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Transmission of acoustic waves in two-dimensional composite media composed of arrays of
Duralumin cylindrical inclusions embedded in a poly vinyl chloride (PVC) matrix is studied.
Experimental and theoretical results for the transmission spectrum of a periodic array of cylind
organized on a square lattice are reported. Local gaps in the first two-dimensional Brillouin zo
are predicted and observed. The experimental measurements of power spectra for a random a
inclusions show a weak correlation between disorder and acoustic absorptions up to a high de
of disorder. Only in the case of highly random arrangements does the transmission spectrum
from the one obtained with a periodic array of inclusions.
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I. INTRODUCTION

The problem of propagation of classical waves
composite media has recently received a great dea
attention. Of particular interest is the existence of ga
in the optical or acoustic band structure of periodic a
random composite media. The band structure of diel
tric composites is the object of extensive theoretic
and experimental studies.1 The subject of propagation
of acoustic waves in inhomogeneous media has a
been investigated theoretically.2–5 These investigations
focus on two-dimensional composite media composed
periodic arrays of fibers in a matrix. Under the conditio
of large difference in elastic properties of the matrix an
fibers, these materials exhibit gaps in the acoustic ba
structure.

In this paper, we report a combined experimental a
theoretical study of acoustic waves propagation in tw
dimensional periodic and random bimaterial composit
In Sec. II we present the experimental method and
tested composite samples. The theoretical calculation
the acoustic band structure of the periodic system
reported in Sec. III. The experimental and theoretic
results for the periodic and the random specimens
discussed in Sec. IV. Finally, some conclusions rega
ing the propagation of acoustic waves in inhomogeneo
media are drawn in Sec. V.

II. EXPERIMENTAL METHOD

A. Composite systems

The periodic composite medium is constituted of a
array of 25 parallel cylinders of Duralumin (Al 95%–C

*The Editor would like to point out that this paper was delayed d
to the editorial process and not due to the authors or paper qual
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4%–Mg 1% alloy) arranged on a 53 5 square lattice in
a poly vinyl chloride (PVC) cubic matrix. The metallic
cylinders have a diameter,d, of 6 mm and the lattice
constant,a, is 15 mm. The dimensions of the matrix ar
9 cm3 9 cm3 9 cm. The two-dimensional cross sectio
of this specimen is illustrated in Fig. 1(a). The filling
fraction of metal to polymer defined as the volume
the rods to the total volume of the structure is 12.6%. T
choice of the materials is based on the strong contr
in elastic properties between Duralumin and PVC whi
is a necessary condition for the existence of acous
gaps.2 Duralumin and PVC are supposed isotropic. Th
mass density,r, the longitudinal,cl, and transversal,ct ,
speeds of sound and the elastic constantsC11 andC44 of
these materials are listed in Table I.

In Fig. 1(b) we have illustrated the cross section
the random composite medium. This system differs fro
the periodic one in that the arrangement of the para
cylinders is now disordered.

B. Experimental setup

The ultrasonic emission source used in the e
periment is a Panametrics delta broadband 500 k
P-transducer with pulser/receiver model 500PR. T
measurement of the signals was performed with a Te
tronix TDS 540 oscilloscope equipped with a TD10
Data Manager. The transducers are cylindrical with
diameter of 3.175 cm (1.25 inch). The transducers a
centered on the faces of the composite specimen and
nearly parallel signal is perpendicular to the Duralum
cylinders. The emission source produces compress
waves (P-waves) and the receiving transducer dete
only the longitudinal component of the transmitted wav
 1997 Materials Research Society 2207
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(a)

(b)
FIG. 1. Cross section of the periodic (a) and random (b) compo
media. The probed faces of the specimen are labeled (1) and (2)

The measured transmitted signal is Fourier transform
to produce a power spectrum. Measurements have b
performed on the faces (1) and (2) of the periodic a
random composite media, as illustrated in Fig. 1.

The power spectrum for the periodic system prob
on face (1) is presented in Fig. 2(a). Identical measu
ments have been made on face (2) of this sample. T
spectra for faces (1) and (2) of the random compos
medium are reported in Figs. 2(b) and 2(c).

III. THEORETICAL METHOD

We used in this paper a theoretical method develop
by Kushwahaet al.3–5 The two-dimensional periodic
2208 J. Mater. Res., Vol. 1
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system is modeled as an array of infinite cylinders
circular cross section made of an isotropic materialA
(A being Duralumin) embedded in an infinite isotropi
elastic matrixB (B being P.V.C.). The lattice constan
is a and the filling fractions aref and (1 2 f) for
the materialsA and B, respectively (f ­ 0.126). The
elastic parameters are periodic functions of the positio
The mass densityr and the elastic constantsCij are
rA and CA

ij inside the cylinders andrB and CB
ij in the

background. It means thatr andCij are functions of the
coordinatesx andy where thez axis defines the direction
of the cylinders. Considering the double periodicity i
the xy plane, we can writer andCij as Fourier series:

rsrd ­ rsx, yd ­
X
G

rsGdeiGr , (1a)

Cijsrd ­ Cijsx, yd ­
X
G

CijsGdeiGr , (1b)

where r is the position vector of componentsx and y
andG are the reciprocal lattice vectors in thexy plane.
The Fourier coefficients in Eq. (1a) take the form:

rsGd ­
1

Ac

Z Z
d2rrsrde2iGr , (2)

where the integration is performed over the unit cell o
area Ac ­ a2.

For G ­ 0, Eq. (2) gives the average density:

rsG ­ 0d ­ r ­ rAf 1 rBs1 2 fd . (3a)

For G fi 0, Eq. (2) may be written as:

rsG fi 0d ­ srA 2 rBdFsGd ­ sDrdFsGd , (3b)

whereFsGd is the structure factor given by:

FsGd ­
1

Ac

Z Z
A

e2iGr d2r . (3c)

In Eq. (3c), the integration is performed only on materi
A. For a square array of infinite cylinders of radiusro ,
the structure factor isFsGd ­ 2f[J1(Gro)yGro] where
J1 is the Bessel function of the first kind. In an entirel
similar way, Eq. (1b) gives:(

CiisG ­ 0d ­ Cii ­ CA
iif 1 CB

ii s1 2 fd s4ad
CiisG fi 0d ­ sCA

ii 2 CB
iidFsGd ­ sDCiidFsGd , s4bd

with i ­ 1 or 4.
Let us now give the equations of motion in the com

posite material, remembering that the elastic consta
and the mass density are position dependent6:

rsrd
≠2ui

≠t2
­ = ? fC44srd=uig 1 = ?

∑
C44srd

≠u
≠xi

∏
1

≠

≠xi
fsC11srd 2 2C44srdd= ? ug , (5)
2, No. 8, Aug 1997
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TABLE I. Acoustic and elastic properties of PVC (Ref. 8) and Duralumin (Ref. 9) used in this study.

r (kg ? m23) Cl (m ? s21) Ct (m ? s21) C11 ­ r ? C2
l (109 N ? m22) C44 ­ r ? C2

t (109 N ? m22)

PVC 1389 2530 1220 8.891 2.067
Duralumin 2790 6320 3130 111.439 27.333
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where u stands for the position and time depende
displacement vectoru(r , t).

For wave propagation in thexy plane, one can
introduce a wave vectorK (Kx , Ky) (which means
Kz ­ 0) and use the Bloch theorem to write the displac
ment field:

usr, td ­ eisKr2vtd
X
G

uKsGdeiGr , (6)

where v is the wave circular frequency. In this cas
the vibrations polarized parallel to thez axis become
decoupled from those in thexy plane. The equations o
motion for the former modes are written as:

fC44sK 1 Gd2 2 rv2guz
KsGd

1
X

G0fiG

fsDC44d sK 1 Gd ? sK 1 G0d

2sDrdv2gFsG 2 G0duz
KsG0d ­ 0 , (7)

whereas the latter modes are governed by the equat

fC44sK 1 Gd2 2 rv2guT
KsGd

1 sC11 2 C44d sK 1 Gd sK 1 G0d ? uT
KsGd

1
X

G0fiG

FsG 2 G0d hsDC44d fsK 1 Gd

? sK 1 G0duT
KsG0d 1 sK 1 G0d sK 1 Gd

? uT
KsG0d 2 2sK 1 Gd sK 1 G0d ? uT

KsG0dg
1 sDC11d sK 1 Gd ? sK 1 G0d ? uT

KsG0d
2 sDrdv2uT

KsG0dj ­ 0 , (8)

where uT ­ uxx 1 uyy.
Equations (7) and (8) are two infinite sets of line

equations where the unknowns are the Fourier com
nents of the displacement field. In the practice of t
numerical calculation, only a finite number ofG vectors
are, of course, taken into account. The determinants
these systems of equations must vanish, which con
tions yield the band structurevnsKd. The eigenmodes
of Eq. (7) correspond to transverse vibrations (u ­ uzz
' K ) and will be called Z-modes. On the other han
the eigenvalues of Eq. (8) describe modes of vibrati
for which u andK are coplanar vectors in thexy plane
and will be denoted XY-modes. These modes are a
named coupled longitudinal-transverse vibrations in t
literature.4

In this paper, we solve numerically for the eigen
values of the two-dimensional XY-modes along hig
J. Mater. Res., Vol. 1
t

-

n:

r
o-
e

of
di-

,
n

so
e

-
h

symmetry directions in the first two-dimensional Bril
louin zone taking into account 338G vectors. The band
structure of the XY-modes in the periodic Duralumin
PVC (the physical characteristics of these materials a
listed in Table I) composite medium is reported in Fig. 3
This band structure does not show any gap extend
throughout the Brillouin zone but only local gaps in
some specific directions.

IV. DISCUSSION OF RESULTS

A. Periodic composite system

The transmitted power spectrum in Fig. 2(a) show
three significant absorptions at approximately 295, 38
and 488 kHz. States above 700 kHz cannot be resolv
experimentally due to limits in detectability. Although
the emission source produces longitudinal waves on
scattering in the specimens produces mixed XY-mod
In first approximation, in order to compare the exper
mental measurements with the computed band structu
we have calculated the XY density of states for wav
vectors in the directionGX of the first two-dimensional
Brillouin zone. The density of states calculation is lim
ited to the first nine bands in the band structure.
Fig. 4 we have superimposed the power spectrum a
the density of states. The band structure in theGX
direction possesses a local gap showing in the dens
of states at a frequency of 507 kHz. This frequenc
appears to be in reasonable agreement with the obser
absorption at 488 kHz. The fact that this absorptio
does not go to zero power may be explained on t
basis of only approximate two-dimensional propagatio
of acoustic waves in the experimental medium as well
boundary effects from the finite sample. Moreover, th
receiving transducer detects only the longitudinal part
the transmitted waves. The observed absorption at
frequency of 295 kHz may be assigned to the drop
density of states between 250 and 300 kHz correspo
ing to the local gap between the first and second band
the point X.

Another absorption in the experimental spectru
at the frequency 382 kHz does not appear to ha
a counterpart in the calculated density of states. Th
frequency, however, seems to correspond to a cross
between the second and the third band in the ba
structure at a frequency of 364 kHz. We speculate tha
local gap near the observed absorption may be produ
by coupling between the second and the third band. An
2, No. 8, Aug 1997 2209
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(a) (b)

(c)

FIG. 2. Power spectrum for the periodic composite system (a) and the random composite system measured perpendicular to
(b) and (c). The units for power are arbitrary. The maximum signal intensity of the random sample is approximately 20% (b) a
(c) of the maximum signal of the periodic composite.
ro
e

r
e
e
o

Hz.
the
nt
To
e

crossing of these bands may be due to perturbations f
anharmonic effects or internal stresses in the specim

B. Random composite system

The power spectra for the random system measu
perpendicular to the faces (1) and (2) show differenc
However, we note a striking similarity between th
spectrum for the periodic system and that of the rand
system of Fig. 2(b). This latter spectrum shows aga
2210 J. Mater. Res., Vol. 1
m
n.

ed
s.

m
in

three significant absorptions near 290, 382, and 483 k
In contrast, the spectrum 2(c) does not resemble
periodic spectrum. This result is suggestive of differe
degrees of randomness in the two probed directions.
quantify the nature of randomness in both directions w
introduce an order parameter as follows:

O ­
1
n

nX
i

cossGrid , (9)
2, No. 8, Aug 1997
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FIG. 3. Band structure for the two-dimensional XY-modes in period
Duralumin/PVC composite. The reduced wave vector is defined
Kay2p where K stands for the two-dimensional wave vector. Th
points G, X, M in the 2-D Brillouin zone have components (0, 0
(1y2, 0), and (1y2, 1y2), respectively.

whereri is a two-dimensional positional vector of cylin
der i. The sum is taken over thosen cylinders within
the cross section of the transducers. This cross sectio
defined as a region approximately 3 cm wide centered
the probed face and 9 cm deep. We calculate the va
of the order parameter,O1 and O2, in the directions
perpendicular to the faces (1) and (2) by choosingG1 ­
(0, 2pya) and G2 ­ (2pya, 0).

In the case of Fig. 2(b), or probe perpendicular
face (1), we obtain the following results:O1 ­ 0.16
and O2 ­ 0.24 with 12 cylinders contributing to wav
scattering. The order parameters for the case of Fig. 2
or probe perpendicular to face (2), areO1 ­ 0.0 and
O2 ­ 0.16 with 14 cylinders in the transducer cro
section. These values support the differences betw
the experimental spectra for the random specimen.
both cases, the order parameter in the direction
wave propagation is the same. The major difference
found in the ordering of the cylinders in the directio
perpendicular to wave propagation. The measureme
suggest that nearly 80% disordering in the arrangem
of the cylinders perpendicular to the direction of wa
propagation still produces a transmitted acoustic s
nal characteristic of a periodic array of cylinders. W
J. Mater. Res., Vol. 1
c
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on
es

o

c),

s
en
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of
is

nts
nt

e
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e

FIG. 4. Experimental power spectrum (thick line) and calculate
density of states (thin line) for the periodic composite medium. Th
vertical axis is in arbitrary units.

note from our experiment that disorder perpendicul
to the direction of wave propagation in excess of 80
may produce drastic modifications in the acoustic tran
mitted signal. This result seems to be in accord wi
the observations made by Achenbach and Kitahara7 on
the existing correlation between disorder and harmon
waves attenuation in composite systems.

Moreover, the difference in spectra 2(b) and 2(
shows that the experimental absorption at 382 kHz in t
periodic sample cannot be assigned to boundary effe
due to the finite size of the specimen but indeed is relat
to periodicity and therefore to the band structure.

V. CONCLUSIONS

We have conducted a joint experimental and the
retical study of acoustic waves propagation in period
and random two-dimensional composite materials. Th
study was motivated by the recent interest devoted
finding classical wave gaps in inhomogeneous media

Our experimental investigation of a composit
medium composed of parallel Duralumin cylinder
arranged on a square lattice embedded in a PVC ma
shows the existence of strong acoustic absorptio
These absorptions have been assigned to local g
in the theoretically calculated band structure for XY
modes. This band structure was calculated within t
approximation of two-dimensional wave propagatio
Despite the presence of local gaps the periodic compos
2, No. 8, Aug 1997 2211
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medium Duralumin/PVC does not exhibit acoustic ban
gaps extending throughout the Brillouin zone.

The experimental study of a composite mediu
containing metallic cylinders arranged in a random fas
ion has shown the existence of a correlation betwe
disorder and acoustic wave transmission. The gene
features of the transmitted power spectrum appear
be insensitive to disorder up to a very large degree
disorder. In the case studied, a composite medium wit
degree of disorder of nearly 80% as measured by a tw
dimensional order parameter shows striking similariti
with the periodic composite system in its transmitte
spectrum. On the other hand, the power spectrum lo
the characteristics of the periodic system when the or
parameter drops well below 20%.

We are currently examining other candidate com
posite media that are predicted theoretically to poss
gaps throughout the Brillouin zone. These media diff
from the one studied here by their larger filling fractio
and greater contrast in elastic properties of the inclusio
and matrix. Of particular interest is the influence of th
geometry of the inclusions as well as the nature of th
arrangement within the matrix.
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