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COMPUTER SIMULATION OF THE THERMODYNAMIC PROPERTIES OF GRAIN BOUNDARIES 

P. Deymier and G. Ka lon j i 

Department of Materials Science and Engineering, Massachusetts Institute of 
Technology, Cambridge, MA 02159, U.S.A. 

Résume - On présente ici un calcul explicite des grandeurs thermodynamiques 
d'excès caractéristiques des joints de grain à partir de simulation de dynami­
que moléculaire. On s'intéresse particulièrement au calcul de l'énergie libre 
interfaciale en fonction de la désorientation du joint. On observe en outre des 
transitions de phase dans la structure du joint qui se traduisent par une ré­
orientation spontanée des deux cristaux et/ou l'apparition d'un film quasi-
liquide au niveau du joint. 

Abstract - Methods are discussed for the explicit calculation of the excess 
thermodynamic properties of grain boundaries using molecular dynamics simula­
tions in the NPT ensemble. Specific attention is focussed on techniques for the 
calculation of excess free energies. Results on the variation of interfacial 
free energy with misorientation are reported. In addition, observations of pha­
se transitions among grain boundary structures are discussed, including grain 
boundary melting transitions and reorientation phenomena. 

1. INTRODUCTION 

Interest in the structure and physical properties of internal interfaces in 
solids has spawned the development of a variety of tools, both theoretical and 
experimental, for their study. One of the approaches that has been employed in a 
considerable number of studies is atomistic computer simulation, employing almost 
exclusively molecular statics techniques, using central pair-wise interatomic 
potentials. The results of such studies are rather difficult to quantitatively 
evaluate because of the current limitations on resolution of the corresponding 
experimental methods of probing structure, but some qualitative agreement has, in 
certain cases, been attained. Several rather severe limitations are inherent in 
molecular statics simulations in general, and additional limitations arise through 
the methods with which they have been applied to grain boundaries in particular. 
The most major intrinsic limitation of the molecular statics method is the obvious 
one: one accesses, at best, the T=0 structure of the system, and those properties 
which are functions of instantaneous coordinates only, such as the internal energy 
of the system. The vast majority of the interfacial properties and processes of 
interest to materials scientists, such as diffusion, migration and deformation, 
occur at finite temperatures. To answer even such comparatively simple questions 
as the relative stability of different interfacial structures becomes impossible 
in the regimes of interest. In addition to its intrinsic limitations, the 
molecular statics calculations of grain boundaries have been limited by additional 
constraints. Often the atomic relaxations that are allowed in searching for local 
minima in the energy of the system are a severely constrained subset of the 
conceivable relaxations for an actual grain boundary. Sometimes the excess volume 
of the grain boundary is constrained to be zero because the interatomic potential 
functions employed in the simulation are derived for constant electron density. 
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Many of  t h e  i n t r i n s i c  l i m i t a t i o n s  of molecular  s t a t i c s  s imula t ions  a r e  r e l i e v e d  
by use  of dynamical s imula t ion  techniques ,  such a s  molecular  dynamics o r  Monte 
Car lo .  I n  t h i s  paper  we d i s c u s s  methods of  c a l c u l a t i n g  thermodynamic p r o p e r t i e s  
of  g r a i n  boundar ies  us ing molecular  dynamics. As w i l l  be shown, a  number of 
p r o p e r t i e s  a r e  obta ined wi th  r e l a t i v e  ease ,  whi le  o t h e r s ,  such a s  ent ropy,  r e q u i r e  
cons ide rab le  work. Techniques f o r  c a l c u l a t i n g  i n t e r f a c i a l  excess  en t ropy  w i l l  be 
desc r ibed  and r e s u l t s  presented.  Our goa l  i s  t o  s y s t e m a t i c a l l y  i n v e s t i g a t e  t h e  
phase diagram of  a  boundary, considered a s  an independent thermodynamic e n t i t y .  
Because thermodynamic p r o p e r t i e s  of  g r a i n  boundar ies  depend on a  number of 
geometr ica l  parameters ,  i n  a d d i t i o n  t o  t h e  more t y p i c a l  ones c h a r a c t e r i s t i c  of 
bu lk  phases ,  t h e  types  of phase t r a n s i t i o n s  t h a t  a  g r a i n  boundary may undergo a r e  
r i c h  and va r i ed .  I n  t h i s  paper  we d e s c r i b e  two types  of g r a i n  boundary phase 
t r a n s i t i o n  t h a t  we have observed i n  our  molecular dynamics s imula t ions  of 
two-dimensional Lennard-Jones b i c r y s t a l s .  The f i r s t  i s  a  mel t ing t r a n s i t i o n  i n  
which a  g r a i n  boundary which i s  a  well-defined c r y s t a l l i n e  e n t i t y  a t  low 
temperature  i s  r ep laced  a t  approximately  80% of  the  bulk  mel t ing p o i n t  w i th  a  
d i so rde red  l iquid-1  i k e  l a y e r  of  h igh  mob i l i t y .  Tne second phenomena we have 
observed i s  t he  r e l a t i v e  r e o r i e n t a t i o n  of a  b i c r y s t a l  from one well-defined g r a i n  
boundary o r i e n t a t i o n  i n t o  ano the r  a s  t h e  temperature  i s  changed. Both t r a n s i t i o n s  
a r e  r e f l e c t e d  i n  d i s c o n t i n u i t i e s  i n  the  c a l c u l a t e d  excess  p r o p e r t i e s  of t h e  
system. 

2. GRAIN BOUNDARY PHASE EQUILIBRIA 

Before d i s c u s s i n g  how molecular  dynamics techniques  a r e  used t o  c a l c u l a t e  
excess  thermodynamic p r o p e r t i e s  o f  g r a i n  boundar ies  it i s  u s e f u l  t o  r e c a l l  how 
they  a r e  de f ined .  Following Gibbs'  c l a s s i c a l  development of su r face  
thermodynamics (1) we can d e f i n e  t h e  excess  thermodynamic p r o p e r t i e s  of an  
i n t e r f a c e ,  o r  any o t h e r  d e f e c t  f o r  t h a t  ma t t e r .  The excess  value  of any ex tens ive  
thermodynamic p r o p e r t y  of  a  d e f e c t  i s  simply de f ined  a s  t h e  d i f f e r e n c e  between t h e  
va lue  of  t h e  p r o p e r t y  i n  a  system con ta in ing  t h e  d e f e c t ,  i n  our case  a . b i c r y s t a 1 ,  
and i t s  va lue  i n  a  r e f e r e n c e  p e r f e c t  c r y s t a l  system. A  phase t r a n s i t i o n  of a  
d e f e c t  i s  then de f ined  i n  terms of  d i s c o n t i n u i t i e s  i n  the  c a l c u l a t e d ,  o r  measured. 
excess  p r o p e r t i e s ,  i n  r eg ions  where the  bulk  phases a r e  s t a b l e .  

The s tudy  of phase e q u i l i b r i a  of c r y s t a l l i n e  d e f e c t s  i s  cons ide rab ly  enl ivened 
by t h e  f u n c t i o n a l  dependence of  t h e i r  p r o p e r t i e s  on va r ious  geometr ica l  
parameters .  The f a c t  t h a t  t h e  thermodynamic p r o p e r t i e s  of  g r a i n  boundar ies  depend 
on t h e s e  geomet r i ca l  parameters  r a i s e s  t h e  p o s s i b i l i t y  of i n t e r e s t i n g  c l a s s e s  of 
phase t r a n s i t i o n s  t h a t  have no d i r e c t  analogy i n  the  corresponding b u l k  phases.  
These geomet r i ca l  parameters  a r e  involved i n  t h e  i d e a l i z e d  d e s c r i p t i o n  of  t h e  
c r e a t i o n  of  the  d e f e c t .  Fo r  t h e  c a s e  of a  p l a n a r  c r y s t a l l i n e  i n t e r f a c e  they  a r e  
10 i n  number. Four d e s c r i b e  t h e  t r ans fo rma t ion ,  such a s  r o t a t i o n ,  r e l e c t i o n  o r  
i n v e r s i o n  which gene ra t e s  one c r y s t a l  from t h e  o t h e r .  Three  more d e s c r i b e  any 
r e l a t i v e  r i g i d  body t r a n s l a t i o n  between the  two c r y s t a l s ,  and t h r e e  a r e  r equ i red  
t o  s p e c i f y  t h e  exac t  l o c a t i o n  of t h e  i n t e r f a c e  plane .  A l l  of t h e s e  parameters ,  
w i t h  t h e  except ion of  t h e  parameter  desc r ib ing  t h e  c h i r a l i t y  of t h e  t r ans fo rma t ion  
ope ra t ion ,  w i l l ,  i n  gene ra l ,  undergo r e l a x a t i o n s .  Experiment o r  t heo ry  w i l l  
u s u a l l y  f i x  the  va lues  of some of t h e  parameters ,  a l lowing t h e  o t h e r s  t o  r e l a x  t o  
cons t r a ined  equ i l ib r ium values .  Under c e r t a i n  c o n d i t i o n s  changes i n  t h e  
geometr ica l  parameters  w i l l  mark t h e  occurence i n  i n t e r f a c i a l  phase t r a n s i t i o n s .  
The types  of t r a n s i t i o n s  t h a t  can, i n  p r i n c i p l e ,  occur  a r e  r i c h  and va r i ed .  
F a c e t t i n g  t r a n s i t i o n s  involve changes in  t h e  parameters  desc r ib ing  the  l o c a t i o n  of 
the  boundary p l ane  ( 2 ) .  A boundary plane  o r i e n t a t i o n  t h a t  i s  s t a b l e  under c e r t a i n  
cond i t ions  may be  r ep laced  by two o r  more d i f f e r i n g  o r i e n t a t i o n s  a s  t h e  cond i t ions  
a r e  v a r i e d .  Another phenomena t h a t  can occur involves  changes i n  the  parameters  
which d e s c r i b e  t h e  r e l a t i v e  m i s o r i e n t a t i o n  betvieen t h e  two c r y s t a l s .  S i m i l a r  
changes can occur  i n  t h e  p a r a n e t e r s  desc r ib ing  the  r i g i d  body t r a n s l a t i o n  between 



t he  two c r y s t a l s .  Of cour se  t h e r e  i s  a l s o  t h e  p o s s i b i l i t y  t h a t  i n t e r f a c i a l  phase 
t r a n s i t i o n s  occur which do n o t  involve changes i n  t h e  geometr ica l  parameters ,  
though t h i s  w i l l  be  t h e  except ion r a t h e r  than t h e  r u l e .  Such t r a n s i t i o n s  can 
include g r a i n  boundary mel t ing t r a n s i t i o n s ,  which have been observed i n  a  v a r i e t y  
of  s t u d i e s ,  o r  d i s p l a c i v e  i n t e r f a c i a l  phase t r a n s i t i o n s .  

The dependence of t h e  thermodynamic p r o p e r t i e s  of g r a i n  boundar ies  on the  
geometr ica l  parameters  a l s o  causes  symmetry arguments t o  become extremely powerful 
i n  the  s tudy  o f  phase e q u i l i b r i a  of  such d e f e c t s .  I n  p a r t i c u l a r ,  through 
knowledge of  how t h e  symmetry changes wi th  t h e  geometr ica l  parameters one i s  able  
t o  l o c a t e  p o s t i o n s  on t h e  g r a i n  boundary f r e e  energy s u r f a c e  which must, by 
symmetry, be extrema ( 3 ) .  These symmetry d i c t a t e d  extrema, then ,  s e rve  a s  l o g i c a l  
s t a r t i n g  p o i n t s  f o r  computer s imula t ion  s t u d i e s  of g r a i n  boundary p r o p e r t i e s .  

The evidence t h a t  e x i s t s  t o  d a t e  concerning g r a i n  boundary phase t r a n s i t i o n s  i s  
somewhat skimpy. There have'been a  number of  t h e o r e t i c a l  s t u d i e s  which i n d i c a t e  
t h a t  low 1 t i l t  boundar ies  undergo a  t r a n s i t i o n  t o  a  melted l aye r .  These 
include a  l a t t i c e  gas  s tudy (41, and s e v e r a l  molecular  dynamics s t u d i e s  (5-7). On 
t h e  exper imenta l  s i d e ,  t h e r e  i s  t h e  TEM s tudy  of Glicksman and Vold, i n  which 
c e r t a i n  boundar ies  a r e  observed t o  be replaced by l i q u i d  l a y e r s  ( 8 ) .  Recent ly ,  
Watanabe and co-workers have seen i n t e r e s t i n g  i n d i c a t i o n s  of a  g r a i n  boundary 
phase t r a n s i t i o n  through measurement of  t h e  a c t i v a t i o n  energy a s  a  f u n c t i o n  of 
temperature  f o r  g r a i n  boundary s l i d i n g  f o r  w e l l  c h a r a c t e r i z e d  b i c r y s t a l s  (9). I n  
t h i s  pape r  we w i l l  p r e s e n t  r e s u l t s  on molecular  dynamics s t u d i e s  i n  which bo th  
mel t ing and r e o r i e n t a t i o n  t r a n s i t i o n s  a r e  observed. 

3. MOLECULAR DYNAMICS CALCUIATIONS OF TEERFXCQYNAMIC PROPERTIES 

I n  t h i s  s e c t i o n  we b r i e f l y  d e s c r i b e  how molecular  dynamics techniques  a r e  used 
t o  c a l c u l a t e  excess  thermodynan~ic p r o p e r t i e s  of  d e f e c t s  i n  gene ra l ,  and of  
i n t e r f a c e s  i n  p a r t i c u l a r .  As was po in ted  out  i n  t h e  p rev ious  s e c t i o n ,  excess  
thermodynamic p r o p e r t i e s  of  a  d e f e c t  can be unambiguously de f ined  through t h e  use  
of  p e r f e c t  c r y s t a l  r e fe rence  s t a t e s .  The re fo re  it w i l l  be  important t o  e s t a b l i s h  
t h e  thermodynamic p r o p e r t i e s  of t h e  bulk .  

We beg in  by r e c a l l i n g  what molecular  dynamics i s .  Molecular dynamics i s  a  
computational technique whereby t h e  c l a s s i c a l  mechanical equa t ions  of motion of  a  
system of molecules o r  atoms a r e  solved numerical ly .  Given i n i t i a l  coord ina te s  
and v e l o c i t i e s  of  each atom, and an in t e ra tomic  p o t e n t i a l  func t ion ,  t h e  
t r a j e c t o r i e s  of each atom i n  time a r e  c a l c u l a t e d .  The c o n s t r a i n t s  imposed on t h e  
system, such a s  p e r i o d i c  o r  f i x e d  border  cond i t ions ,  cons tan t  p r e s s u r e  o r  c o n s t a n t  
volume va ry  from s imula t ion  t o  s imula t ion .  The ou tpu t  of  a  molecular  dynamics run 
i s  t he  coord ina te s  and v e l o c i t i e s  of  each atom a t  each  time s t e p .  Our t a s k  i s  t o  
c a l c u l a t e  t h e  p r o p e r t i e s  of t he  system from these  q u a n t i t i e s .  

Many thermodynamic p r o p e r t i e s  a r e  d i r e c t l y  ob ta inab le  from a  MD s imula t ion .  
These a r e  those  p r o p e r t i e s  which a r e  de f ined  i n  terms of in s t an taneous  coord ina te s  
and/or  v e l o c i t i e s ,  and thus  a r e  de f ined  a t  each t ime s t e p .  Th i s  ca t egory  of 
p r o p e r t i e s  inc ludes  i n t e r n a l  energy, p r e s s u r e ,  enthalpy,  temperature ,  and 
dens i ty .  The thermodynamic value  of such a  p rope r ty ,  then,  i s  simply t h e  time 
average value .  C l e a r l y  one w i l l  on ly  be  ab le  o p e r a t i o n a l l y  t o  c a l c u l a t e  such an 
average i f  t h e  system i s  a t  l e a s t  metas table ,  and remains i n  t h e  s t a t e  of  i n t e r e s t  
f o r  su f f i c . i en t ly  long times.  

C a l c u l a t i o n s  of ent ropy,  and hence such q u a n t i t i e s  a s  f r e e  e n e r g i e s ,  however, 
a r e  no t  ob ta inab le  i n  s o  simple a  f a sh ion .  Th i s  i s  because they  a r e  n o t  
e x p r e s s i b l e  a s  ensemble averages  and r e q u i r e  knowledge of t h e  p a r t i t i o n  f u n c t i o n  
o f  the  system. There a r e  s e v e r a l  techniques  by which molecular  dynamics methods 
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may be used t o  e s t i m a t e  f r e e  e n e r g i e s .  The s imp les t  approach t h a t  we have used t o  
e s t i m a t e  f r e e  e n e r g i e s  i s  due t o  Hoover ( 1 0 ) .  It c o n s i s t s  of a  d i r e c t  e v a l u a t i o n  
of t h e  canon ica l  p a r t i t i o n  f u n c t i o n  w i t h i n  t h e  quasi-harmonic approximation.  
Under t h i s  approximation,  t h e  t o t a l  p o t e n t i a l  energy of t h e  system can be  w r i t t e n  
a s  a  q u a d r a t i c  form i n  t h e  p a r t i c l e  d i sp l acemen t s ,  u .  : 

Carrying ou t  t h e  i n t e g r a t i o n  of t h e  p a r t i t i o n  f u n c t i o n  one f i n d s  t h e  p a r t i t i o n  
f u n c t i o n  t o  be  p r o p o r t i o n a l  t o  t h e  i nve r se  square  r o o t  of t h e  determinant  of t h e  
m a t r i x  of t h e  f o r c e  cons t an t  c o e f f i c i e n t s  k  . The p r o p o r t i o n a l i t y  c o n s t a n t  i s  a  
f u n c t i o n  o f  t h e  s t a t i c  l a t t i c e  p o t e n t i a l  uOi? tempera ture ,  volume and number of 
p a r t i c l e s .  For  a  system under p e r i o d i c  boundary c o n d i t i o n s  t h e  de t e rminan t  
van i shes  due t o  t h e  e x i s t e n c e  of d i sp l acemen t s  f o r  which no r e s t o r i n g  f o r c e s  a r e  
involved,  such a s  t r a n s l a t i o n  of t h e  c r y s t a l .  Th i s  motion i s  t hen  cons t r a ined  by 
p inning one p a r t i c l e  i n  t h e  system. The new determinant  w i l l  be t h e  determinant  
o f  a  ma t r ix  b u i l t  from t h e  o r i g i n a l  f o r c e  c o n s t a n t  ma t r ix  by removing rows and 
columns corresponding t o  t h e  f i x e d  p a r t i c l e .  The f o r c e  c o n s t a n t  ma t r ix  i s  
c a l c u l a t e d  from an average  s t r u c t u r e  gene ra t ed  i n  a  biD s imu la t ion .  C l e a r l y  t h i s  
method has  l i m i t a t  ions  i n t r i n s i c  t o  t h e  quasi-harmonic approximat ion ,  and i s  n o t  
u s e f u l  except  a t  low tempera tures .  

We have used a  second, more g e n e r a l l y  a p p l i c a b l e  method c a l l e d  computer 
c a l o r i m e t r y  (11)  t o  c a l c u l a t e  f r e e  e n e r g i e s .  The c rux  of t h i s  method i s  t h a t  one 
i s  a b l e  t o  exp res s  r a t i o s  of p a r t i t i o n  f u n c t i o n s ,  between t h e  system o f  i n t e r e s t  
and a  r e f e r e n c e  system, a s  an  ensemble average .  Th i s  a l l ows  u s  t o  compute 
d i f f e r e n c e s  i n  f r e e  e n e r g i e s .  The r e f e r e n c e  system d i f f e r s  from t h e  system of 
i n t e r e s t  i n  i t s  i n t e r a tomic  p o t e n t i a l  func t ion .  If we choose a  r e f e r e n c e  system 
of known f r e e  energy,  we a r e  t hen  a b l e  t o  c a l c u l a t e  e x p l i c i t  va lues  f o r  t h e  f r e e  
energy o f  t h e  system of i n t e r e s t .  

I n  ou r  g r a i n  boundary s t u d i e s  t h e  system o f  i n t e r e s t  i s  c h a r a c t e r i z e d  by a  
Lennard-Jones p o t e n t i a l ,  U, , and t h e  r e f e r e n c e  system i s  c h a r a c t e r i z e d  by a  
Hooke's law type  p o t e n t i a l ,  Uo . Ve t hen  c o n s t r u c t  two normalized d i s t r i b u t i o n  
f u n c t i o n s  h , (x)  and h , (x)  i n  t h e  independent ensembles genera ted  by U, and U, : 

Here A .  i s  t h e  i so the rma l - i soba r i c  p a r t i t i o n  f u n c t i o n  of system i, and 6 i s  t h e  
Dirac  d e l t a  func t ion .  These f u n c t i o n s ,  h i ( x ) ,  can  be e s t ima ted  i n  a  molecular  
dynamics s i m u l a t i o n  by compiling a  h is togram of t h e  f requency of occu rence .o f  
s t a t e s  w i th  p o t e n t i a l  energy d i f f e r e n c e  U, - U, between x - dx /2  and x  + dx/2. 
The f r e e  energy d i f f e r e n c e  i s  t hen  g iven  by:  

When t h e  two d i s t r i b u t i o n s  ove r l ap  complete ly  o r  p a r t i a l l y ,  any p o i n t  x i n  t h e  
over lapping r eg ion  can be  p icked,  and t h e  f r e e  energy d i f f e r e n c e  ob ta ined  from t h e  
above expess ion.  When no ove r l ap  occu r s  b u t  t h e  h is tograms a r e  s i g n i f i g a n t l y  
b roade r  t han  kT and sepa ra t ed  by a  gap n o t  much b roade r  t han  t h e  h i s tog rams  
themselves', e x t r a p o l a t i o n  of t h e  two f u n c t i o n s  I n  h , (x)  + x/2kT and I n  h,(x) - 
x/2kT g i v e s  good e s t i m a t e s  of Go - G, . When no  ove r l ap  occu r s ,  and t h e  gap i s  
l a r g e ,  a  m u l t i s t a g e  sampling must be  used,  i n  which one invokes in t e rmed ia t e  
p o t e n t i a l  f u n c t i o n s  t o  b r i d g e  t h e  system t o  t h e  r e f e r e n c e  system. 



When t h e  t echn iques  desc r ibed  above a r e  app l i ed  t o  c a l c u l a t e  t h e  exces s  
p r o p e r t i e s  o f  c r y s t a l l i n e  d e f e c t s  a d d i t i o n a l  work i s  involved.  Yfe must e s t a b l i s h  
a l s o  t h e  thermodynamic p r o p e r t i e s  of t h e  b u l k  r e f e r e n c e  system inc lud ing  any 
number and shape dependence. Then t h e  excess  thermodynamic p r o p e r t i e s  of t h e  
d e f e c t  a r e  found by t ak ing  t h e  d i f f e r e n c e  i n  those  o f  t h e  de fec t ed  system and the  
p e r f e c t  c r y s t a l  r e f e r e n c e  system. 

4. RESULTS OF OUR MD SIMmATIONS 

The molecular  dynamics technique  we used i s  based on an ex t ens ion  due t o  
P a r i n e l l o  and Rahmann (12) o f  a  Lagrangian  fo rmula t ion  due t o  Andersen (13 ) .  I n  
t h i s  so-ca l led  f l e x i b l e  bo rde r s  t echn ique ,  t h e  s i m u l a t i o n  c e l l  edges a r e  dynamic 
v a r i a b l e s ,  a l lowing t h e  c e l l  t o  change bo th  s i z e  and shape i n  t h e  cou r se  of t h e  
s imu la t ion .  T h i s  technique  i s  ext remely  impor tant  f o r  t h e  s t u d y  of phase 
t r a n s i t i o n s ,  which can o f t e n  be prevented  from occur ing i f  one has  a  f i x e d  c e l l .  

P e r i o d i c  boundary c o n d i t i o n s  were employed. P a r t i c l e s  i n  our  system were 
i n t e r a c t i n g  through c e n t r a l  pa i r -wise  i n t e r a tomic  p o t e n t i a l s .  Most of t h e  
c a l c u l a t i o n s  were done w i t h  a  Lennard-Jones p o t e n t i a l :  

0 0 

w i t h  parameters  chosen t o  s imu la t e  argon ( E  =119.79 K and a  ~ 3 . 4 0 5  )A. However 
a  Hooke's law type  p o t e n t i a l ,  

w i t h  w =(2 - 1 ) a  was u t i l i z e d  a s  r e f e r e n c e  system f o r  t h e  f r e e  energy 
c a l c u l a t i o n s .  The equa t ions  of motion were so lved  by t h e  f i n i t e  d i f f e r e n c e  
method. 

4.1. Grain  Boundarv Phase T r a n s i t i o n s :  

We i n v e s t i g a t e d  a  two-dimensional =13 ( 0 = 27.80') t i l t  boundary w i t h  110 
p a r t i c l e s  u s ing  t h e  f l e x i b l e  bo rde r s  technique  wi th  Lennard-Jones i n t e r a c t i o n s  
between f i r s t  ne ighbours .  Enthalpy and d e n s i t y  of t h e  system were c a l c u l a t e d  over  

* 2 

a  wide range of tempera tures  and a t  a  reduced h y d r o s t a t i c  p r e s s u r e  P  = Pa / 4 ~  o f  
0.4936. I n  o r d e r  t o  dec rease  t h e  energy of t h e  r i g i d  system, one p a r t i c l e  i n  t h e  
boundary ove r l app ing  t o o  c l o s e l y  w i t h  i t s  ne ighbours  was removed. The r e l axed  
s t r u c t u r e ,  shown i n  F ig .  1, was ob ta ined  by ho ld ing  t h e  system a t  low reduced 

* 
tenipera tures  T = T / ~ E  = 0.01 f o r  long t imes  and c a l c u l a t i n g  t h e  time-averaged 
atomic coo rd ina t e s .  Heat ing  t h e  b i c r y s t a l  t o  801  o f  t h e  b u l k  me l t i ng  p o i n t  and 

* 
coo l ing  it bacl: down t o  T  = 0.01 gave an i d e n t i c a l  en tha lpy  va lue  conf i rming t h a t  
t h i s  r e l axed  s t r u c t u r e  i s  a  wel l -def ined l o c a l  minimum. 

The r e s u l t s  of t h e  s tudy  of t he  v a r i a t i o n  of b i c r y s t a l  e n t h a l p y  and volume wi th  
tempera ture  a r e  p l o t t e d  i n  F i g .  2 .  The low t empera tu re  g r a i n  boundary i s  a  

* - 
well -def ined p e r i o d i c  e n t i t y .  Above T = 0.16 t h e  e n t i r e  system me l t s .  I n  t h e  * 
range of tempera tures  T  = 0.14 - 0.15, where a  d i s c o n t i n u i t y  i n  b i c r y s t a l  en tha lpy  
and d e n s i t y  occurs ,  two phenomena a r e  observed. 
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The f i r s t  i s  t h e  replacement of t h e  boundary by a  l i q u i d - l i k e  l a y e r ,  which i s  
v i s i b l e  i n  F ig  l b .  T h i s  i s  t h e  phenomena t h a t  we c a l l  t h e  me l t i ng  t r a n s i t i o n .  It 
i s  s i m i l a r  t o  t h e  me l t i ng  t r a n s i t i o n  observed p r e v i o u s l y  on a  C =7 g r a i n  boundary 
( 5 ) .  From our  d a t a  we e s t i m a t e  t h e  g r a i n  boundary me l t i ng  tempera ture  t o  be  80% 
of t h e  b u l k  me l t i ng  p o i n t .  

The second phenomena we observe  i n  t h e  h i g h  tempera ture  r eg ion ,  b u t  below t h e  
b u l k  me l t i ng ,  i s  t h e  r e o r i e n t a t  i gn  phenomena. The m i g o r i e n t a t  ion  c h a r a c t e r i z i n g  
t h e  b i c r y s t a l  changes from 27.80 t o  approximate ly  44 . Thi s  s t r u c t u r e  i s  shown 
i n  F ig .  lc. The smal l  width  o f  t h e  c e l l  may make t h e  r e o r i e n t a t i o n  t r a n s t i o n  
e a s i e r  t o  e f f e c t ,  because  of coup l ing  between t h e  c e l l  and i t s  images, b u t  it has 
no e f f e c t  on t h e  r e l a t i v e  s t a b i l i t y  of t h e  i n i t i a l  and f i n a l  phases .  T h i s  
r e o r i e n t a t i o n  t r a n s i t i o n  was n o t  observed i n  t h e  s tudy  of t h e  C =7 b i c r y s t a l .  
and, i n  f a c t ,  ha s  n o t  been observed in, any p rev ious  s tudy .  

4.2. F ree  Energy C a l c u l a t i o n s  

The two t echn iques  t o  c a l c u l a t e  f r e e  e n e r g i e s  were t e s t e d  on 2d close-packed 
p e r f e c t  c r y s t a l s  w i t h  d i f f e r e n t  s i z e s  and geometr ies .  The determinant  technique  
was app l i ed  on b o t h  Lennard-Jones and Eooke's law type  c r y s t a l s  t o  compute t h e i r  
Helmholtz f r e e  e n e r g i e s .  Gibbs f r e e  e n e r g i e s  of t h e  Lennard-Jones c r y s t a l s  were 
e s t ima ted  by computer c a l o r i m e t r y  us ing  t h e  p r e v i o u s  Hooke's law type  c r y s t a l s  a s  
r e f e r e n c e  systems. 

Systems having 52, 104 and 208 p a r t i c l e s  w i t h . f i r s t  neighbour i n t e r a c t i o n s  were 
i n v e s t i g a t e d  a t  reduced t empera tu re s  which were low b u t  h i g h  enough t o  be above 

* .. 
t h e  Debye tempera ture  (T = 0.04) s o  t h a t  t hey  a r e  i n  t h e  c l a s s i c a l  l i m i t .  The 
f r e e  energy and en t ropy  r e s u l t s  obta ined by t h e  two t echn iques  a r e  i n  good 
agreement:  w i t h i n  5% f o r  t he  en t ropy  and l e s s  t han  3% f o r  t h e  f r e e  e n e r g i e s .  The 
r e s u l t s  a r e  t a b u l a t e d  i n  Table  1. 

Genera l  t r e n d s  b e s i d e s  t h e  expected  tempera ture  dependence of f r e e  e n e r g i e s  and 
en t ropy  can be  e x t r a c t e d .  The l o o s e r  t he  sys tem i s ,  t h e  h i g h e r  ( i n  a b s o l u t e  
va lue )  t h e  f r e e  e n e r g i e s  and en t ropy  a r e ,  a  narrow w e l l  p o t e n t i a l  and b u l k  shape 
system making a  c r y s t a l  s t i f f e r .  The d a t a  we ga the red  have n o t  enabled  u s  t o  
e s t a b l i s h  q u a n t i t a t i v e l y  t h e  number dependence of t h e  thermodynamic p r o p e r t i e s .  
Meanwhile, q u a l i t a t i v e l y ,  whatever t h e  p o t e n t i a l  i s ,  e n e r g i e s  and e n t r o p i e s  
i n c r e a s e  ( i n  a b s o l u t e  va lue )  w i t h  t h e  number o f  p a r t i c l e s  sitriulated. We s t u d i e d  
the  e f f e c t  of second neighbour  i n t e r a c t i o n s  on thermodynamic p r o p e r t i e s  of t h e  
Lennard-Jones c r y s t a l s .  Second neighbour i n t e r a c t i o n s  make t h e  systems s t i f f e r  
and t h e r e f o r e  lower t h e  en t ropy ,  whi le  t h e  e n e r g i e s  a r e  decreased due t o  more 
p o t e n t i a l  energy. 

S i m i l a r  r e s u l t s  were observed on C =7 and C =13 b i c r y s t a l s ,  and a r e  g iven  i n  
Table  3 .  D i r e c t  e v a l u a t i o n  of t h e  f o r c e  c o n s t a n t  m a t r i x  was n o t  p o s s i b l e  due t o  
g r a i n  boundary mig ra t ion .  We then  employed a  b i a sed  method c o n s i s t i n g  of 
a r t i f i c i a l l y  expanding t o  match t h e  volume a t  t h e  d e s i r e d  tempera ture  an  average 
s t r u c t u r e  gene ra t ed  a t  lower tempera ture  where m i g r a t i o n  does n o t  occu r .  Th i s  
pseudo determinant  technique  u n f o r t u n a t e l y  y i e l d s  r e l a t i v e l y  h igh  d i sc repancy  wi th  
computer c a l o r i m e t r y  e n t r o p i e s ,  which a r e  more r e l i a b l e .  

Excess thermodynamic p r o p e r t i e s  p e r  u n i t  l e n g t h  of g r a i n  boundary were 
c a l c u l a t e d  from t h e  computer c a l o r i m e t r y  and de t e rminan t  technique  d a t a  
r e s p e c t i v e l y  in  t h e  c a s e  of f i r s t  and second neighbour i n t e r a c t i o n .  The r e s u l t s  
a r e  g iven  i n  Table 4, which a l s o  l i s t s  t h e  r e f e r e n c e  p e r f e c t  c r y s t a l s .  The C=7 
g r a i n  boundary has  a  s l i g h t l y  lower excess  energy and h i g h e r  excess  volume then  
t h e  C =13 boundary.  The e n t r o p i e s ,  however, d i f f e r  by  a  f a c t o r  of 10 i n  favour  of 
t he  C = 7 ,  a t  t h e  t empera tu re s  s t u d i e d ,  q u a l i t a t i v e l y  due t o  a  l o o s e r  boundary 



structure. The free energy of the C =7 is loner than that of the C =13. We 
expect that in the series of close-packed 2d CSL boundaries entropy will decrease 
with the excess volume . Further calculations of a close-packed C =19 boundary 
will be made to investigate this phenomena. 

DET C C 

Table 1 

Perfect crystal thermodynamic data calculated by 
molecular dynamics, the determinant technique, and computer 
calorimetry, in the case of first neighbour interactions. GEO 
stands for the geometry of the system and is expressed in reduced 

units (r*= rlc. PC stands for potentiall LJ for 
Lennard-Jones and h for Hookers law type potential. 

Table 2. Perfect crystal thermodynamic data, for the case of 
second neighboar interactions. 
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'DET' 

DET+ 'DET' C C 

N 

112 

112 

110 

110 

Table 3. Bicrystal thermodynamic data. 'DET' means that a 
biased determinant technique was used. 

/ A \ 

lSt neighbor 

lSt neighbor 

2nd neighbor 

GEO 

C=7 
6x21 

C=7 
6x21 

C=13 
4x30 

C=13 
4x30 

N 

112 

Table 4. Excess thermodynamic quantities of 2=7 and C=13 
grain boundaries. 

PO 

h 

LJ 

h 

LJ 

GEO 

C =7 
6x21 

PO 

LJ 

T* 

0.055 

0.005 

0.055 

0.055 

r 

S* 

35.48 

125.25 

32.24 

104.18 

T* 

0.055 

V* 

121.65 

124.63 

119.59 

121.50 

F* 

-67.98 

-75.63 

-68.94 

-74.12 

H* 

-5.99 

-7.23 

-8.14 

-8.42 

V* 

122.80 

\ 

G* 

-7.94 

-14.11 

-9.91 

-14.15 

H* 

-15.42 

F 

S* 

- 

137.94 

- 

117.70 

S* 

101.63 

F* 

- 

-76.33 

- 

-74.86 

F* 

-81.62 

1 

G* 

- 

-14.81 

- 

-14.89 

* 
G 

-21.01 



5. DISCUSSION 

The r e s u l t s  of our molecular  dynamics s t u d i e s  t o  d a t e  a r e  i n t r i g u i n g ,  b u t  they 
deserve  more i n t e n s i v e  s tudy i n  t h e  f u t u r e .  The method of c a l c u l a t i n g  excess  
thermodynamic p r o p e r t i e s  e x p l i c i t l y  through t h e  use of  p e r f e c t  c r y s t a l  r e fe rence  
systems has  the  advantage t h a t  it a l lows  us  t o  p inpo in t  an i n t e r f a c i a l  phase 
t r a n s i t i o n  unambiguously. However, i t  o f f e r s  i n  i t s e l f  l i t t l e  knowledge of t h e  
n a t u r e  of  t h e  t r a n s i t i o n .  C l e a r l y  an important  t a s k  i s  t o  c h a r a c t e r i z e  t h e  
s t r u c t u r e  of  t he  l i q u i d - l i k e  l a y e r  a f t e r  t he  t r a n s i t i o n  and i t s  v a r i a t i o n  wi th  
temperature  more thoroughly  and q u a n t i t a t i v e l y .  The quasi-experimental  problems 
o f  a s ses ing  the  s t r u c t u r e  of  t h i s  l a y e r  a r e  n o n - t r i v i a l  because of  i t s  h igh  
mob i l i t y .  The s i t u a t i o n  i n  f a c t  mimics t h e  exper imenta l  s c e n a r i o  when one t r i e s  
t o  probe atomic s t r u c t u r e  of well-prepared b i c r y s t a l s  a t  e l eva ted  temperatures  and 
t h e  boundary l eaves  t h e  b i c r y s t a l  d u r i n g  t h e  cour se  o f  t h e  experiment.  Eiowever 
t h i s  i s  a  computational inconvenience t h a t  can and w i l l  be overcome through t h e  
use  of  more imaginat ive  though time-consuming computat ional  techniques .  To a  
l a r g e  degree  t h i s  i s  one of a  l a r g e  c l a s s  of problems which a r i s e  due t o  the  smal l  
s i z e s  of  our  s imula t ion  c e l l s ,  a  problem t h a t  w i l l  be a l l e v i a t e d ,  b u t  n o t  
e l iminated.  i n  the  cour se  of time a s  computuational power inc reases .  I n  the  
absence of the  p o s s i b i l i t y  of macroscopic s c a l e  s imula t ion  c e l l s  we must cont inue 
t o  t r y  t o  s y s t e m a t i c a l l y  e v a l u a t e  t h e  dependence of t h e  p r o p e r t i e s  of t h e  system 
on t h e  s i z e  and geometry of t h e  c e l l  chosen. 

A l a r g e  u n s e t t l e d  ques t ion  i s  t he  mechanism and k i n e t i c s  of t h e  r e o r i e n t a t i o n  
t r a n s i t i o n .  A d e t a i l e d  s tudy  t o  of t h i s  phenomenon i s  planned f o r  t h e  X =13 
boundary and f o r  o t h e r s .  

I n  the  a r e a  of f r e e  energy c a l c u l a t i o n  a  l a r g e  amount of work remains t o  be 
done. We a r e  now capable  of q u a n t i t a t i v e l y  eva lua t ing  the  r e l a t i v e  s t a b i l i t y  of  
d i f f e r e n t  i n t e r f a c e s  a t  f i n i t e  temperature .  Both t h e  techniques  f o r  c a l c u l a t i n g  
f r e e  ene rg ie s ,  however, have t h e i r  annoying a spec t s .  The determinant  technique i s  
l i m i t e d  i n  i t s  v a l i d i t y  t o  low temperatures .  The computer ca lo r ime t ry  technique 
has  i t s  own i n t r i n s i c  l i m i t a t i o n s .  Both systenls have t o  be de f ined  on t h e  same 
c o n f i g u r a t i o n  space which means t h a t  we cannot use it t o  e v a l u a t e  d i r e c t l y  f r e e  
energy d i f f e r e n c e s  between d i f f e r e n t  boundary s t r u c t u r e s .  We a r e  then  ob l iged  t o  
c a l c u l a t e  e x p l i c i t l y  the  f r e e  energy of each s t r u c t u r e ,  through t h e  use of a  
r e fe rence  system of known f r e e  energy. I f  our r e f e r e n c e  system has  a  l i m i t e d  
range of a p p l i c a b i l i t y ,  a s  our  quasi-harmonic r e fe rence  does,  t hen  we w i l l  be 
l i n i i t ed  seve re ly  i n  the  regimes where we can e f f e c t i v e l y  use  computer 
ca lo r ime t ry .  It i s  c l e a r  t h a t  a d d i t i o n a l  techniques  f o r  eva lua t ing  f r e e  ene rg ie s  
of  our  systems w i l l  have t o  be  developed. 

It i s  our  i n t e n t i o n  now t o  s y s t e m a t i c a l l y  eva lua te  t h e  e f f e c t  of  g r a i n  boundary 
phase t r a n s i t i o n s  on the  phys ica l  p r o p e r t i e s  of t he  i n t e r f a c e s .  The p r o p e r t i e s  we 
have chosen f o r  p a r t i c u l a r  a t t e n t i o n  a r e  t h e  g r a i n  boundary mechanical 
p r o p e r t i e s .  

6. CONCLUSIONS 

The conclus ions  we can draw from our  s tudy  a r e  t h e  fo l lowing.  A t r a n s i t i o n ,  
which we c a l l  a  mel t ing t r a n s i t i o n ,  occurs  in  the  2d t i l t  boundar ies  we have 
s tud ied .  The t r a n s i t i o n  occurs  a t  approximately 80% of  the  bulk  mel t ing p o i n t ,  
and i s  r e f l e c t e d  i n  d i s c o n t i n u i t i t e s  i n  t h e  c a l c u l a t e d  b i c r y s t a l  en tha lpy  and 
d e n s i t y .  The t r a n s i t i o n  i s  c h a r a c t e r i z e d  by t h e  replacement of a  well-ordered 
p e r i o d i c  g r a i n  boundary wi th  a  l i q u i d - l i k e  l a y e r  o f  I . igh n o b i l i t y .  I n  one of our 
boundarieg, t h e  C =13, we observe ano the r  phenomena. The boundary o r i e n t a t i o n  of 
0 =27.80 , which i s  s t a b l e  a t  low tenlperatures,  i s o r e p l a c e d  a t  h ighe r  
temperatures  wi th  an o r i e n t a t i o n  of approximately 44 . D e t a i l s  of t h e  mechanism of 
t h i s  r e o r i e n t a t i o n  a r e  c u r r e n t l y  unc lea r .  
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We have s u c c e s s f u l l y  developed techniques  f o r  c a l c u l a t i n g  f r e e  e n e r g i e s  of 
g r a i n  boundar ies .  We a r e  t hus  now a b l e  t o  add res s  f o r  t h e  f i r s t  t ime t h e  ques t ion  
of t h e  r e l a t i v e  s t a b i l i t y  of d i f f e r e n t  g r a i n  boundary phases  a t  f i n i t e  
tempera ture .  Both t echn iques ,  t h e  determinant  technique ,  which invokes t h e  
quasiharmonic approximation,  and t h e  computer c a l o r i n ~ e t r y  technique  have been 
app l i ed  t o  t h e  s t u d y  o f  t h e  C =7 and C =13 g r a i n  boundar ies  and t o  t h e i r  p e r f e c t  
c r y s t a l  r e f e r e n c e  systems. We found t h e  C =7 boundary t o  be  s t a b l e  w i th  r e s p e c t  
t o  t h e  C =13 boundary a t  t h e  tempera tures  s t u d i e d  due t o  i t s  s i g n i f i g a n t l y  l a r g e r  
entropy. The t echn iques  f o r  f r e e  energy c a l c u l a t i o n  need t o  be  expanded and 
improved. 

We would l i k e  t o  acknowledge t h e  suppor t  o f  t h i s  r e s e a r c h  through t h e  NSF g r a n t  
#DhR 81-1925 and through a P r e s i d e n t i a l  Young I n v e s t i g a t o r  Award. I n  a d d i t i o n  we 
a r e  p a r t i c u l a r l y  g r a t e f u l  f o r  t h e  h o s p i t a l i t y  of t h e  Max Planck I n s t i t u t  f u r  
l e t a l l f o r s c h u n g .  I n s t i t u t  f i ir  Werks toffwissenschaf ten  i n  S t u t t g a r t ,  where a 
p o r t i o n  of t h i s  work was accomplished, and i n  p a r t i c u l a r  t o  D r .  Manfred Riihle, ou r  
hos t .  
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DISCUSSION 

D.R. C l a r k  Do your r e s u l t s  reveal  any evidence of  face t t ing?  

G. Kalonji: No. If one considers ,  though, t h e  geometrical c o n s t r a i n t s  a r t i f i c i a l l y  

imposed on t h e  system by t h e  periodic  boundary condi t ions ,  which may, i n  f a c t ,  

mimic na ture  i n  t h e  l i m i t  of  small g ra in  s i z e ,  one can only conclude t h a t  t h e  

p o s s i b i l i t y  of  studying f a c e t t i n g  depends d i r e c t l y  on t h e  computer budget. Wait a 

few months. 


