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ARTICLE INFO ABSTRACT

Keywords: The exploitation of sound as a remote sensing platform for environmental monitoring is a novel avenue for
Geometric phase detecting changes in subsurface temperatures and properties in permafrost. We present a workflow for using the
Permafrost

geometric phase of ground-supported acoustic waves (i.e., seismic waves) due to scattering by trees in a forest as
a means of detecting global changes in permafrost stiffness. We work with a simulated environment composed of
discrete masses and springs as a testbed for the vibrational response of a forest. For two different spatial dis-
tributions of trees, the geometric phase of ground-supported acoustic waves is numerically calculated using
MATLAB to show how changes in ground stiffness, due e.g., to changes in subsurface temperature, affect changes
in the phase. For acoustic waves with frequencies near the resonant frequencies of the trees the phase is shown to
vary more drastically with ground stiffness. This topological acoustic workflow may present a new approach to
characterizing changes in permafrost and provide early warning of thawing permafrost, which is vital to
maintaining infrastructure and access to natural resources.

Subsurface temperature
Seismic waves
Acoustics

1. Introduction

Melting of permafrost in arctic, ocean, and alpine ground drives
strong feedbacks of climate warming of the atmosphere, as large
amounts of greenhouse gases (COy and methane) are released in the
process (Schuur et al., 2015). This makes the detection and mapping of
the rate of permafrost thaw a critical component for improving global
climate models. Additionally, melting permafrost poses a challenge to
local communities in the form of thermokarst formation, changes to
ground hydrological properties, and subsidence. These phenomena act
to change landscapes for ecosystem services, infrastructure, and access
to resources (Ford et al., 2010; Nitze et al., 2018). The foremost threat to
infrastructure comes from subsidence, or depression in ground, along
transportation lines such as highways, railways (Hjort et al., 2018) and
broadband internet lines. There has been considerable attention paid to
remote sensing techniques to obtain continuous information on the
changing conditions within the arctic. Permafrost can occur in varying
degrees of continuity and remains widely unmapped. Boreholes and
drilling sites remain the main source of data used to construct rough

permafrost maps such as in Fig. 1; this method does not lend itself to
continuous monitoring. Current approaches to remote permafrost
sensing and mapping rely on directly or indirectly measuring charac-
teristics associated with permafrost regions such as active layer thick-
ness, subsurface ground temperature, the depth to the top of the
permafrost layer (National Research Council, 2014), and even the
nutrient colour of the vegetation (Dopper et al., 2021). Current remote
sensing techniques heavily rely on aerial and satellite imaging that
indirectly measure ground characteristics through the reflection of
electromagnetic waves (e.g., LIDAR). Such optical methods are limited
by their inability to address features of an environment outside of a
direct field of view. To bypass the constraints of optical obstructions,
acoustics provide an alternate approach for remote sensing. In terrestrial
environments, sound carried through the ground, seismic waves, can be
used to detect subterranean processes (Trapeznikov and Maleev, 2019;
James et al., 2019; Ajo-Franklin et al., 2017). Seismic methods for
monitoring the state of permafrost are for the most part based on
changes in the velocity of compressional- and/or shear-waves following
freezing or thawing of the soil (Hatlelid and MacDonal, 1982; Kneisel
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et al., 2008). The soil velocities directly relate to the elastic properties of
the frozen or thawed ground. The velocities increase drastically upon
freezing. Here we propose a new method of terrestrial acoustic remote
sensing that can detect changes in the ground properties of (densely or
sparsely) forested landscapes, such as permafrost thawing in arctic bi-
omes, based on changes in the phase of ground supported acoustic
waves. This method is based on the analysis of the effect of trees on the
scattering phase of seismic waves, and how this effect changes as the
ground properties change.

Traditional acoustic remote sensing platforms rely on frequency re-
sponses, spectral analysis, and incidence reflections (De and Chakra-
borty, 2011; Turk et al, 2011). Such platforms have been used
extensively to locate deposits of natural gas and oil with varying degrees
of impact on the environment (Kanevskiy et al., 2019; Linke et al.,
2005). Topological acoustics has grown to include geometrical factors in
the analysis and application of acoustic waves (Deymier and Runge,
2017; Zhang et al., 2018). Traditional methodologies only exploit the
frequency (w) or the wave vector (k) components of acoustic waves,
however, topological acoustics expands upon the suite of characteristics
available for analysis by involving amplitude (A) and phase (5). Topo-
logical acoustics utilizes information encoded in the geometrical
amplitude and phase of sound waves arising from symmetry breaking
conditions, such as trees scattering the acoustic wave. These geometrical
attributes of the wave are sensitive to the interaction of the acoustic
wave with its environment, therefore these attributes can be analysed to
detect changes in wave-scattering features of an environment.

Anthropic and natural activities are sources of sound that permeate
tundra and forested landscapes (Mullet et al., 2016). Seismic waves,
acoustic waves carried by the ground, propagate easily in ground and
thus provide a rich and widely unexplored opportunity to probe features
of the terrain. As seismic waves traverse a forested environment, they
are scattered by trees, thus changing the phase of the seismic waves
(Colombi et al., 2016). Additionally, the change in phase is influenced
by the stiffness of the ground itself. As sub-surface temperatures change
in permafrost, the elastic modulus, or stiffness, of the permafrost
changes. Thus, the resonances of trees in forested environments can be
used to amplify and detect changes in ground stiffness caused by
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2. Methods and models
2.1. Methods

The conventional approach to acoustic sensing has relied on the
spectral response of an environment's sound field. The geometric phase
of acoustic waves () has hitherto been excluded from conventional
approaches. There exists an intimate connection between an acoustic
wave's n and its Green's function (Deymier and Runge, 2017). The
acoustic Green's function is the point response of a system given an
impulse stimulus at another point in the system. Due to the point-
response nature of the Green's function, it depends on both the posi-
tion of the response and the position of the stimulus, as well as an
eigenvalue, which is effectively the frequency of the acoustic wave
squared, E = o>,

The Green's function is a complex function, containing both a real
and imaginary component. We consider first a normalized Green's

function G = % where G* is the complex conjugate of G. We have

G(E)xe"E), The derivative of G is calculated with respect to the
eigenvalue E:

dG(E) 1 dG G  d(G'G)
dE ~ VG'GdE 2(G'G)* dE
From (1) it is possible to derive the Berry connection (BC) (Berry,

1984) as a function of the eigenvalue. The Berry connection is given as
the following expression:

BC(E) = —iTr((A;*(E)%)

®

(2)

In Eq. (2), Tr is the trace over the entire spatial domain spanned by
the Green's function. The Berry connection is associated with changes in
the geometric phase of the acoustic wave, 7, which is influenced by the
whole environment supporting the wave. Eq. 2 can be physically
interpreted as the variation in 5 as a function of the eigenvalue E, or
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Fig. 1. GIS map of permafrost for the Alaskan region constructed from data provided by the National Snow and Ice Data Centre (Brown et al., 2002). Most regions are
classified using a three letter code as follows: first letter denotes permafrost distribution as c- continuous (90-100%), d- discontinuous (50-90%), s- sporadic
(10-50%), and i- isolated (0-10%); the second letter denotes ice content as h- high (>20% if followed by an “f’, >10% if followed by an “r”’), m- medium (10-20%),
and 1- low (0-10%); the third letter denotes landform type as f- lowlands, highlands, intra- and intermontane depressions with thick top layer (>5-10 m) above
permafrost, r- mountains, highland ridges, and plateaus with thin (<5-10 m) top layer above permafrost. The continuous red line denotes the treeline for the region.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)



T.D. Lata et al.

effectively the frequency. This highlights that the change in phase of a
wave as it propagates through an environment depends on its frequency
— this becomes important when the supporting environment contains
resonating scatterers with well-defined characteristics frequencies.

By exploiting some well-studied identities of the Green's function
(see Appendix A of Lata et al., 2020, for details), we show that:
seE) = ME) _ ) 3)

dE

Eq. (3) in essence relates 7 to the problem of acoustic waves being
scattered by an environment. The geometric phase 5 as a function of
frequency can be measured experimentally since it is the phase accu-
mulated by a wave resulting from scattering by its environment. The
sensitivity of the geometric phase near the resonant frequencies of these
features can be exploited to detect and quantify changes in other
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in Appendix A. The Green's function for the trees and the cubic lattice
are calculated at runtime using MATLAB. The two-dimensional Fourier
transform of the Green's function associated with the cubic lattice is
calculated (See Eq. A.6), then converted from k-space to real space using
MATLAB's native ifft2 method. After the relationship between the geo-
metric phase 7 and the frequency o is calculated for a particular spatial
distribution of trees, we ascertain the relationship between the geo-
metric phase and the stiffness of the ground. We consider a forest
environment to be composed of N. mass-spring chains (trees) whose
spatial distribution over the surface of the cubic lattice (ground) can
described by the 2N, dimensional vector M. M encodes the 2D co-
ordinates of every tree. This vector contains the subset R of M, the set of
the possible locations for trees to occupy, for the system defined in the
Appendix A as (see Eq. (A.13)):

R= {pl = (070~0) P2 = (x,lvx;so) 3 P3 = (x//lvx,/Z:O) s5ees PN = (st(il) ﬁx<2N(7]) O) }

properties of the environment, such as changes in ground physical
properties.

2.2. Model

We develop a model for calculating the phase, 7, of an environment
accommodating for tree distribution and ground properties. The mate-
rials of the environment are assumed to be linearly elastic. The method
is detailed in Appendix A. This simulated model forest is used to
investigate numerically the correlation between ground stiffness and »
for two different distributions of trees. All calculations are performed in
the MATLAB computational environment.

The ground of the forest environment is modelled as a discrete semi-
infinite cubic lattice of masses with mass m, inter-mass spacing a, con-
nected via springs of stiffness f;. The cubic lattice is cleaved along its
horizontal face (i.e., (001) plane), thus forming the surface of the
ground; it is infinite in all other directions parallel to the plane. There-
fore, the ground exhibits uniform composition throughout its depth and
lacks irregular spatial variability. The top of permafrost can occur some
depth below the surface of the ground, this non-permafrost layer, dub-
bed “overburden” can have a thickness on the order of metres (Wagner
et al., 2018). However, permafrost itself can penetrate tens of metres or
hundreds of metres into the ground. Seismic waves occur at wavelengths
on the order of tens of metres to kilometres (Lay and Wallace, 1995),
therefore the thickness of the overburden is both less than the thickness
of the permafrost and on a sub-wavelength scale of seismic waves.
Therefore, the ground can be approximated as homogenous permafrost
along its depth.

Trees in the forest are theoretically modelled as discrete one-
dimensional chains of masses with mass m and inter-mass spacing a,
identical to the ground. The masses are connected via springs of stiffness
f2 and each tree is anchored to the cubic lattice of the ground via a
spring of stiffness g;. For simplicity 3 = f; = 1. Each tree contains only
two masses and is identical to one another, and thus have identical
vibrational resonances.

For simplicity, only displacements in one direction are considered in
the equations used to model the elastic response of the system. The
polarization of the acoustic wave is unspecified and can either be a
transverse or longitudinal. The Interface Response Theory (IRT)
(Dobrzynski, 1987, 1988) allows for the calculation of the diffusion
matrix of the Green's function for the entire system composed of trees
connected to ground surface. The diffusion matrix is used in calculating
the scattered wave's phase with respect to frequency. Details on the
calculation on the diffusion matrix and the Green's function can be found

where p; = (xﬁi), xg), 0) defines a 2D position on the (001) surface of the
cubic lattice. The x{Pare integral multiples of the inter-mass spacing of
the cubic lattice a. Following Appendix A, the phase difference between
an acoustic wave carried by the coupled system (trees elastically coupled
to the ground) and a wave carried by the uncoupled system (trees not
coupled) is calculated from the relation: n(ReM,®,p;) = —im|In(det

“ A(MM) )] where ” A(MM) is the diffusion matrix. This matrix links the

Green's function of the coupled system, g(MM), to the Green's function of

the uncoupled system, G(MM). This coupling is achieved via the relation

g(MM)~ A(MM) = G(MM) in the space M. Since In(det” A(MM)) = —In

(detg(MM) )+ 1In (detG(MM) ), n(ReM, , 1) represents the difference in

phase between the coupled and uncoupled systems. We can now
consider two possible values of ground stiffness, namely $; and p;’. The
quantity Ay = (R, ,p;) —n(R,w, ;) is the difference between the
geometric phase of ground stiffness ; and p;’ for a given tree distri-
bution R. Since the trees in the uncoupled system are not connected to
the ground, the phase of the uncoupled system remains the same
regardless of tree distribution and therefore cancels out in the expression
of Az. As a result, the change in geometric phase can be calculated as the
stiffness of the ground varies.

In this model the ground is taken as a homogenous ideal medium,
however, the approach described here can also be applied to grounds
containing heterogeneities which do not vary on the timescale of
changes in the subsurface temperature of the permafrost. In our ideal
system n(ReM, w, /1) represents the difference in phase between an ideal
homogenous ground coupled with trees and the same system without
the tree-ground coupling. The ideal nature of the ground of this model is

found in the expression for §s1 in the appendix, however, for a non-ideal
heterogenous ground, our model will differ from the ideal only in the

functional form of gg;. We anticipate that this new function will still
depend on the permafrost part of that heterogeneous ground. This
means that as the permafrost below the active layer thaws it will still

affect the functional form of gg; similar to the case of the homogeneous
ground. We will still be able to define the Ay, the difference in phase
between the frozen and thawed ground/trees coupled system. Ay is
expected to be most sensitive near tree resonances. These resonances
will occur at low frequencies, on the order of tens, to hundreds, of hertz
(Colombi et al., 2016). At these low frequencies, the wavelength of the
wave in the ground is on the order of hundreds of metres (Colombi et al.,
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2016), therefore heterogeneities on a scale smaller than the wavelength
will not interact with the wave and the ground can be taken to be an
effective homogenous medium. Other factors that could affect the geo-
metric phase such as moisture content or seasonal ice may occur on
timescales different from permafrost thaw. Lighter vegetation may have
minimal effect the geometric phase due to not having resonances in the
frequency regime of interest.

Two forest environments with differing tree distributions were
considered. In one distribution, 30 trees were placed in a semi-random
manner far enough apart as to not interact with one another (Fig. 2
(b)) (see Appendix A for details on the cut-off distance of interaction of
trees). In the other distribution, 30 trees were placed in a tight cluster
(Fig. 2(c)). For each distribution the stiffness of the ground, f;, was
varied from 0.2 to 2.0. The masses, inter-mass spacing, and stiffness of
the trees were kept constant m = f, = f; = a = 1. The geometric phase
was calculated for both types of distributions with different values of
ground stiffness.

It has been observed in Yang et al., 2015, that the elastic modulus, a
measure of ground stiffness, of permafrost varies inversely with tem-
perature from as high as 8 GPa to as low as 2 GPa over a range of —12 °C
to —1 °C, thus indicating a temperature dependent relationship of
permafrost stiffness. In that study the field samples were collected and
maintained at a uniform temperature during unconfined compression
tests. For black spruce, a tree present within the boreal regions of Can-
ada, the modulus of elasticity varies between 5 GPa and 17 GPa (Giroud
et al., 2016). The elastic moduli of the ground and trees are proportional
to the spring stiffnesses 51 and fs, respectively. Using the lower limit of
elastic modulus for black spruce, the ratio of the ground's elastic
modulus to that of the trees would vary over a range of 0.4 to 1.6. For
temperatures above —1 °C it is assumed that the elastic modulus of the

Cold Regions Science and Technology 199 (2022) 103569

permafrost would continue to decrease, possibly allowing the ratio of
elastic moduli to approach 0.2. Since the stiffness of the trees, 3 = 1, in
our model is held constant, the ratio of the stiffness of the ground
relative to the trees is equal to ;. Therefore, #; was varied over the
range 0.2 to 2.0.

3. Results

The variation in density of states (see Eq. (A.12)) was calculated for
the environment with the sparse distribution of trees (Fig. 2(b)) for both
$1 = 0.2 and p; = 2.0. The frequency w is expressed in units reduced by

the factor \/[g Peaks in the figure correspond to the resonant fre-

quencies of the trees. In Fig. 3(b) it is shown that for f; = 0.2 there is
only one peak; this is because at f; = 0.2 the ground cannot support
waves with a frequency above 0.859. The value of this frequency cut-off

is determined by wcypof = 2 r/jTll The varying stiffness of the ground

changes the frequency regime available for propagating waves, with
higher values of ; allowing waves of higher frequency. At $; = 2.0 the
second resonance of the trees is observable (Fig. 3(b)). The two reso-
nances arise from the trees being composed of only two masses. Because
the trees are a sufficient distance apart as to not interact with one
another through the ground, the resonances are degenerate.

In Fig. 3(b) it can be seen that the frequency at which the first
resonance occurs changed with ground stiffness ;. This phenomenon
arises from the masses of the tree being coupled to a mass in the sub-
strate, whose vibrational properties are subject to changes in the stiff-
ness of the ground. This change in resonant frequency of trees with
varying ground stiffness has been observed in numerical simulations of
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Fig. 2. (a) Ground-forest environment modelled as a lattice of masses (spheres) connected via springs. The system is composed of trees (orange) connected to the
ground (light blue). The ground extends infinitely in directions that are not the surface. (b) A top-down view of the locations of trees for a sparse and random
distribution. The trees occupy an area of 20a by 20a. (c) A top-down view of the locations of trees in a dense cluster. The space (surface) spanned by the distribution
of trees is denoted as R in this paper. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. (a) Variation in density of states for f; = 0.2. Inset is the geometric phase, 5(w), as a function of frequency showing that resonant frequencies correspond to
sharp changes in the phase. (b) The calculated variation in density of states for a ground stiffness of f; = 0.2 and f; = 2.0. The first resonance occurs around a
frequency of 0.474 for the lower $; value and around 0.585 for the higher f; value.

Corrected Difference in Phase

Corrected Difference in Phase

—
o o o
] / /

10 —

)
f=]
t

(b)

w
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w is reduced by the same factor %2. (b) Same plot as panel (a) but rotated to highlight the width of the peak around the first resonance and the cut-off phenomenon
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seismic wave propagation in forest environments (Colombi et al., 2016).

For each given distribution of trees, the phase 5(w, ) was calculated
numerically. The case when the stiffness of the ground is equal to the
stiffness of the trees, f; = 1, was selected as a reference ;. The change in
phase for a stiffness §, from the reference is expressed as Ay =
n(w,p,) — n(w,p; =1). Because phase is a periodic quantity with a
period of 2z, e.g. 0 = 21 = 47, a phase difference Ay that is an integer
multiple of 2r is trivial and must be removed for clarity. For a given
ground stiffness 8, , the phase difference at frequency w;, An(w;), had
integral multiples of +2n added wuntil for every frequency
|An(wi, B,') — Ap(wi_1, ;) |(27. This correction was done using in-house
developed MATLAB code. A 3D plot of this corrected An(w;, s, ) for one
of the distribution of trees was plotted in MATLAB and is shown in Fig. 4.

In Fig. 4 the troughs and hills along the f, axis in the surface occur
near the resonant frequencies of the trees. Away from these frequencies
it is observable that along the f; axis the difference in phase remains
nearly zero; the curvature along the f; axis, particularly for values of f;
> 1 arises from 2x jumps between different ground stiffnesses. These 2x
jumps occur because the initial correction was done only along the
frequency axis. From Fig. 4 it is clear that frequencies near the resonant
frequencies of the trees will be of greater interest in measuring changes
in ground stiffness. Calculation of the phase difference between a tree-
less frozen ground and an unfrozen ground would only lead to linear
changes. The resonance associated with a tree's vibration is essential to
achieve nonlinear changes in the phase difference between the frozen
and unfrozen forested ground. A frequency of w = 0.575 near the first
resonance, was selected and the difference in phase was calculated as a
function of f; and corrected for 2n jumps. This calculation was per-
formed for both the sparse and clustered distributions of trees and the
results given in Fig. 5. A moving mean average was used to diminish
minor discontinuities arising from the small fluctuations inherent in the
numerical nature of the calculations. The local slope of the data was also
plotted. The nonlinear variation in the difference in phase resulting from
the interactions between tree resonances and changes in ground stiffness
are discussed in the next section.

4. Discussion and conclusions

Detecting changes in arctic ground remains an active area of research
concerning climate models and assessing risk to local resources and
infrastructure. Here we show that changes in geometric phase resulting
from variations in the effective stiffness of a forest floor can be used in
theory to detect changes in ground properties, namely subsurface
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temperature. The nonlinear behaviour and sensitivity in the change of
geometric phase with the state of the permafrost results from the
interaction between the resonant vibrations of the trees and the ground.
This method necessitates the trees, the trees' resonance enhances
significantly the response of the phase difference to changes in the
ground properties.. The workflow presented here provides an alterna-
tive to traditional aerial and satellite-based methods of remotely sensing
permafrost thaw which suffer from operational costs or discontinuous
monitoring.

Fig. 5(a) shows that the magnitude of the slope of the corrected
difference in phase is greatest for the interval 1.05 < ; < 1.65. In this
regime, a given change in the stiffness of the ground produces a large
change in the difference in corrected phase. This means that there is an
enhanced ability to detect changes in permafrost stiffness due, e.g., to
increasing subsurface temperature. Additionally, the slope has a mini-
mum at $; = 1.4, which indicates an inflection point in the difference in
phase. This can be used to distinguish between the stiffnesses above and
below the inflection point. This behaviour is observed only for the dis-
tribution of sparse trees (Fig. 2(b)) which is representative of regions
where the distance between trees typically is greater than the height of
the trees themselves, like arctic taiga. A terrestrial-based remote sensing
platform could be highly valuable in providing early warning of
changing subsurface temperatures and permafrost thaw, which could
result in damage by subsidence to infrastructure such as roads and
railroads.

Fig. 5(b) shows that the profile of the change in phase is significantly
different from that of the distribution of sparse trees, highlighting the
importance of the knowledge of tree distribution in amplifying changes
in phase. It can be observed that the slope of the difference in phase has a
sign change around ; = 1.025. For this profile, the change in the sign of
the slope can be exploited as a useful characteristic in clearly dis-
tinguishing between ground stiffness above and below this point.
Additionally, the magnitude of the slope is quite large over a certain
regime of 1, making slight differences in ground stiffness, and thereby
subsurface temperature, easier to detect. This distribution is represen-
tative of the more densely packed or clustered forests present in some
regions of the arctic where there is little exposed ground for aerial and
satellite-based observations.

The acoustic response of a system can be measured utilizing two
different approaches. One way is to excite an acoustic wave at one place
in the environment and measuring the response using a seismic detector
at another location. The response recorded by the detector can then be
used to relate changes in the seismic wave's geometric phase to changes
in permafrost properties Another approach is to use two seismic
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Fig. 5. (a) Numerically calculated corrected difference in phase for a configuration of non-interacting trees at a frequency of 0.575, and the local slope. (b) Numerical
data for corrected difference in phase for a configuration of clustered trees at a frequency of 0.575 and its slope. In both panels, arrows indicate the direction f;
evolves in with increasing temperature. Error bars are included to show that small variations in the slope may be artefacts of the numerical calculation.
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detectors to measure acoustic waves latent in the environment arising
from human and natural processes (Campillo, 2006; Derode et al., 2003;
Sanchez-Sesma and Campillo, 2006). The spectra of the two sensors can
be cross-correlate to extract the Green's function and its phase — this
approach can be considered “passive” since it does not require exciting
acoustic waves in the environment. This workflow can be enhanced via
machine learning techniques and data mining which will allow for the
extraction of signals from noisy data. In our model, an arbitrary area of
20a by 20a was selected for the numerical simulations; however, since
the geometric phase is a global measure of the environment, the reso-
lution of this method as a means of sensing can be adjusted by placing
seismic sensors closer or farther apart as desired. Thus, GIS maps of
permafrost distribution such as in Fig. 1 can be augmented with finer
resolution data and continuous monitoring, especially in regions of
continuous permafrost distribution below the overlaid treeline. Addi-
tionally, sensors can be placed to take advantage of specific tree distri-
butions. This can allow for high resolution monitoring in areas of
increased interest such as along existing infrastructure and around
natural resources; and lower resolution monitoring in more remote re-
gions. There is thus much flexibility in the operating costs of the acoustic
method.

The sensitivity and applicability of this method depends largely on
the distribution and characteristics of wave-scattering elements of the
environment itself, such as trees in a forest. The wave-scattering ele-
ments do not need to be trees and can be any feature with resonances in
the frequency regime of interest. These resonating features could be
manmade to expand this remote sensing platform to regions without
resonating features such as the Tibetan plateau. This leads to certain
environments dramatically enhancing the effectiveness in detecting
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changes to permafrost. Previous work has explored the effect the dis-
tribution of wave-scattering elements such as trees have on the geo-
metric phase, however, the combination of the two effects has yet to be
fully explored. The model presented here does not account for hetero-
geneities in the ground composition such as the presence of massive
rocks.

Future work will represent vertical variation in ground stiffness by
utilizing a Green's function of a ground composed of a surface layer on
top of a semi-infinite bulk. This surface layer can be used to investigate
effects of season thaw and freezing of the permafrost active layer as well
as detection depth. The approach could also be refined to address how
other ground properties related to ground stiffness, such as organic or
moisture content change in response to climate warming.
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The system of interest can be broken down into a semi-infinite simple cubic lattice of masses and springs cleaved along the (001) surface and a
finite 1-D chain coupled to the cubic lattice with a spring with stiffness f;. The calculation of the Green's function of this system starts with the block
matrix representing the Green's function where the chain is not coupled to the cubic lattice (f; = 0):

Gs= | g,008s |, (A1)

where g, and g, are the Green's functions of the lattice and the chain, respectively. These functions describe the elastic response of the lattice and
chain for elastic waves of any polarization. To keep our model simple, we set the masses of the cubic lattice and chain to be the same, m, i.e., the
densities of the trees and permafrost are comparable. The cubic lattice possesses a spring constant ; and the chain has a spring of ;. The masses in the
chain have a spacing a. For a finite harmonic chain with length L, the coordinates along the chain can be expressed as integral multiples of a such that
x = na for n, n’ € [1,L]. The Green's function is then (Deymier, 2013) given by

, m [\n—rz’\+l+tn-r1’ 2L+

glnm) =g | =1 teona=m

tn,7n+tnfn’+t]7n7n/+trl+n/fl) (A.2)

where

e—(E@-1"ies1
1= e+ (@-1)ire< (a.3)
e+il-8)"ir—1<e<t

mw*

A4
2% (A4

. _ B . . . . . _
The frequency o € [0,wo] with w, = 24/%2. In this paper, a tree is a mass spring chain with L = 2.

The periodicity of Green's function of the cubic lattice allows it to be expressed as the inverse 2-D Fourier transform:
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I o
gSI(CU,}Cl,XLXg):w /dkl /dkzel(kllerkz)Q)gSl(w,k],k27X3) (A.S)

Here, (x1,x2) are the coordinates on the cleaved (001) horizontal surface of the semi-infinite lattice. The surface is located at x3 = 0. The spacing

between masses in the cubic lattice is taken as a. The Green's function g, in k-space is given by (Akjouj et al., 1993)

m g+ +t ~(nyny)

3 — (A.6)

gs](w ki, ky,x3) =

' ()
: () _ x
with ny’ ==,

The Green's function g (w,x1,X2,X3 = 0) is calculated by substituting (A.6) into (A.5), where t is calculated using (A.7). From the dispersion
relation of a simple cubic harmonic lattice: ©? = 2 =1 (3 — coskya — coskoa — coskza) we can define.

& = 3 — coskya — coskoa — ’%’1 (A.7).

Let a position on the surface of the cubic lattice be: p; = (xﬁi),xg), 0), then we only calculate for every frequency o < wo: gs1(pp;) = gs1(pi — pj = (XY)
—x2,xP — x,0)) for 0 — x,xP — xP,0) = £(0,0,0), (0, 1a,0), (0, 2a,0), (1a, 0, 0), (24,0, 0), (1a, 1a, 0), (1a, 2a, 0), (2a, 1a, 0)}. We neglect all other
— pj‘ = \/5a for the Green's function gs (pp)).

Using IRT, a coupling operator is defined to couple the first mass (site 1) of mass-spring chain (base of a tree) to an arbitrary site X = (x,x2,x3 = 0)
on the cubic lattice:

A B

o (ViXX) vix,)\ | m m

V"(V,(l,x) V,(1,1)>_ s b | (A.8)
m o om

For simplicity we set f; = f2. Using IRT we can define a surface operator over the space of coupled interface locations, M:

oo (). (D
AMM) =1y | = [( )8312( x) | o
A(1,1) Vl(lv )gs2(1,1)

The diffusion matrix is written as a 2 x 2 matrix in the space, M, of the interface sites:

R _ 1+A(X7X) A(X,]) 1+ V/(X,X) sl(X,X) V](X,l) 52(1,1)
MMM)*( A(1,X) 1+A(1,1))_( Vil Drga(L ) 1+v,(1,1g)gsz(1,1)> (A-10)

The phase difference between elastic modes in the coupled (trees anchored) and uncoupled (trees not anchored) systems in the space M,
normalized to 7z, is given by:

(@) = 7%Im[ln(det; (MM))] (A11)

This represents the phase accumulated by an acoustic wave resulting from its scattering by the mass spring chains due to them being elastically
coupled to the lattice. The variation in density of states arising from the coupling is then determined through:

dn(w)
d(a@?)

An is the variation of the vibrational density of states between the trees anchored to the ground and the reference system composed of the cubic
lattice with uncoupled trees.

Hitherto we have described a system with only one chain coupled the surface of the cubic lattice; this process can be generalized to N, chains
coupled to several sites on the cubic lattice The space M is now defined as

An(w) =

(A.12)

M= {pi = (0,0,0), 1,p2 = (x,5,0), 1,5 = (¥1,62,0), 17, o, = (62071 0) 1000 (A.13)

The first finite mass-spring chain is situated at the origin on the lattice surface. Thus, the coupling operator is a 2N, x 2N, matrix:

-1 1 0 0 .. 0 0
1 -1 0 0 0 0
- g 0 0 -1 1 0 0
V,—E’ 0 0 1 -1 0 0 (A.14)

1

o o
(=)
(=)
S o
—_
—
|
—

To calculate the diffusion matrix, ~ A(MM) = I(MM) + V;(MM)Gs(MM), the Green's function of the uncoupled system, Gs(MM), is needed:
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gs1(p1p1) 0 gs1(p1p2) 0 gs1(p1p3)
0 ge(ll) 0 0 0
gs1(p2p1) 0 gs1(p2p2) 0 gst(p2p3)
- 0 0 0 gn(1'1) 0
G,(MM) = | gsi(psp1) 0 gs1(p3p2) 0 gs1(p3p3)
0 0 0 0 0 gs2(1
gs1 (pv.p1) 0 gsi(pnp2) 0 gst (pn.p3)
0 0 0 0 0
(A.15)
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8s1 (P 1PN, )
0

8s1 (prNr)
0

8s1 (PSPNC)
0
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0
gor (1061101 )
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0

In (A.15) the odd rows and columns correspond to sites on the lattice and even rows and columns correspond to the position of the fist mass in the

1D chains.
The diffusion matrix in the space M is

A (MM) = ;Jr;l(M,M) ' V,G,(MM).

The phase difference is again given by eq. (A.11).
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