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1.

Introduction

Mineralized biological tissues, such as bone and tooth, are
hierarchical composite structures composed of a stiff hydroxyapatite (HAP) mineral phase, a compliant proteinaceous
collagen phase, and water. At the nanoscale, bone and teeth
are constituted of a periodic assembly of alternating regions
of collagen and HAP in a hydrated environment with a repeat
unit cell size of 67 nm (Ten Cate 1980). This periodic composite structure, forming a one dimensional (1-D) superlattice, is
believed to be responsible for the remarkable strength and
toughness of these biological materials (Jager and Fratzl 2000;
Currey 2002; Deymier-Black et al. 2010). At the micrometer
scale, mineralized tissues exhibit a large network of interconnected porosity, tubules in dentin and canaliculi and
lacunae in bone, which allow for the transfer of nutrients,
waste, and water throughout the tissue (Boyde and Lester
1967; Dillaman et al. 1991). This porosity allows bone and
teeth to remain in equilibrium with water, maintaining
hydration of the tissues. Water molecules exhibit a variety
of different interactions with the HAP and collagen including
the formation of water-bridges within the collagen helix,
ﬁlling channels within the HAP, and surface hydration of
the collagen and HAP phases (Bertinetti et al. 2007; De Simone
et al. 2008; Ravikumar and Hwang 2008). Three-point bend
and notch testing indicate that hydration has a signiﬁcant
impact on the mechanical properties of mineralized tissues
resulting in increased elastic moduli as well as decreased
toughness and loss of plastic behavior (Kahler et al. 2003;
Kruzic et al. 2003; Nyman et al. 2006). Hydration increases the
non-linear behavior of collagen as well as its elastic modulus
while increasing its toughness (Grant et al. 2008; Gevorkian
et al. 2013). It is theorized that these changes in the collagen
mechanical behavior due to water content are the major
cause for the changes in overall tissue mechanics. Although
these tests provide important information about how hydration affects material properties, they provide no information
about the dynamic properties of these tissues.
The number one cause of fracture in both bones and teeth
is trauma or impact. To avoid fracture, the energy from
sudden impacts must be dissipated in order to limit the
formation of stress concentrators that can lead to tissue
failure and fracture. It is therefore essential to understand
how the composite structure of bone and teeth reacts to
these dynamic loads which are so often responsible for
fracture. In this study, it is theorized that the non-linear
behavior of collagen in equilibrium with water provides a
means of ﬁlling vibrational band gaps that arise from the
periodicity of the HAP/collagen structure assembly. Under
high load (high deformation) conditions, the non-linearity of
the mechanical response of the collagen–water system may
open up multiphonon scattering channels leading to a ﬁlling
of the band gaps in the vibrational band structure of the HAP/
collagen superlattice. We model the collagen/water system
within the context of the thermodynamics of stressed open
systems. This model leads to non-linear stress–strain relationships of the collagen. The non-linear model of the open
collagen/water systems is incorporated into a dynamic model
of the HAP/collagen superlattice. The propagation of elastic
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waves through that superlattice is investigated using the
ﬁnite difference time domain (FDTD) method in conjunction
with the spectral energy density (SED) method. Vibrational
(phonon) wave band structures of the HAP/collagen/water
system show that at high amplitudes, vibrational waves can
interact with each other through multiphonon scattering
channels that can ﬁll the band gaps inherent in the band
structure of elastic superlattices. This band-gap ﬁlling facilitates the propagation of vibrations in a larger range of
frequencies, providing an effective mechanism for dissipation of mechanical energy, thus limiting the risk of failure.
This paper is organized as follows. In Section 2, we
introduce the model of the open collagen/water system. This
system is modeled within the context of the thermodynamics
of stressed solid solutions. This model results in the formulation of the non-linear stress–strain response of the collagen/
water solid, i.e. a strain dependent elastic modulus. Section 2
also presents the model of the HAP/collagen periodic structure in the form of a 1-D superlattice as well as the methods
of FDTD and SED that are employed to investigate the
dynamic response of the superlattice. In particular we focus
on the calculation of the vibrational/phonon band structure
of the superlattice as a function of the energy (amplitude) of
the propagating elastic waves. In Section 3, we report the
results of the calculations and provide an analysis of the
effect of the non-linear elastic modulus. In particular, it is
shown that high amplitude (energy) waves can interact with
each other through multiple phonon scattering processes.
These interactions lead to the opening of new channels for
the dissipation of the elastic energy over a wider range of
frequencies compared to the case of low energy waves.
Finally, conclusions are drawn in Section 4as to the
relationship between the observed behavior and bone fragility due to decreased hydration.

2.

Models and methods

2.1.

Thermodynamics of stressed solid solution

To address the problem of the mechanical behavior of bone
material in the presence of water, we develop the chemomechanical equations of states of materials that can adsorb
ﬂuids under stress based on the work of (Larche 1985; Larche and
Cahn 1985). The total internal energy of the material is obtained
as an integral of an internal Helmholtz energy density f0 :
Z
f ' dV0
ð1Þ
E ¼
V0

where the energy density is given by
f 0 ¼ f 0 ðT; ε; :::; cI ; :::Þ
0

ð2Þ

the prime indicates that all densities are relative to the reference
state for measuring strain. T, ε, and cI ' are the temperature,
strain and molar density of chemical constituent “I”, respectively. We consider K variable the chemical species in the chosen
materials. The differential form of Eq. (2) takes the form:
df 0 ðT; εij ; cI ; :::Þ ¼ s0 ðT; εij ; cI ; :::Þ ds0 þ sij ðT; εij ; cI ; :::Þ dsij
0

0

0

0

0

þ∑MI;K ðT; εij ; cI ; :::Þ dcI

ð3Þ
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0

0

0

the functions: s0 ðT; εij ; :::; cI ; :::Þ, sij ðT; εij ; :::cI :::Þ and MI;K ðT; εij ; :::cI :::Þ
are the density of entropy, stress and diffusion potential equations of state, respectively. The diffusion potential is used when
considering a substitutional solid solution that constrains the
molar densities according to: c'1 þ ::: þ c'I þ ::: þ c'K ¼ c'0 where c'0
is the density of substitutional sites of the different chemical
0
0
species. Introducing mole fractions XI ¼ ðcI =c0 Þ the diffusion
potentials are therefore deﬁned as:
 
∂f '
0
¼ c0 MI;K with I ¼ 1; K 1
ð4Þ
∂XI T;ε;XI a K
By choosing K as a dependent chemical specie, one may
treat the problem with only K 1, independent variables. Let
us now simplify the problem to a binary solution i.e. I¼ 1 and
K¼ 2. Note that the substitutional solid solution representation is equivalent to an interstitial solid solution if 1 represents the interstitial specie (e.g. water) and 2 the interstitial
sites (i.e. available sites for water in a collagen matrix).
Denoting by the composition in specie 1 by ‘X’ and using 2
as the dependent specie, the diffusion potential becomes:


1 ∂f 0
ð5Þ
M12 ¼ 0
c0 ∂X1 T;ε
It is convenient to deﬁne the free energy density Φ0 by the
Legendre transformation where strain is replaced by stress as
variable.
Φ0 ¼ f ' sij εij

ð6Þ

0

ð7Þ

From this relation we deduce the following Maxwell relation:
!


∂εij
∂M12
0
¼
ð8Þ
c0
∂sij
∂X1 T;skl
T;X1

In the case of a binary solution whose elastic properties
depend on the composition, the right hand side of Eq. (8) has
to be written as:


∂εcij ∂Sijkl
∂εij
¼
þ
skl
ð9Þ
∂X1 T;skl ∂X1 ∂X1
where we have dropped the subscript in the differentials for
the sake of simplifying the notation. εcij is the component of
the chemical strain and Sijkl is the component of the compliance tensor. The chemical strain is stress free and is only
associated with the expansion or contraction of the material
upon a change in composition. To simplify the notation, we
take ηij ¼ ∂εcij =∂X1 where the linear coefﬁcients ηij is the
component of the chemical expansion coefﬁcient tensor.
The simplest relationship between the change in composition ðX X0 Þ and the chemical strain is therefore:
εcij ¼ ðX X0 Þηij δij

ð10Þ

δij in Eq. (10) is the Kroenecker symbol. X0 is the composition
of the reference state for measuring strain. To obtain the
second term in Eq. (9), we have used Hooke's law:
sij ¼ Cijkl ðekl  eckl Þ

∂εcij
∂X

sij 

1 ∂Sijkl
s s þ ϕðXÞ
2 ∂X kl ij

ð13Þ

where φ is some unknown function of composition. This
unknown function is eliminated by choosing a hydrostatic
state of pressure, P, as reference state. Inserting Eq. (10) into
Eq. (13), the diffusion potential equation of state for the
binary solution is now given as
M12 ¼ μ1 ðT; P; X2 Þ μ2 ðT; P; X1 Þ

0
1 ∂Sijkl
1 ∂Sijkl
s s þ P2
δ δ 
 V0 ηij sij  ηkk P 
2 ∂X1 kl ij 2
∂X1 kl ij
0

ð14Þ

0

where V0 ¼ 1=c0 .
In Eq. (14), we have introduced the chemical potentials of
species 1 and 2. Under hydrostatic pressure, the diffusion
potential is nothing but a difference in chemical potential.


The chemical potentials are deﬁned as: μi ðT; P; Xi Þ ¼ 1=c'0
 0

∂f =∂XI T;ε;X .
jai
The condition for chemical equilibrium of the binary solid
solution in contact with a binary ﬂuid solution is determined
by the conservation of the diffusion potential:
M12 ðs; xÞ ¼ μ1  μ2
ð15Þ

We now make the temperature dependency implicit and drop
T from the equations.
Subtracting the diffusion potentials of a stress solid solution, M12 and a solid solution under hydrostatic pressure, M12
yields:
M12 M12 ¼ μF1  μF1 ðμF2  μF2 Þ

ð16Þ

μF2 μF1 ; μF1 ; and μF2 are the chemical potentials of species 1 and
2 in the ﬂuid when the solid is subjected to a stress or to a
hydrostatic pressure only, provided that the ﬂuid behaves
like a chemical reservoir; this is the case if we consider the
ﬂuid to be a reservoir of water only; the difference on the
right hand side of Eq. (16) becomes identically equal to 0 and
the diffusion potentials of the stressed and unstressed
systems are equal. Note that the diffusion potential of the
stressed solid is evaluated at the composition X while the
hydrostatic diffusion potential is the difference in chemical
potential of species 1 and 2 at equilibrium hydrostatic
composition X0. The diffusion potential of the stressed
system can be calculated from
M12 ¼ μ1 ðP; X01 Þ μ2 ðP; X02 Þ

ð17Þ

Eq. (17) is sufﬁcient to solve the change in composition,
X X0, of the solid to maintain equilibrium under stress with
the ﬂuid reservoir. For this, we use the equation of state (14).

ð11Þ

μ1 ðT; P; X01 Þ  μ2 ðT; P; X02 ¼ 1 X01 Þ ¼

ð12Þ

μ1 ðT; P; X1 Þ μ2 ðT; P; X2 ¼ 1 X1 Þ


0
1 ∂Sijkl
1 ∂Sijkl
skl sij þ P2
δkl δij
 V0 ηij sij  ηkk P 
2 ∂X1
2
∂X1

or
εij  εcij ¼ Sijkl skl

0

c0 M12 ¼ 

μF1 ¼ μ1
μF2 ¼ μ2

The differential form of the density Φ0 is
dΦ0 ¼ εij dsij s0 dT þ c0 M12 dX1

Cijkl is the component of the stiffness tensor. The quantity
c
εm
ij ¼ εij εij is the mechanical strain.
Inserting Eq. (9) into Eq. (8) and after integration, the
diffusion potential becomes:

ð18Þ
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It is clear that Eq. (18) leads to a composition which is a nonlinear function of stress. Then, inserted into equation of
states (10) and (12), the stress–strain relation becomes nonlinear.
To simplify the problem, we assume that the collagen–
water binary obeys the prototypical regular solution model.
The molar free energy of mixing:
f m ¼ RTðX1 ln X1 þ ð1 X1 Þln ð1 X1 ÞÞ þ Ωð1 X1 ÞX1

ð19Þ

Ω represents the interaction energy between species 1 (water)
and 2 (water sites in collagen). In this case the difference in
chemical potential is given by
μ1 ðT; P; X1 Þ  μ2 ðT; P; X2 ¼ 1 X1 Þ ¼ RT ln

X1
þ Ωð1 2X1 Þ ð20Þ
1 X1

We now assume that the equilibrium mole fraction of water
in collagen in the absence of stress is X01 ¼ 0:5. Molecular
dynamics simulations of the interaction between collagen
and water indicate that the occupancy of water sites, both
internal and external to the collagen helix, is approximately
40–60% (De Simone et al. 2008; Ravikumar and Hwang 2008).
Under this condition, in the absence of stress, the difference
of chemical potential given by Eq. (20) is zero. We further
assume that the elastic coefﬁcients of collagen are independent of water content. This is justiﬁed based on the fact that
the speed of sound and the density of polymer-based media
and water are very similar. Finally, reducing the problem to a
1-D one, we rewrite Eq. (20) in the form:
RT ln

X1
0
þ Ωð1 2X1 Þ ¼ V0 ηs
1 X1

ð21Þ
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To obtain Eq. (21) we have also neglected the hydrostatic
pressure P compared to the stress. The chemo-mechanical
problem of a collagen solid matrix in equilibrium with a
water reservoir then can be solved by eliminating composition between Eq. (21) and Eq. (22):
ε¼

1
s þ ηðX1  X01 Þ
Y

ð22Þ

Eq. (22) is the 1-D version of Eq. (12) combined with Eq. (10).
There Y is Young's modulus of collagen with the stress free
water content, X01 ¼ 0:5.
Bowman et al. (1996) have measured the stress versus
strain relationship in demineralized bovine bone under uniaxial tension and open conditions (i.e. in equilibrium with
water). The non-linear stress–strain curve for tensile stress is
extracted from Bowman et al. The part of the curve for the
negative values of the strain is the symmetrical of the
positive part, as it is in the equations above. Fig. 1 shows a
ﬁt to this data obtained by eliminating composition between
Eqs. (21) and (22). We found that the best ﬁt is achieved for
the following conditions: η ¼0.12, Y ¼7.75  108 Pa, Ω ¼5448.9
J/mole and V'0 ¼ 4:56  10  4 m3/mole. These values are in
agreement with values of η ¼ 0.09 and Y ¼0.5–1 GPa, measured
for type 1 collagen (Catanese Iii et al. 1999; Heim and
Matthews 2006; Fullerton et al. 2011).
Eqs. (21) and (22) which describe the open-system stress–
strain relationship by elimination of the compositional variable X, include ﬁve parameters. After ﬁtting the model to the
available experimental stress–strain curve, one obtains three
of the parameters that are in excellent agreement with

Fig. 1 – (a) Young's modulus versus strain for open collagen/water system. The curve is a Taylor expansion up to order 8 that
ﬁts the experimental data. (b) Stress versus strain for collagen in the presence of water. This is obtained by multiplying
Young's modulus by the strain: r ¼ YðεÞε. (c) Energy versus strain for collagen in the presence of water. The curve is obtained
by integrating the stress versus strain curve.
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published data for collagen. The other two parameters take
on values that are physically meaningful.
From the ﬁt, Young's modulus YðεÞ and the elastic energy
EðεÞ are written as Taylor series up to the 8th order.

material B is always at equilibrium with respect to chemical
composition. Under this condition, the 1-D mass-spring
equation is given by

YðεÞ ¼ a0 þ a2 ε2 þ a4 ε4 þ a6 ε6 þ a8 ε8

mi

ð23Þ

and
a0 2 a2 4 a4 6 a6 8
ε þ ε þ ε þ ε
EðεÞ ¼
2
4
6
8

ð24Þ

with a0 ¼ 9.565  107 Pa, a2 ¼ 1.543  1011 Pa, a4 ¼ 1.571  1013
Pa, a6 ¼6.958  1014 Pa and a8 ¼ 1.650  1016 Pa.
Young's modulus, stress and elastic energy versus the
strain obtained with this Taylor series are represented in
Fig. 1.

2.2.
1-D model and spectral energy density-ﬁnite
difference time domain (SED-FDTD) method
We now consider the 1-D model illustrated in Fig. 2 as
representative of the nanoscale, periodic assembly of alternating regions of collagen and HAP in bone and teeth. The
ﬁnite superlattice is composed of N ¼2560 masses of materials A and B connected by non-linear springs. Material A is
chemically inert and represents HAP. Material B represents
the open collagen/water system i.e. collagen that can adsorb
water from a reservoir. The behavior of elastic modes in this
model is simulated using a modiﬁed Spectral Energy DensityFinite Difference Time Domain (SED-FDTD) method. The SEDFDTD method has been used recently with success to simulate the propagation of elastic wave propagation in phononic
crystals (Thomas et al. 2010). In its original version, this
method solves the springs and masses equation by discretizing time and space (x-axis) and by replacing derivatives by
ﬁnite differences. We extend this approach to include chemomechanical effects by using the non-linear stress-strain
relation described in Section 2.1 (Eq. 23). The non-linear
spring constant depends on the water content in accordance
with the non-linear stress–strain relation of the collagen/
water open system. Owing to the 1-D nature of the system,
we assume that lateral diffusion of water into material B
(collagen) is much faster than the acoustic wave and that

Fig. 2 – Schematic representation of the simulated HAP/
collagen 1-D periodic system. The unit cells (UC) are
heterogeneous media composed 32 masses of a material A
mimicking HAP that does not change composition when
subjected to stress and 32 masses of material B. B is a
collagen collagen-based material that can interact with a
chemical reservoir of water it is embedded into. Each mass
is connected to its two neighbors by two springs. A spring is
linear (respectively nonlinear) if the mass on its left is
composed of material A (resp. material B). Periodic boundary
conditions are imposed at the end of the system, which
contains 40 UCs.

∂ 2 ui
¼ fi þ fi1
∂t2

with mi ¼ ρi  Δx3

ð25Þ

where t is time, ρi is the mass density, uðtÞ is the displacement. The displacement is related to the mechanical strain
by ε ¼ ð∂u=∂xÞ and s is the stress. Δx is the distance between
two adjacent masses. In 1-D, we describe the stress–strain
relation by
s ¼ YðεÞε

ð26Þ

or the force-displacement relation by
f i ¼ ki dui ¼ ρi c2L;i Δx dui

with ki ¼ ρi c2L;i Δx and cL;i ¼

YðεÞi
ρi
ð27Þ

Eq. (25) is solved discretely and takes the form:
ρi Δx3

i
∂2 ui h 2
¼ ρi cL;i ðuiþ1 –ui Þ ρi  1 c2L;i  1 ðui  ui  1 Þ Δx
2
∂t

ð28Þ

In Eq. (28) we assume that the mass density is independent of
composition. This is the case in material A. Since the mass
density of water and collagen are similar, the mass densities
of discrete points in material B are also taken to be constant.
The structure is composed of 40 unit cells each of them
composed of 64 masses (32 of them composing the material A
and the 32 others composing the material B). Each mass is
connected to its two neighbors by two springs. A spring is
linear (respectively nonlinear) if the mass on its left is
composed of material A (resp. material B). The nonlinear
spring constant is calculated using Eq. (27) where YðεÞ is the
Taylor expansion of Young's modulus described in Section 2.1.
The distance between the two adjacent masses Δx¼
1.04 nm. The time integration step, Δt, is given by Δt ¼ Δx=
ð40cðAÞ Þ ¼ 6  10  15 s where cðAÞ is the speed of sound in the
medium A. The total number of time steps used in our
calculations is 222 time steps. Periodic boundary conditions
are applied at the free ends of the homogeneous regions to
simulate an inﬁnite superlattice. The thickness of the segments of material A and B are designated by LA and LB . For
the sake of simplicity we take LA ¼ LB ¼ 33.5 nm. Hence the
length of a unit cell is a¼67 nm, the repeat unit cell size of
mineralized collagen.
We use the SED-FDTD method to calculate the presence of
acoustic modes in the crystal for different wave vectors. In
particular, the SED method enables the projection of the
vibrations of a structure onto a set of plane waves characterized by a wave vector (wave number in 1D) and a frequency.
With this method, an initial random displacement is applied
to each of the 2560 masses which imparts an initial potential
energy to the structure. Then, the system is free to evolve
during the total number of time steps (222) and the speed of
each mass is recorded during the last 221 time steps. For each
mass, this speed is projected on a considered wave number
and a Fourier transform provides the frequency distribution
of the energy in the solid. This energy is averaged over the 64
masses of each unit cell. This operation is repeated 200 times
for which the results are averaged, in order to allow a sufﬁcient
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variety of initial energy distribution. The SED-FDTD method is a
way of knowing how often a phononic mode is visited.
The dimension chosen for the system, 40 unit cells, allows
the whole operation to be repeated over 21 wave numbers
ranging from 0 to π=a by step of 0:05π=a. The values used for
the initial displacement of the masses are Δx/45 and Δx/150.
The wave number interval [0, π=a] constitute the ﬁrst Brillouin
zone of the phononic periodic structure.
We compare the time resolution of our calculation with
the diffusion time for water in collagen. If we approximate
the 1-D system by a wire with a l ¼ 0.5 nm cross section, and if
we consider a diffusion coefﬁcient for water in collagen of
D ¼ 2:5  10  5 cm2 =s (Westover and Dresden 1974), the time
for diffusion through the wire is on the order of t ¼ l2 = ð6DÞ ¼
1:67  10  11 s. If we compare this time to the maximum
frequency that we study, namely 20 GHz, we obtain a characteristic time of 5  10  11 s. This time is signiﬁcantly
larger than the time for diffusion through the model system.

29

So, even at high frequencies, we can assume that water
content of the system is at equilibrium at all times. This
assumption is even more valid when considering low
frequency modes.
As for the convergence of the method, the SED-FDTD
calculation was performed using 16, 32 and 64 masses per
unit cell in the limit of small displacements. We observed
that the band diagram obtained with 16 masses per unit cell
almost matched the linear results below 10 GHz but not
above this frequency. The band diagram obtained with 64
masses per unit cell matched almost perfectly the linear band
diagram as shown in Fig. 4a. The band diagram obtained with
32 masses per unit cell was an intermediary result, with a
match better than that for 16 but worse than that for 64
masses per unit cell. Hence, the value of 64 masses per unit
cell was chosen for all the SED-FDTD calculations.

3.

Results

3.1.

Analytical results

The model structure of our mineralized biological tissue is a
superlattice with the period a ¼LAþLB ¼ 67 nm. The elastic
band structure of an inﬁnite AB superlattice can be calculated
analytically by (Camley et al. 1983)


1 FA FB
þ
ð29Þ
ShA ShB
cos ðkaÞ ¼ ChA ChB þ
2 FB FA
where
ChI ¼ cos hðαI LI Þ;
ShI ¼ sin hðαI LI Þ
FI ¼ αI CðIÞ
Fig. 3 – Band structure of the AB superlattice. The wave
vector is expressed in reduced units of 1/a where a is the
period of the HAP/collagen superlattice. The band structure
is determined from Eq. (29).

α2I

For a 1-D superlattice, the component of the wave vector
perpendicular to the x-direction is zero, i.e. k== ¼ 0 and the
hyperbolic functions in Eq. (29) reduce to trigonometric
functions.
The elastic band structure of the AB superlattice with ﬁxed
water content of B, X01 ¼ 0:5, can be calculated readily and is
illustrated in Fig. 3. This is the band structure of the elastic
superlattice, that is, when the collagen/water system keeps a
constant composition and its corresponding Young's modulus remains constant. In this case, the superlattice exhibits
elastic passing bands separated by wide band gaps. Elastic
waves will propagate through the HAP/collagen superlattice
only when their frequency will fall into the range of the
passing bands. Waves with frequency in the band gap will
not propagate and will be only reﬂected by the superlattice.

3.2.
Fig. 4 – Elastic energy versus strain for the collagen/water
open system. The solid line is the same as that in Fig. 1,
namely the integral of the Taylor series decomposition of
the stress as a function of strain. The dotted and dashed
lines are the terms of orders 2, 4, 6 and 8 of this Taylor
series. The term of order 6 is particularly interesting as it is
gives a concave down curve characteristic of an unstable
system (its second derivative is negative).

and I ¼ A; B:

2
¼ k2==  ρðIÞ CωðIÞ

Numerical results

The spectral energy density of the structure for an initial
displacement of Δx/150 (low amplitude) is provided in Fig. 5a
and that for an initial displacement of Δx/45 (large amplitude)
is provided in Fig. 5b. At low amplitude, the spectrum shows
very thin peaks at speciﬁc frequencies corresponding to the
vibrational modes that are found when the transmission is
solved analytically (Fig. 3). The system behaves according to
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Fig. 5 – Solid black lines: spectral energy density of the phononic crystal structure with an initial displacement of (a) Δx/150
and (b) Δx/45. Gray dashes: linear band structure of the superlattice shown in Fig. 3.

linear elasticity; it shows a harmonic behavior. In this regime,
the elastic coefﬁcient (Young's modulus) of the collagen (B)
region retains its value at a small strain. For all the frequency
range (0–20 GHz), an excellent agreement between this nonlinear result and the linear result obtained with Eq. (29) is
observed.
At a large amplitude, the system becomes strongly nonlinear. The peaks broaden signiﬁcantly. A ﬁlling of the band
gaps is observed, as shown in Fig. 6. This band gap ﬁlling is
more visible at higher frequencies (10–20 GHz), which allows
us to think that as frequency increases, the band gaps will be
more and more ﬁlled. At higher frequencies (hundreds of
GHz), this would mean that the energy is dissipated as
thermal phonons.
The peak broadening and frequency shift are interpreted
as follows. If we limit Young's modulus function of strain to
its constant term, which is exactly the linear case, then the
Taylor series expansion of the elastic energy function is
limited to its second order term, which appears in Fig. 4. In

that case, the spectrum from the SED-FDTD calculation only
contains the “primary” frequencies which are that of a linear
system. This result is shown in Fig. 6.
Now, if we limit Young's modulus function of strain to its
terms up to order 2, the energy function contains a term of
order 2 and a term of order 4. As shown in Fig. 6, the system
simulated in the SED-FDTD program behaves as a non-linear
system with the frequency shift and band gap ﬁlling
described above.
If we limit Young's modulus function to its terms up to
order 4 (resp. 6), the energy function contains terms of order
2, 4 and 6 (resp. 2, 4, 6, 8). Taking those terms into account
(see Fig. 6) does not change the behavior of the system, which
proves that the second order term of Young's modulus
(fourth order term of the energy) plays the major role for
the nonlinear behavior and the terms of higher order do not
play a signiﬁcant role. Hence, we can assert that this nonlinear
behavior associated with a fourth-order function in strain
elastic energy is mainly due to four-wave (four-phonon)
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Fig. 6 – Spectral energy density (SED) of the phononic crystal structure with an initial displacement of Δx/45 for wave vector
π=a. Gray solid line: with Young's modulus truncated at the order zero (constant value, linear case); dashes: with Young's
modulus truncated at the order 2; and dots: with Young's modulus truncated at the order 4. Curves with Young's modulus
truncated at orders 6 and 8 are not included since they do not carry signiﬁcant changes compared to order 4. Inset: magniﬁed
highlight of the band gap ﬁlling in the frequency range between 0 and 8 GHz.

interactions. Indeed, considering that the dynamic strain is a
linear superposition of plane waves with different wave numbers and frequencies and raising this superposition to the fourth
power to estimate the energy, leads to four-wave interactions.
These scattering interactions would conserve momentum and
frequency and may involve a variety of processes such as the
splitting of a single phonon into three others, the scattering of
two phonons forming two others, etc. (Manktelow et al. 2011;
Swinteck et al. 2013). Those new phonons interactions offer
more channels for the dispersion of mechanical energy.
We can relate the behavior of our non-linear superlattice
to the behavior of a multiple-well mass-spring system. A
multiple-well system is a system for which the representation of the elastic energy as a function of strain is not
parabolic but is a superposition of inﬁnity of parabolas. To
each parabola corresponds a single value of the spring
constant. Hence, representing a non-quadratic energy map
by a multiplicity of parabolic wells is equivalent to introducing a continuum of values of spring constants. At high
amplitudes, waves will sample wider ranges of strain values,
effectively visiting the multiplicity of energy wells. The band
diagram will show a continuity of modes above the “primary”
frequencies of the linear system. Those bands broaden and
ﬁnally ﬁll the gaps. The passing bands of this system will also
be shifted to higher frequencies.
In our case, the reason why the spring constants increase
as a function of the magnitude of the strain is that the model
we chose for Young's modulus is symmetrical and has only
even orders in its Taylor series expansion. If an asymmetrical
function was used for Young's modulus, its Taylor series
expansion would contain odd order terms. In that case,
nonlinear modes with frequencies less than the “primary”
frequencies would appear. We would also observe a shift of
the passing bands to lower frequencies.

4.

Conclusions

A 1-D phononic crystal composed of a superlattice of alternate collagen and hydroxy-apatite constituent layers is studied. This serves as a model of mineralized biological tissue.
The collagen layers are treated as an open system that can
absorb or desorb water. This collagen/water open system
results in a non-linear Young's modulus. This open system
model is ﬁtted to experimental data. We study the dynamic
response of the non-linear superlattice to the propagation of
elastic waves. A FDTD method coupled to a SED calculation is
performed to obtain the wave band structure. In the linear
limit, the band structure is composed of passing bands
separated by band gaps that forbid the propagation of elastic
waves over some ranges of frequency. The non-linearity of
the collagen layers in the superlattice gives rise to multiwave (phonon) scattering processes that lead to partial band
gap ﬁlling. Multi-phonon scattering processes constitute
ways of opening new channels for the dissipation of mechanical energy. This mechanism for mechanical energy dissipation is the direct consequence of the hydration of the
collagen.
The risk of dentin and bone fracture has been shown to
increase with age. During aging, there is also a marked
decrease in the level of interconnected porosity in both
tissues (Kinney et al., 2005; Weinstein et al. 2010). This ﬁlling
of the porosity is associated with decreased ﬂuid ﬂow and
therefore decreased hydration of the tissues. It has previously
been theorized that this decrease in hydration may in part be
responsible for the increased fragility of bone and dentin with
age; however, the associated mechanism remained unclear
(Manolagas 2010). The results presented here provide a
possible explanation for the relationship between bone fragility and decreased hydration. The presence of interstitial
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water in the collagen phase increases its plastic behavior, but
more importantly allows it to act non-linearly. When mineralized tissues undergo a traumatic event, the non-linearity of
the collagen allows for band gap ﬁlling, thus allowing a larger
range of frequencies to propagate mechanical waves through
the material. This ease of propagation diminishes the formation of stress concentrations by vibrational modes that would
otherwise be banned from propagation, reducing the risk of
fracture. In turn, a decrease in hydration will lead the
collagen to act more linearly, which is done here by limiting
Young's modulus to its constant term, and as a result limit
the number of channels that can dissipate elastic energy and
frequencies which are allowed to propagate, thus increasing
the development of stress concentrations and the possibility
of fracture.
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