correspond to acoustic waves leaking out of the waveguide
towards the Γ M direction. Therefore, this frequency region is not
very useful for the guiding of confined modes. In the frequency
range of the absolute band gap (red shaded area), there is a
transmitted signal around the frequency 0.6277 GHz for both uy
and uz , with a higher transmission coefficient for the longitudinal
polarization. The corresponding band diagram shows two confined
branches. The branch, which crosses the whole gap, has an ux
polarization and does not contribute to the transmission. For the
other branch, the eigenmode at point E (Ka/π = 0.16, f =

0.6277GHz) is sketched in Fig. 73(b). Thismode ismainly polarized
along y, but is again with a non-negligible component along z. The
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Fig. 71. (Color online) (a) Schematic view of a linear waveguide made of dots of
different heights hg . (b) Black dots: dispersion curves for a waveguide structure of
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the white color corresponds to a displacement equal to zero but does not appear in
the color bar.

first of these components is strongly localized inside the guiding
dots while the latter is less confined and penetrates over the
dots in the neighborhood of the waveguide. Therefore, a good
correspondence between the band diagram and transmitted curve
is obtained.

To summarize this paragraph, the waveguide created by de-
creasing the height of the cylinders can transmit confined modes
inside both the high and low frequency band gaps. In the former
case, the incident longitudinal wave gives rise to transmitted
waves with components both parallel and perpendicular to the
plates. In the latter case, the transmitted wave has a main
longitudinal component but also a smaller normal componentwith
aweaker confinement inside thewaveguide. A similar study can be
performed if the height of the cylinders is increased with respect
to the one in the perfect crystal.

4.2.2.4. Linear waveguide made up of dots of different materials. In
this paragraph, we assume that the waveguide is formed from a
rowof dotsmadeupof a differentmaterial than those in the perfect
crystal, Fig. 74(a). We chose cylinders made up of Si and Al in the
waveguide to obtain propagation in the higher and lower gaps,
respectively.

In Fig. 74(b), we show, in the frequency range [1.4–2.5 GHz],
both dispersion curves and transmission of uy and uz components
of the displacement fieldwhen the dots in thewaveguide aremade
up of Si. We can observe that the transmitted waves contain both
components. This result is in accordance with the eigenvector of
the modes in the corresponding branch, as shown in Fig. 74(c) for
the mode situated at wave number Ka/π = 0.37 and frequency
f = 1.777 GHz (point F ). In addition, this figure shows that
the z component of the displacement field is mainly confined in
the dots while the y component is essentially localized within
the homogeneous plate. We notice that the other two dispersive
branches, involved inside the gap, possess an ux polarization and
should not contribute to the transmission.

Similarly, we report, in Fig. 75, the case of a waveguidemade up
of aluminumdots, which is well adapted for the propagating signal
in the low frequency gap. Here, the interesting point is to have
only one localized mode appearing in the gap, Fig. 75(a), giving
rise to a monomode waveguide. The transmitted waves contain
uy and uz components of the displacement field. This conclusion
is supported by the map of the propagating confined field in the
waveguide (Fig. 75(b)) at the frequency f = 0.6311GHz. It isworth
remembering that, here, the wavelength of the wave transmitted
through the guide is more than ten times larger than the lattice
parameter of the phononic crystal. As a result, a waveguide whose
length is ten unit cells of the phononic crystal contains less than
one period of the confined mode.

4.3. Summary

We introduce in this section a supercell plane wave expansion
method to calculate the elastic band structures of perfect and
defected two-dimensional phononic crystal plates. Compared
with previous works on waves propagating in two-dimensional
phononic crystals with free surfaces, our method does not
require writing explicitly the boundary conditions on the free
surfaces. This alleviates some numerical difficulties such as the
computation of pseudo-modes without physical meaning [102,
103,120]. We establish the range of validity of this method
with respect to the contrast in material properties and phononic
crystal plate geometry. We demonstrate for solid/solid phononic
crystals with low contrast materials that the method converges
with a reasonably small number of reciprocal space vectors in
all directions. High contrast solid/solid phononic crystal plates
have been shown to lead to convergence difficulties for most
of the plane wave expansion-based methods introduced to date.
The supercell plane wave expansion method suffers the same
problem. We propose a low impedance medium to serve as a
decouplingmedium between periodically repeated plates.We also
show that the low impedance medium can be used effectively
as an inclusion medium to model two-dimensional phononic
crystal plates composed of air inclusions and solid matrices.
We establish that this approach leads to fast convergence for
a wide range of values of solid physical properties. We show
the existence of band gaps in air/steel and air/silicon two-
dimensional phononic crystal plates composed of square arrays
of holes. We also observe wider band gaps for a graphite lattice
of air holes in silicon plates. We characterize the effect of the
thickness of the plate on the location and the width of the
absolute band gaps and find optimum conditions for achieving
the widest absolute band gap. We apply the supercell plane
wave expansion method with low impedance medium inclusions
to a study of air/silicon phononic crystal plates containing a
guide of variable width. The defected system is composed of
two phononic crystal plates separated by a homogeneous solid
plate made of silicon. We demonstrate the existence of waveguide
modes inside the absolute forbidden bands. The number of
waveguide modes decreases with the decreasing width of the
guide. Characterization of the displacement fields associated
with the waveguide modes demonstrates, in some cases, their
localization inside this structural defect. These defect modes could
then be used to realize acoustic devices such as waveguides,
specific frequency filters or wavelengthmultiplexers. In particular,
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positive (negative) contribution of the wave.
reduced
wavenumber

3

0.4

0.5

0.6

0.7

8

transmission

0.3

0.4

0.5

0.6

0.7

0.8

transmission

Uy Uz

XΓ

  

fr
eq

ue
nc

y 
(G

H
z)

fr
eq

ue
nc

y 
(G

H
z)

0.

0.

0.0 0.5 1.00.0 0.5 1.0

Uy Uz

High

Low

(E)

a

b

Fig. 73. (Color online) (a) Left dispersion curves in the low frequency range for the
waveguide structure of Fig. 71(a) with a height hg = 0.3 µm (black dots). Right:
corresponding transmission spectra for the uy and uz components. (b) Eigenmode
analysis at the point E (ka/π = 0.16, f = 0.6277 GHz) for (uy) and (uz ). The
blue (red) color corresponds to the lower (higher) value of the displacement field
modulus.

these functionalities are of interest in radio-frequency devices for
telecommunication applications [147].

We also investigated, using the finite difference time domain
method, the dispersion of the elastic waves in a periodic array
of dots deposited on a plate. We showed the possibility of a
low frequency gap and its existence conditions as a function
of the geometrical parameters in the structure and the physical
parameters of the constituent materials. This gap is generated
by the bending of the two plate modes, i.e. the shear horizontal
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Fig. 74. (Color online) (a) Schematic view of a linear waveguide made of
different material dots symbolized in red. (b) Left: dispersion curves in the high
frequency regime for silicon inserted dots forming thewaveguide.Middle and right:
corresponding transmission spectrum for both components uy and uz . (c) uy and uz
eigenmode calculation at the point F (Ka/π = 0.37, f = 1.777 GHz). The blue (red)
color corresponds to the lower (higher) value of the displacement field modulus.

(SH) and the symmetric Lamb mode (S0). The central frequency of
the gap depends on all geometrical parameters (thickness of the
plate, the height of the dots and the filling factor). The gap can
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Fig. 75. (Color online) (a) Left: dispersion curves in the low frequency regime
for aluminum dots forming the waveguide. Middle and right: corresponding
transmission spectrum for both components uy and uz . (b) Displacement field
distribution in the (x, y) plane at the thickness z = e/2 for the uy and uz
polarizations at themonochromatic frequency f = 0.6311GHz. The red (blue) color
represents the positive (negative) contribution of the wave.

exist for very different combinations of the constituent materials,
supporting the origin of the gap as being due to the geometry
of the structure. However, the central frequency and the width
of the gap are dependent upon the material properties. More
particularly, in view of acoustic isolation, it would be suitable
to choose a high density material for the cylinders and a low
density one for the plate. We also showed the existence of higher
gaps, especially by increasing the height h of the cylinders. Those
gaps can also appear at low frequency for much larger values of
h. We showed that plate modes can be guided inside a linear
defect created by removing one row of dots. With an appropriate
choice of the physical and geometrical parameters, existence of
two absolute band gaps is ensured. The first is in a frequency
range where all wavelengths in the constituting materials are at
least ten times larger than the period of the phononic crystal. The
second falls in the Bragg frequency regime. We showed that there
is a good correspondence between the transmission spectrum and
dispersion curves. Using both transmission and dispersion phonon
calculations,we studied propagation of the symmetric longitudinal
Lamb wave S0 through linear waveguides obtained either by
removing a row of dots or changing the nature or the geometrical
parameters of the dots in a row. In the first case, the polarization
of the transmitted wave remains mainly longitudinal in the higher
band gap while a conversion to the normal polarization occurs in
the lower band gaps.When thewaveguide is obtained by changing
the height of the dots in a row, the transmitted wave contains
both components of the displacement field in the frequency range
of the higher as well as the lower gap. However, in the second,
confinement is better ensured for the longitudinal component.
Finally, transmission can also be achieved through a waveguide
where the material constituting the dots is different from the one
in the perfect phononic crystal. The transmitted waves travel with
a good confinement in the guide, and contain both components
of the displacement field. The advantage of this case is to limit
the number of defect modes inside each band gap, which could be
more suitable for filtering applications. Results presented in this
section could be applied to the innovative design of new acoustic-
wave devices for wireless applications.

5. Sonic insulators

In the field of sound isolation, the main interest consists of
finding structures that attenuate the propagation of sound over
a sample whose thickness remains smaller than, or of the order
of, the wavelength in air. A first attempt to find giant acoustic
stop bands at low frequencies has been made by considering
phononic crystals composed of air inclusions of cylindrical [148] or
spherical [149] shapes in water. In these structures, the first band
remains very narrow due to the low value of the sound velocity
in the inclusions together with the large contrast between the
acoustic properties of both constituents, while the next few higher
bands are just flat bands associated with the internal resonances
of the air inclusions. It has been shown [137] that these useful
sound attenuation properties remain valid when the air cylinders
are protected from water by surrounding them with a soft solid
rubber material, for instance giving rise to a large attenuation
between 1 and 10 kHz with the whole sample thickness not
exceeding 70 mm. However, most of the recent studies have
been directed towards a new class of phononic crystals, the so-
called locally resonant materials [136,150,151,138,152,153,139,
154–156], first introduced by Sheng and co-workers [136]. These
structures essentially consist [136,150,138,152,153,139,154–156]
of a hard core, such as a metal, surrounded by a soft coating
(silicone rubber) and immersed in a polymer such as epoxy. Due
to the local resonances associated with the soft coating material,
drastic dips can appear in the transmission coefficient at very
low frequencies situated about two orders of magnitudes below
the Bragg frequency. Such behaviors have been obtained in both
three [136,150,151] and two-dimensional [138,152,153,139,154,
155,157,158] locally resonant phononic crystals. The dips in the
transmission spectrum display an asymmetric line shape typical of
Fano resonances [151]. Nevertheless, the width of the attenuation
peaks is in general rather small and, in order to obtain a broad band
attenuation, it is necessary to combine different locally resonant
materials to overlap the dips resulting from several resonant
frequencies.

In most of the preceding studies about locally resonant pho-
nonic crystals, the structure ismade only by solid constituents. One
object of this section is to investigate similar structures when the
matrix is made by a fluid such as water whereas the embedded
core remains a cylindrical solid. Indeed, it will be shown that the
transmission properties and band structure can be significantly
affected by the solid or fluid nature of the matrix as well as the
nature of the coating material which is in contact with the matrix.
The other main object of the section is to generalize, for two-
dimensional phononic crystals, the most studied case of a coated
core inclusion to the case of amultilayer cylindrical core composed
of two or several coaxial shells surrounding the internal hard core.
The resonant nature of the scatter is obtained by alternating shells
of a soft polymer and a hard material such as steel. This new
geometry of the scatter yields several dips in the transmission
coefficient in a given frequency range. Moreover, we show that by
combining two or more phononic crystals of different parameters,
it is also possible to overlap some dips and obtain awidening of the
frequency gaps. The organization of this section is as follows. The
geometry of the structure is presented in thenext subsection. In the
next one, we discuss the behavior of the transmission coefficient as
a function of the number and the order of thematerials composing
the shells, in particular the uttermost materials respectively in the
internal core and in contactwith thewatermatrix. The conclusions
are given in the last subsection.
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Table 5
Structural parameters of the constituents in the phononic crystal: mass density (ρ),
longitudinal (cL) and transverse (cT ) velocities of sound.

Material Water Steel Butyl rubber Silicone rubber

ρ (kg/m3) 1000 7780 933 1300
cL (m/s) 1490 5825 55 24
cT (m/s) 0 3226 19 6

Hard material

Soft rubber  

Fig. 76. Representation of the basic unit structure made of a hard cylinder core
covered by a multilayer of rubber and steel. N is the number of shells in the coating
(N = 6 in this figure).

5.1. Geometrical and simulation parameters

The structural unit used to build the phononic crystal consists
of an infinitely long cylinder, composed of multi-coaxial shells,
embedded in a water matrix. The inner (core) cylinder is made of
steel. This core is coated by alternate shells composed respectively
of a thin layer of an elastically soft material and a thin layer of
a hard material (steel). In this way, we obtain an alternation of
hard and soft materials (Fig. 76). We call N the number of shells
coating the core and, depending on whether N is even or odd, the
uttermost shell in contact with water will be steel or the polymer.
In most of our calculation, the soft polymer is chosen to be butyl
rubber (poly-isobutene-co-isoprene) which has very small elastic
constants and consequently very low velocities of sound [159]. The
structural parameters and the sound velocities of the materials
used are reported in Table 5. In our calculations, we fix the outer
radius of the cylinder to be equal to 8.4 mm and the thickness of
each layer in the coating equal to 1.6 mm. The filling fraction of
the whole cylinder, taken to be f = 0.55, will be kept constant
throughout the paper. Finally, the sonic crystal is composed of six
rows of elementary units arranged on a square lattice,with a lattice
parameter of a = 20 mm. The whole size of the sonic crystal is
therefore 12 cm.

Numerical calculations of dispersion curves, transmission co-
efficients and maps of elastic displacement fields are based on
a two-dimensional finite difference time domain scheme already
described in the previous sections of this review paper. Space is
discretized in both x and y directions using amesh interval equal to
∆x = ∆y = a/100 where a is the lattice parameter of the crystal.
This value insures aminimumof 8 intervals of the discretizedmesh
inside the smallest shell we studied. The equations of motion are
solved with a time integration step ∆t = ∆x/(4cl) where cl is
the highest longitudinal velocity involved in the structure and a
number of time steps equal to 222 which is the necessary test time
for a good convergence of the numerical calculation. More details
about the calculation are given in Ref. [137].

5.2. Results and discussion

This subsection is divided into two parts dealing respectively
with odd and even values of the number N of coating layers.
This means the shell in contact with the water matrix will be
respectively the polymer or steel. Our emphasis will be put on
the latter case where, for the purpose of practical realization, the
polymerwill be protected fromwater. Nevertheless, for the sake of
comparison and to showa totally different behavior,we also briefly
describe the case where the polymer is in contact with water.
5.2.1. Odd number of shells
Let us first consider the case where the solid core made of

steel is coated only by one layer of elastically soft polymer (butyl
rubber) (see the inset in Fig. 77(a)). In Fig. 77(a) and (b), we present
the complete dispersion curves of the composite crystal and the
transmission spectrum along the main directions of the reduced
Brillouin zone, i.e.Γ X andΓ M (see the inset of Fig. 77(a)). The first
band extends up to 1.7 kHz where it bends in the vicinity of the
Brillouin zone. In the long wavelength limit, the average velocity
of sound is about 80 m/s which is much smaller than the velocity
in water due to the presence of the soft polymer shell. Above the
absolute band gap, which extends from 1.7 to 1.85 kHz, most of
the dispersion curves are rather flat. The transmission coefficient in
the first band displays a set of peaks corresponding to Fabry–Perot
oscillations of the whole phononic crystal. A few oscillations are
also visible in the next bands but the transmission drops to
negligible values when going to higher frequencies, probably due
to the flatness of the dispersion curves.

The addition of supplementary shells, keeping always N as an
odd number (see Fig. 77(c)), does not change the above general
trends. The effect of increasing N is essentially a broadening of the
lowest band gap, which extends, for the Γ X direction, from 1.35
to 2.0 kHz in the example of Fig. 77(c). The main conclusion is the
possibility of opening an absolute band gap in the low frequency
range when the polymer is in contact with the water matrix, while
the effect is not related to the existence of a local resonance that
cuts a band of propagating modes.

5.2.2. Even number of shells

5.2.2.1. N = 2. First, we assume that the inner core is coated
with only one double layer, made of the soft polymer and steel
respectively, see the inset in Fig. 78(a). With a filling fraction
f = 0.55, the diameter of the inner core is 5.2 mm and the
thickness of each layer has been chosen to be 1.6 mm. Fig. 78(a)
shows the transmission curve of the corresponding phononic
crystal along Γ X . For the sake of comparison we also present in
Fig. 78(b) the transmission coefficient of the conventional crystal
without coating layers. It can be seen that in both cases, the first
Bragg gap appears around a frequency of 35 kHz, i.e. f = ν/2a
where ν is the velocity of sound in water and a the period. Due
to the coating layers, there are two main differences occurring
in the transmission curve of Fig. 78(a) with respect to that of
Fig. 78(b): (i) several dips in the first pass band that extends up
to 30 kHz, and (ii) a new pass band inside the Bragg gap that is
also an effect of the coating (see also Ref. [137]). The occurrence
of low frequency dips, about one to two orders of magnitude
lower than the Bragg gap, is a characteristic feature of the locally
resonant sonic materials constituted by solid media [136,150,151,
138,152,153,139,154–156], as first obtained by Liu et al. in a three-
dimensional phononic crystal [136].

The first two dips appearing at 1.45 and 6.65 kHz in the
transmission coefficient for both Γ X and Γ M directions of the
Brillouin zone, Fig. 78(d), can also be seen in the dispersion curves,
Fig. 78(c). The linear dispersion curve of the propagating modes is
cut by two flat dispersion curves, giving rise to the opening of small
low frequency gaps. Thus, such a phononic crystal leads to absolute
acoustic stop bands in the sonic range. In the following, we discuss
the behavior of the displacement fields associated with the first
two dips at 1.45 kHz, Fig. 79 and 6.65 kHz, Fig. 80, assuming that
the propagation is along the y direction. At 1.45 kHz, we represent
the displacement components uy, Fig. 79(a), and ux, Fig. 79(b), both
with a three dimensional map and along a cross section in the
x direction. We note that the hard (steel) materials, both in the
inner core and in the outside shell, move as rigid bodies essentially
parallel to the y direction (see also Fig. 79(c)), whereas the soft
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Fig. 77. Dispersion curves (a) and transmission coefficient along Γ X and Γ M (b) for a phononic crystal (f = 0.55 for the whole cylinder) in which the rigid core is coated
with a polymer. (c) Transmission coefficient when the core is coated by three shells.
rubber undergoes an elastic deformation with both components
of the displacement field. Thus, this first low frequency resonance
(1.45 kHz) can be understood as an oscillation in which the core
and the shell move along the direction of propagation in opposite
phase with respect to each other, whereas the polymer acts as a
spring linking the two hard materials. This scheme is displayed in
Fig. 79(c) where O and O′ are respectively the centers of the core
and the shell. Finally, we can see the presence of a displacement
field outside the cylinders in the water matrix, for both x and
y directions. In particular, the displacement along x implies an
interaction between cylinders in neighboring cells, as will be
discussed below.

Fig. 80 present the displacement field associated with the
second dip in Fig. 78(a) occurring at 6.65 kHz. It can be observed
that the displacement is now totally localized inside the polymer
shell, whereas the hard materials as well the matrix are at rest.
Therefore, this dip originates from a localizedmode of the polymer
shell sandwiched between two hard materials. This mode is
comparable to the one described with an epoxy matrix [136].

We now discuss the evolution of the dip frequencies, especially
the lowest one, as a function of different geometrical and
physical parameters of the multi-coaxial cylinders. Indeed, these
frequencies can be changed with the thickness of the coating
layers, the nature of the polymer material and the separation
between the neighboring cylinders. In Fig. 81(a) we decrease the
radius of the inner hard core and increase by the same amount
the thickness of the polymer layer, the other parameters being
kept fixed. This produces a downward shift of the dip frequencies
which mainly results from the increase in the amount of soft
material. The effect is weak for the first dip, while it becomes
more significant for the second dip for which the displacement
field is localized inside the polymer. In Fig. 81(b), the parameters
of the cylindrical inclusions are kept constant, while we change
the period a of the crystal and therefore the separation between
cylinders. The change in the frequency of the dip indicates that
the interaction between neighboring cylinders is not negligible for
a relatively high filling fraction. This result differs from the case
of locally resonant phononic crystals with only solid constituents.
In Fig. 81(c), we decrease the thickness of the outside steel shell
and increase by the same amount the radius of the inner core.
The decrease in the thickness of the steel shell increases the
interaction between the polymer and the incoming wave from
water and results in a broadening of the dip. This may be useful
for the realization of a broadband sonic shield. In Fig. 81(d), we
keep constant the geometrical parameters and change the nature
of the polymer in the coatings, namely butyl rubber is replaced
by silicone rubber (see Table 5 and Ref. [136]) which has lower
velocities of sound. This results in a downward shift of the dip
frequency, from 1.45 to 0.7 kHz.

Finally, to widen the phononic band gap, we make a combina-
tion of two phononic crystals in which we have respectively an
outer shell thickness of 0.4 mm (0.6 mm) and a core radius of
3.6 mm (4.0 mm) (Fig. 82). These phononic crystals (A and B) dis-
play attenuation dips centered at frequencies of 1.0 and 1.06 kHz
respectively. The association in tandem of both phononic crystals
leads to a wider gap resulting from the overlap of the two initial
dips. In Fig. 81(f), we observe the same behavior for the Γ M direc-
tion that confirms the absolute character of the acoustic stop band.

5.2.2.2. N ≥ 4. We consider now the case of multi-coaxial cylin-
drical inclusions containing an even number of shells. Fig. 83(a)
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Fig. 78. (a) Transmission spectrum of the phononic crystal (f = 0.55 for the whole cylinder) where the rigid cores are coated with a double shell of polymer and steel.
(b) Same as (a) for a conventional crystal without coating of the cores. (c) Band structure of the phononic crystal of Fig. 78(a). (d) Magnification of the transmission coefficient
for both Γ X and Γ M directions.
presents the low frequency transmission curves forN = 2, 4 and 6.
The number of dips evolves in relation with N , namely in compari-
son to the caseN = 2 discussed above, each dip is divided into two
(respectively three) dips when N becomes equal to 4 (respectively
6). As a matter of comparison, we also give in Fig. 83(b) the trans-
mission coefficient for a phononic crystal in which the matrix is a
stiff solid such as epoxy and the number of shells is 1, 3 or 5. Again,
the number of dips increases according to the number of shells.
The main difference with the former case is a stronger asymmetry
in the line shape of the dips. Fig. 83(c) shows, in the case of a water
matrix, the transmission behavior obtained in the Γ M direction.
The acoustic stop bands overlap perfectly the dips obtained in the
Γ X direction, showing that the band gaps should be absolute. Com-
ing back to the water matrix and choosing N = 6, we illustrate in
Fig. 83 the displacement fields of the first three resonance modes.
For each frequency, we give the component uy of the displace-
ment along the direction of propagation, as well as a schematic
view of the vibrations in the (x, y) plane. The common feature to all
these three modes is the fact that the hard parts of the inclusion,
namely the inner core and the three steel cylindrical shells, vibrate
as rigid bodies linked together through the polymer shells that act
as springs. In the lowestmode, occurring at f = 1.61 kHz, the inner
core and the two following steel shells vibrate in phase along the
propagationdirection (i.e. y),while the outer steel shellmoveswith
the opposite phase (see Fig. 84a). This behavior is somewhat simi-
lar to the one obtained in Fig. 79 with N = 2 if we assume that the
core is now constituted by the inner core plus the two following
steel shells. The displacement fields of the second (f = 3.0 kHz)
and third (f = 3.77 kHz) resonant modes are represented in
Fig. 84(b) and (c). They correspond to other vibrational states of
four rigid bodies linked together through the polymer shells. These
modes seem to bemore localized inside the inclusion than the first
resonant mode since the outer steel shell remains almost at rest.

In Fig. 85(a), we give the transmission coefficient of the
phononic crystal at higher frequencies (between 6 and 10 kHz)
showing the occurrence of the next set of three dips. The
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displacement fields associated with these dips are sketched in
Fig. 85(b1–b3). The common feature to all these modes is their
localization in the polymer shells while the hard materials and the
matrix remain almost at rest.
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Fig. 80. (Color online) Displacement vector for the frequency associated to the
second dip in Fig. 78(a) at 6.65 kHz. The dotted lines represent the position of the
core and the shells. The displacement is localized inside the polymer shell.

Finally, we illustrate in Fig. 86 the transmission through a
structure composed of a combination of three different phononic
crystals (labeled A, B and C), embedded in a water matrix. The
crystals differ from each other by the radius of the inner core
which affects differently each resonance mode. We choose the
values 2.6, 3.0 and 3.4 mm for the crystals A, B and C respectively.
The thicknesses of the steel shells surrounding the core have
been chosen identical in the three crystals: the outer shell has a
thickness of 0.4 mm to ensure the width of the lowest frequency
attenuation peak, as illustrated in Fig. 82(c); the two other shells
have a thickness of 0.6mm. Finally, the thicknesses of the polymer
shells have been adjusted in each crystal in such a way as to
keep constant the whole radius of the cylinder inclusions (namely
8.4 mm). Fig. 86 presents the transmission through the associated
structure compared to the transmissions of the individual crystals.
For the lowest gap, since the frequencies and widths of the initial
gaps are almost identical, we find a similar behavior for the
combined structure. However, the second gap results from the
overlap of three close attenuation peaks in the individual crystals.
Therefore, these dips can overlap together and form a larger
forbidden frequency gap. The next three frequency gaps result
from the superposition of the individual dips coming from each
phononic crystal involved in the structure. Since the attenuation
peaks associated to each component are rather separated from
each other, one can observe an increase in the number of dips in
the transmission spectrum without a widening. As a conclusion,
the association of several phononic crystals that differ from each
other by their geometrical parameters leads to the superposition
of the individual gaps and couldmodify the transmission spectrum
in three different ways, namely keeping a dip in size and position,
widening a gap, and increasing the number of dips.

5.3. Summary

In this section we studied the transmission coefficient and
dispersion curves of phononic crystals in which the matrix is a
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fluid such as water and the inclusions are composed of multi-
coaxial cylindrical shells. Each inclusion is composed of a hard
(steel) core coatedwith alternate shells of a soft polymer and steel.
Totally different behaviors are obtained depending on whether
the outer shell in contact with water is the soft polymer (odd
number of shells) or steel (even number of shells). In the first
case, low frequency gaps can appear as a result of the very low
average velocity of sound in the phononic crystal. In the second
case, several dips appear in the transmission coefficient, inside
the pass band of the crystal below the first Bragg gap. These
dips correspond to the interaction of flat bands with the linear
dispersion curve of the propagating modes and result from the
existence of quasi-local resonances in the unit cell of the phononic
crystal. This result is similar to the one obtained in locally resonant
sonic materials with solid constituents. However, in the structures
with a fluid matrix, the interaction between neighboring unit cells
is not totally negligible and the positions of the dip frequencies
are dependent upon the filling fraction, i.e. the separation between
neighboring cylinders. By increasing the number of shells in the
coating, the number of dips is increased, for example they are
multiplied by 2 (or 3) when N is changed from 2 to 4 (or 6). We
have discussed the displacement field of the resonant modes and
generalized the behaviors obtained in the case of a single shell
coating. Finally, we have analyzed the evolution of the lowest
dips with the relevant geometrical and physical parameters of the
phononic crystal. Values of the dip frequencies can be tuned using
various parameters of the crystal such as the inner core radius, the
shell thicknesses, or the period or the nature of the soft rubber.
By associating several phononic crystals that differ from each
other by their geometrical or physical parameters, one can keep
unchanged or enlarge a phononic band gap or increase the number
of dips, depending on the degrees of overlap between the single
dips.
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Fig. 83. Transmission curves through a phononic crystal where the coating contains N shells of polymer and steel, embedded in (a) water and (b) epoxy.
(c) Transmission spectrum for N = 6 shells of polymer and steel, embedded in water, for the Γ M direction compared to the Γ X direction.
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Fig. 84. (Color online) Map of the displacement component uy (parallel to the
propagation direction) and schematic view of the motion in the (x, y) plane for the
first three dip frequencieswhen the coating containsN = 6 shells. (a) f = 1.61 kHz,
(b) f = 3.0 kHz and (c) f = 3.77 kHz.
6. Prospectives

This review paper focused on two-dimensional phononic crys-
tals and more particularly on the properties related to the exis-
tence of band gaps. Indeed, such crystals prohibit the propagation
of sound for frequencieswithin the band gaps and allow the control
andmanipulation of the acoustic wave propagation. Several exam-
ples of phononic crystals were presented and some possible ap-
plications such as filtering, multiplexing and sound isolation were
discussed. Special attention has been devoted to crystal plates,
where the thickness of the phononic crystal is finite, and their
potentialities. They open exciting new ways in integrated tech-
nological circuits to control sound. Theoretical works are dealing
currently with the functionalities of phononic plates, analyzing the
effect of point and linear defects introduced in the crystal. From the
experimental point of view, new works devoted to submicron and
nanometer scale structures represent a challenge in technological
realizations and experimental characterizations at GHz frequency
range [160]. Similar applications are expected based on structures
where the phononic crystal is supported by a semi-infinite sub-
strate [161,162]. The design of the phononic crystal on the surface
is studied to control and manipulate the surface acoustic waves.
Beyond the study on the existence and behavior of absolute band
gaps, one topic of interest is about the engineering of the dis-
persion curves in the band structure that opens the way to new
applications. The architecture of the dispersions curves can be
modified by the size or the nature of the inclusions embedded in
the host matrix. For instance, a phononic crystal made up of holes
in a solid matrix can be infiltrated with different liquid, polymers
or gas. This produces drasticmodifications of the dispersion curves,
in particular creating flat bands or new bending of the acoustic
branches. Such behaviors of the acoustic properties in infiltrated
phononic crystals can be used as biochemical sensors [163]. More-
over, external physical stimuli such as electric or magnetic field,
tensile deformation, variations of temperature or phase transfor-
mation [164,165] open the way to a new topic based on tun-
able and reversible phononic crystals. During the past few years,
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many efforts have been devoted to technological fabrications of
the phononic structure in two or three dimensions. Until recently,
most of the experimental studies have been conducted in the sub-
millimeter range, at ultrasonic frequencies, in particular interest in
medical environments. Several papers are dealing with the appli-
cations of negative refraction phenomena in this range.More inter-
esting for the telecommunication applications, phononic crystals
of submicron and nanometer sizes, operating at GHz frequencies,
have been realized recently. Additionally, such structures allow the
confinement and control of both elastic and optical waves in the
same structure. Suchmaterials exhibiting dual phononic–photonic
band gaps [166,167] also called phoXonic crystals, may find use-
ful applications for enhancing the phonon–photon interaction. By
merging both fields (nanophotonics and nanophononics) within
the same platform, novel unprecedented control of light and sound
in very small regions will be achieved. This would be interesting
for the purpose of designing new compact acousto-optic and sens-
ing devices, but also as a source of high frequency phonons. In this
review, we have shown that the local resonances can lead to low
frequency gaps one or two orders of magnitude below the Bragg
gap. Such sub-wavelength phononic crystals can present forbidden
frequencies in the audible range. Beyond the application of such
materials as noise-damping and shielding materials, their under-
lying microstructures offer new opportunities in material science.
Acousticmetamaterials, as a counterpart to electromagneticmeta-
materials, have begun to emerge as a new field [168]. Themainpur-
pose of acoustic metamaterials is to provide an effective medium
description of the structure, such as acoustic impedance or index.
Acoustic metamaterials present negative refraction properties at
specific frequencies. Such a property could be used to focus the
acoustic field and define negative index lenses which present the
property to break the diffraction limit. Thermal transport in non-
metallic nanostructured materials can be strongly affected by the
specific phonon dispersions as well as different scattering mech-
anisms. Phononic crystals represent a novel way to develop new
materials and technologies for improving thermal transport and
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Fig. 86. Calculated transmission spectrum through a structure resulting from the
combination of three different phononic crystals A, B and C which differ from each
other by their inner core radius (2.6 mm, 3.0 mm and 3.4 mm respectively). In the
associated structure (A+B+C), the resulting gaps correspond to the superposition
of each individual gap.

reducing interface resistances in nanodevices [169]. Therefore, the
knowledge and engineering of phononic band structure is a nec-
essary step for the purpose of heat management. In particular, the
existence of band gaps and/or the lowering of group velocities due
to the bending of the dispersion curves are detrimental for phonon
transmission and hence contribute to decrease the thermal con-
ductivity. This may find useful applications for thermoelectric de-
vices.

This is not however a complete survey of all the numerous
works devoted to two-dimensional phononic crystals [18] and we
hope that the authors of not cited or badly cited paperswill be kind
and excuse us.
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