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Effect of sound on gap-junction-based intercellular signaling: Calcium waves under acoustic
irradiation
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We present a previously unrecognized effect of sound waves on gap-junction-based intercellular signaling such
as in biological tissues composed of endothelial cells. We suggest that sound irradiation may, through temporal
and spatial modulation of cell-to-cell conductance, create intercellular calcium waves with unidirectional signal
propagation associated with nonconventional topologies. Nonreciprocity in calcium wave propagation induced
by sound wave irradiation is demonstrated in the case of a linear and a nonlinear reaction-diffusion model. This
demonstration should be applicable to other types of gap-junction-based intercellular signals, and it is thought
that it should be of help in interpreting a broad range of biological phenomena associated with the beneficial
therapeutic effects of sound irradiation and possibly the harmful effects of sound waves on health.
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I. INTRODUCTION

The interactions between sound waves and living tissue
were first observed and reported in the early 20th century
[1,2]. Since then ultrasound-based therapies have been used to
treat a very wide range of medical disorders [3]. Ultrasound
stimulation accelerates the bone fracture repair process [4,5].
Therapeutic ultrasound is also commonly employed to manage
soft tissue lesions [6]. The ability of ultrasound to focus
through the skull noninvasively has lately made it an attractive
technique for neuromodulation to treat neurological disorders
[7]. More recently, ultrasound has also been shown to remove
amyloid plaque and restore memory in an Alzheimer’s disease
mouse model [8]. The therapeutic benefits of high-intensity
sound irradiation have been associated to date with thermal
effects such as local heating due to absorption of sound
energy by the tissue, and also with nonthermal effects [9].
Physical effects other than temperature in fluid-containing
tissues include cavitation leading to concentration of the delo-
calized sound wave energy into high-energy gaseous bubbles
and acousto-hydrodynamics phenomena such as streaming
or microstreaming. In the case of low-intensity ultrasound
irradiation, mechanical effects resulting from the pressure
field of the sound wave may induce mechano-transduction
processes such as transient elevation of intracellular calcium in
bone cells [10]. In addition, the acoustic pressure in solid tissue
may lead to tension in cell membranes and alter membrane
conductance [11]. Reversible suppression of transmission of
cortical potentials along neural pathways was achieved by
ultrasound irradiation [12]. A significant increase in gap
junctional cell-to-cell communication in rat bone marrow
stromal cells subjected to low-intensity ultrasound irradiation
was demonstrated [13]. There is also evidence that ultrasound
modulates the ionic conductance of neurons and astrocytes and
can stimulate electrical activity and calcium signaling in mice
hippocampal slice cultures and ex vivo brains [14].
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Here, we present a previously unrecognized effect of sound
waves on biological tissue and in particular, on gap-junction-
based intercellular signaling. The purpose of this paper is to
demonstrate a possible mechanism by which a sound wave can
modulate spatially and temporally the conductance between
cells and impart the property of nonreciprocity in propagation
to an intercellular wave. Nonreciprocity in the propagation of
waves is associated with time-reversal symmetry breaking,
nonconventional wave topologies, and topologically robust
one-way propagation. To date, these nonconventional proper-
ties have only been described and observed in physical waves
such as electronic, electromagnetic, and acoustic waves in
systems such as topological insulators [15–17]. We suggest
that sound irradiation of some biological tissues may create
intercellular waves with nonconventional topologies that can
lead to unidirectional signal propagation. We illustrate this
mechanism in the case of an intercellular calcium wave.
Calcium and calcium waves are biological regulators of
differentiation and activity in numerous tissue types [18–22].
The mechanisms of initiation and propagation of intercellular
calcium waves may involve cell-to-cell communication with
intracellular messengers diffusing through gap junctions or
extracellular messengers mediating paracrine signaling [23].
Intercellular calcium waves in tissues composed of endothelial
cells originate from (a) feedback loops between Ca2+ and the
messenger molecule inositol 1,4,5-triphosphate IP3 [24–26]
and (b) cell-to-cell interactions via Ca2+ and IP3 transport
through gap junctions [27,28]. In other tissues, cell-to-cell
communication can circumvent the gap-junction pathway,
involving other mechanisms such as paracrine signaling via
extracellular messengers.

Turing noted the importance of studying the behavior of
biological processes by considering the complementarity of
both linear and nonlinear dynamical systems [29]: “Such
systems (with linear dynamics) certainly have a special interest
as giving the appearance of a pattern, but they are the exception
rather than the rule. Most of an organism, most of the time, is
developing from one pattern into another, rather than from
homogeneity into a pattern. One would like to be able to
follow this more general process (nonlinear) mathematically
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also. The difficulties are, however, such that one cannot
hope to have any very embracing theory of such processes,
beyond the statement of the equations. It might be possible,
however, to treat a few particular cases in detail with the aid
of a digital computer.” Therefore we address the interaction
between acoustic waves and calcium waves from a theoretical
point of view using a linear reaction-diffusion model for the
calcium dynamics in multicellular tissues, as well as from a
computational point of view in the case of a more complex
and biologically realistic nonlinear reaction-diffusion model.

In Sec. II A, the effect of acoustic irradiation on calcium
signaling is investigated computationally in the case of a non-
linear intracellular calcium dynamics. We set out to develop a
computational model of nonlinear intercellular calcium waves
propagating along a numerically tractable prototypical tissue
taking the form of a chain of cells that may be composed of
endothelial cells. We employ a nonlinear reaction-diffusion
model to describe the spatiotemporal behavior of the Ca2+-IP3

coupling in that tissue. An acoustic wave that affects the gap-
junction conductance is shown to break the reciprocity in the
direction of propagation of trains of nonlinear calcium waves.
In Sec. II B, we then analyze theoretically this numerical
model whereby the reaction dynamics is linearized. Within
the context of linear dynamics, the system is considered to be
not very far from a homogeneous equilibrium. Using multiple
time scale perturbation theory, we show that subjecting a tissue
composed of endothelial cells to an acoustic wave leads to
symmetry breaking of the calcium wave which then exhibits
a nonconventional topology. In the third and final section,
conclusions are drawn. We note that the observed mechanism
of nonreciprocity in the intercellular calcium wave propagation
should be applicable to other types of gap-junction intercellular
signals. Furthermore, we discuss the sensitivity of the observed
nonreciprocity in the propagation of calcium signals to the
biological complexity of the models. We also focus on
the relevance of the present theoretical and computational
demonstration of existence that sound irradiation can break
symmetry in the direction of propagation of gap-junction-
based intercellular calcium signals.

II. MODELS, METHODS, AND RESULTS

A. Nonlinear reaction-diffusion model of gap-junction-based
intercellular calcium waves

This section is devoted to the particular case of a nonlinear
reaction-diffusion model of calcium waves and on the effect
of an acoustic wave on the propagation of gap-junction-based
intercellular signals. The model of nonlinear calcium waves
involves primarily the nonlinear intracellular reaction dynam-
ics coupled with the intercellular diffusion of cytoplasmic
calcium and IP3. The intracellular chemical reaction process
is based on a model introduced by Politi et al. [30]. A
schematic of this intracellular calcium pathway in the context
of a multicellular structure with intercellular gap-junction
diffusion is shown in Fig. 1. The complete reaction-diffusion
process involves primarily the intracellular reaction dynamics
and the intercellular diffusion of cytoplasmic calcium and
IP3. For the sake of completeness, we describe this model in
some detail. The intracellular calcium pathway starts with an

FIG. 1. Reaction-diffusion process of Ca2+ and IP3 metabolism
included in the nonlinear model (after Ref. [30]). The solid,
dashed, and dotted arrows indicate molecular diffusion, regulatory
interactions, and reaction-transport steps, respectively. The bold
quantities indicate the following model variables: IP3, the cytoplasmic
IP3: Ca(cyt), the free cytoplasmic Ca2+; Ca(ER), the free Ca2+

in the ER; IP3Ra, the active conformation of the IP3R. The other
abbreviations denote IP3Ri , the inactive conformation of the IP3R;
vserca, the active Ca2+ transport into the ER; vPLC, the production
rate of IP3; vrel, the rate of Ca2+ release through the IP3R; vinac

and vrec, the rates of Ca2+-induced IP3R inactivation and recovery,
respectively; v5P and v3K , the rates of IP3 dephosphorylation and
phosphorylation, respectively; D(IP3) and D(Ca), the gap-junction
diffusion coefficient of IP3 and Ca, vserca respectively; and UC, the
threshold of Ca needed to activate PLC.

extracellular agonist that combines with the G-protein-coupled
receptors on the cell’s membrane to activate phospholipase C
(PLC). It is, in turn, able to catalyze the production of IP3 [31].
IP3 then can bind to the IP3 receptor, IP3R, to open calcium
channels in the membrane of the endoplasmic reticulum
(ER). This process releases stored Ca2+ into the cytosol.
Meanwhile, the cytoplasmic Ca2+ can create both positive and
negative feedback conditions in the production of IP3. For the
positive feedback condition, the cytoplasmic Ca2+ is capable
of activating the PLC isoforms to release more IP3 [32]. For
the negative feedback condition, the increase in cytoplasmic
Ca2+ can activate the IP3 degradation via IP3 3-kinase (IP3K).
Cells subsequently control the intracellular calcium level
by buffering, sequestering in specialized compartments, and
expelling to the extracellular space excess calcium, thereby
maintaining calcium homeostasis and resetting the signaling
loop [25,33].

The intracellular chemical reaction dynamics is formulated
into a system of coupled differential equations involving
four dynamical variables: the calcium concentration in the
cytosol, c; the IP3 concentration in the cytosol, p; the calcium
concentration in the ER stores, s; and the fraction of IP3R that
has not been inactivated by Ca2+, r . The rate equation for the
IP3 concentration takes the following form:

dp

dt
= f (c,p) = vPLC − vdeg = vPLC − (v5P + v3K )

=
(

VPLC
c2

K2
PLC + c2

)
−

(
k5P + k3K

c2

K2
3K + c2

)
p, (1)
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where the vPLC and vdeg represent the production and degrada-
tion rate of IP3, respectively. VPLC is the maximum production
rate of PLC that depends on the agonist concentration. KPLC

characterizes the sensitivity of PLC to Ca2+. Phosphorylation
and dephosphorylation lead to degradation of IP3 with the
rates v3K and v5P , respectively. The phosphorylation rate is
described by a Hill function with the rate constant k3k and the
half-saturation constant K3K [34].

The rate equation for the cytoplasmic Ca2+ takes the
following form:

dc

dt
= g(c,p) = vrel − vserca

=
[
k1

(
r

c

Ka + c

p

Kp + p

)3

+ k2

]
(s − c)

−Vserca
c2

K2
serca + c2

. (2)

vserca represents the rate for the active Ca2+ transport into the
ER and vrel, the rate of Ca2+ release through the IP3R. Vserca and
Kserca are the maximum sarcoplasmic-endoplasmic reticulum
Ca2+-ATPase (SERCA) pump rate and half-activation
constant, respectively.

For the sake of simplicity, the total calcium concentration
in the cell ctot is assumed to be conserved and is represented
as ctot = c + βs, where β is the ratio of effective cytoplasmic
volume to effective ER volume (both accounting for Ca2+
buffering). Therefore the calcium concentration in the ER store
can be expressed as

s = ctot − c

β
. (3)

The dynamics of IP3R inactivation by Ca2+ is modeled as
follows:

dr

dt
= vrec − vinac = 1

τr

(
1 − r

Ki + c

Ki

)
. (4)

vinac and vrec are the rates of Ca2+-induced IP3R inactivation
and recovery, respectively.

The simulation of intracellular oscillations reported herein
uses the model parameters reported by Politi [30]. Reference
[30] extensively discusses the physiological role of both
positive and negative Ca2+-IP3 feedbacks in relation to the
enhancement of the range of frequency encoding of the agonist
stimulus. However, since the frequency encoding supported
by the positive feedback appears to be more robust against
variations in the parameters describing the calcium kinetics,
we have limited ourselves to the model supporting calcium
positive feedback. Positive feedback is achieved in the model
by setting the phosphorylation rate constant k3k to zero. We
anticipate that the effect of an acoustic wave on Ca2+ signal
propagation in a multicellular structure does not depend quali-
tatively on this choice since, as will be seen below, the acoustic
wave impacts the cell-to-cell conductance. All the parameters
of the model are summarized in Table I. The numerical
solutions of Eqs. (1), (2), and (4) are obtained by using a fourth-
order Runge-Kutta algorithm with time step size, �t = 0.01 s.

Politi’s model of intracellular calcium pathway is integrated
into a multicellular model by considering the phenomenon

TABLE I. Values of parameters used in the nonlinear reaction-
diffusion model.

Parameters Description Value

IP3 dynamics parameters
K3K Half-activation constant of IP3K 0.4 μM
k3K IP3 phosphorylation rate constant 0
k5P IP3 dephosphorylation rate constant 0.66 s−1

KPLC Half-activation constant of PLC 0.2 μM
VPLC Maximum production rate of IP3 1.5 μM s−1

Ca2+ transport and structural parameters
β Ratio of effective volumes ER/cytosol 0.185
Vserca Maximal SERCA pump rate 0.9 μM s−1

Kserca Half-activation constant 0.1 μM
ctot Total Ca2+ concentration 2 μM

IP3R parameters
k1 Maximal rate of Ca2+ release 1.11 s−1

k2 Ca2+ leak 0.0203 s−1

Ka Ca2+ binding to activating site 0.08 μM
Ki Ca2+ binding to inhibiting site 0.4 μM
Kp IP3 binding 0.13 μM
τr Characteristic time IP3R inactivation 12.5 s

Reference diffusion parameters
D∗

c Diffusion coefficient rate of Ca2+ 0.005 s−1

D∗
p Diffusion coefficient rate of IP3 10D∗

c

UC Threshold of Ca2+ to activate PLC 0.057 μM

of diffusion via the gap junction of both Ca2+ and IP3

driven by the concentration gradients between neighboring
cells. The multicellular structure considered here is composed
of a single linear chain of N cells with periodic boundary
conditions (PBC). In developing this model, we have in
mind blood vessels where the endothelial monolayer is in
reality a two-dimensional structure (wrapped in a tube) which,
in the case of capillaries, may be approximated by a one-
dimensional chain of endothelial cells, since the cross section
approaches the cell dimension. In such a chain, in which
every cell is connected to two other cells (diffusion between
nearest-neighbor cells), one can write the one-dimensional
time-dependent reaction/diffusion equation for Ca2+ and IP3:

∂c

∂t
= Dc

∂2c

∂x2
+ g(c,p)

= D∗
c [c(xi+1,tn) − 2c(xi,tn) + c(xi−1,tn)] + g(c,p) (5)

and

∂p

∂t
= Dp

∂2p

∂x2
+ f (c,p)

= D∗
p[p(xi+1,tn) − 2p(xi,tn) + p(xi−1,tn)] + f (c,p),

(6)

where Dc and Dp are again the diffusion coefficients of Ca2+
and IP3, and x and t are the position and time variables.
Equations (5) and (6) have been discretized in space and time
using finite differences, and tn = n�t refers to the discretized
time line with the time step �t . Dc/�x2 and Dp/�x2 are
defined as the diffusion coefficient rate of Ca2+ and IP3 with
unit per second s−1, which we denote D∗

c and D∗
p, respectively.

�x is the nearest-neighbor cell-center to cell-center distance.
Since diffusion occurs via gap junctions, we can assume that
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it is limited to nearest-neighboring cells. We further assume
that the distribution of gap junctions in the plasma membrane
is spatially uniform and that the diffusion coefficients are
constants independent of cell number. Note that the mobility
of Ca2+ through the gap junction is restricted in comparison
to that of IP3 because of the higher buffering capacity of
cytoplasm for Ca2+ than for IP3 [35]. Thus IP3 diffuses much
faster than Ca2+ [36]. For the sake of simplicity, we set
D∗

p = 10D∗
c in our model. We have verified that our combined

reaction-diffusion algorithm has fully converged for the time
step �t = 0.01 s.

To induce trains of calcium waves in the multicellular
one-dimensional chain, we initially stimulate a single cell in
the center of the chain with the agonist. PLC of the stimulated
cell is activated initially by the extracellular agonist to induce
intracellular Ca2+-IP3 oscillations. All other cells in the chain
are not initially stimulated (VPLC = 0). The reaction dynamics
of the stimulated cell increases its calcium concentration. Dif-
fusion of Ca2+ between the stimulated cell and its neighboring
cells elevates their Ca2+ concentration. We enable the propa-
gation of a train of calcium waves by introducing a threshold
based on the calcium concentration for inducing Ca2+-IP3

positive feedback in the neighboring cells (Fig. 1). When the
cytoplasmic Ca2+ concentration reaches a value exceeding a
threshold UC, the positive feedback of cytoplasmic Ca2+ is
activated to increase the production rate of IP3. If the cytoplas-
mic Ca2+ concentration is below the threshold, PLC enzymes
are not activated. The introduction of this threshold enables
the synchronized development of collective spatiotemporal
response of the multicellular architecture. This extension is
based not only on diffusion but also on an additional amplifi-
cation mechanism through the generation of IP3 and the Ca2+-
dependent activation of PLC [37]. The general behavior of
this nonlinear reaction-diffusion model of calcium wave prop-
agation and the numerical methods for solving the nonlinear
coupled differential equations have been detailed in Ref. [38].

In the example case, the model one-dimensional tissue is
composed of a chain of 401 cells. Initially, an intracellular
calcium oscillation is induced by an extracellular agonist
in cell 201. In Fig. 2 (top), we present snapshots (at the
same time step = 30 000 �t) of the nonlinear calcium waves
propagating in the absence of acoustic irradiation. In this
case, the nonlinear calcium wave takes the form of two trains
of pulses propagating symmetrically from the stimulated cell
(201). The important feature here is that the calcium waves in
the absence of an acoustic wave are symmetric in space and
time. This feature is characteristic of reciprocal propagation
of the intercellular signals.

We now consider the case of the model tissue subjected to an
acoustic wave propagating from the left to the right of the chain
of cells. Let us consider a sound wave with a frequency � and
a wave number K, with the spatially and temporally varying
pressure field given by P (x,t) = P0 cos(Kx + �t). Here the
wave number is K = 2π

L
, with L being the wavelength of the

sound wave. This pressure field may lead to a modification [13]
and modulation of the gap-junction cell-to-cell conductance;
however, we need to identify its functional form. It has been
shown that gap junctional conductance of Hensen cells is
correlated with membrane strain [39]. In that study, experi-
mental data demonstrated a nearly linear relation between the

FIG. 2. (Color online) Sound irradiation breaks the reciprocity
of nonlinear calcium waves. (Top) Snapshot of the concentration
of cytosolic calcium [Ca2+] at time t = 30,000 �t (�t = 0.01 s)
resulting from the stimulation of cell 201 (red line) in the absence
of acoustic irradiation. (Bottom) Snapshot of the concentration of
cytosolic calcium at the same time in the presence of acoustic
irradiation. Periodic boundary conditions are used, but the simulation
is interrupted before the calcium wave can reach cells 1 and 401. The
concentrations are in units of μM.

transjunctional conductance and membrane strain up to values
of 1.3. Considering a linear Hooke’s-law-type relation between
pressure and membrane strain and a linear strain-conductance
relationship, one expects a linear relation between pressure
and gap junctional conductance. Therefore, when subjected
to sound irradiation, the spatially and temporally varying
diffusion coefficients of the Ca2+ and IP3 are chosen to take a
functional form given by the following equations:

Dc(x,t) = D0c + 2D1c cos (Kx + �t), (7a)

Dp(x,t) = D0p + 2D1p cos (Kx + �t), (7b)

where D0c and D0p are the diffusion constants in the absence
of the sound wave that were used in the absence of acoustic
irradiation. D1c and D1p reflect the variation in membrane
conduction due to a given level of the maximum acoustic
pressure. The cosine function in Eqs. (7a) and (7b) parallels the
cosine functional form of the pressure wave. When considering
spatially and temporally dependent diffusion coefficients,
Eqs. (5) and (6) take the form

∂c

∂t
= D∗

c (xi,t)[c(xi+1,tn) − 2c(xi,tn) + c(xi−1,tn)]

+1

2
[D∗

c (xi+1,t) − D∗
c (xi−1,t)]

× 1

2
[c(xi+1,t) − c(xi−1,t)] + g(c,p),

∂p

∂t
= D∗

p(xi,t)[p(xi+1,tn) − 2p(xi,tn) + p(xi−1,tn)]

+1

2
[D∗

p(xi+1,t) − D∗
p(xi−1,t)]

× 1

2
[p(xi+1,t) − p(xi−1,t)]f (c,p).
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The second terms in the right-hand sides of the preceding equa-
tions are advective terms involving products of the gradient
in composition with the gradient in diffusion coefficient. We
first neglect these advective terms and simply insert Eqs. (7a)
and (7b) into Eqs. (5) and (6). We therefore show below that
such advective terms are not necessary for breaking symmetry
in the propagation of calcium waves. We will also show in
Sec. II B that advective terms are not necessary to achieve
symmetry breaking in our simplified linear reaction-diffusion
model. We have also conducted numerical calculations with
the advective terms and verified that symmetry breaking also
occurs. In our numerical calculations we use D1c

D0c
= D1p

D0p
= 0.6.

Under these conditions, we have identified the existence of
resonant conditions that lead to disruption of the reciprocity
in propagation of the calcium waves. For instance, in the
case of irradiation by an acoustic wave with L = 36�x and
� = 7 × 10−3 rad/s, Fig. 2 (bottom) shows clearly that the
symmetry of the trains of calcium pulses is broken. The
train of pulses propagating toward the left retains its integrity
although with a reduced wavelength (interpeak distance).
In contrast, the calcium wave propagation to the right has
completely lost its integrity. Pulses are still propagating but
without a well-defined wavelength. In the presence of directed
acoustic irradiation, nonreciprocal propagation of nonlinear
intercellular calcium waves is therefore observed. For a typical
intercellular spacing, �x ∼ 30 μm, the conditions at which
symmetry breaking is observed correspond to a wavelength of
L = 1.08 mm (a wave number K = 5.817 rad/mm−1). This
condition cannot be realized with a monochromatic sound
wave for which the relation � = cK with c ∼ 1500 m/s
would hold. In the previous relation, we take the speed of
sound in the biological medium to be that in water. The
condition for symmetry breaking can be achieved as the
low-frequency beat that arises from the interference resulting
from the superposition of two waves that are traveling in op-
posite directions, namely, sin(k1x + f1t) + sin(k2x − f2t) =
2 sin[( k1+k2

2 )x + ( f1−f2

2 )t] cos[( k1−k2
2 )x + ( f1+f2

2 )t]. The two
waves have slightly different frequencies, f1 and f2, and wave
numbers, k1 and k2, but they both travel with the same wave
speed, c. The envelope of the superposition of waves given
by the sine function in the right–hand side of the preceding
equation will have a wave number comparable to those of
the superposed waves. Even if the frequencies f1 and f2 are
reasonably high, the envelope will impact the gap-junction
cell-to-cell conductance with the low beat frequency � =
1/2(f1-f2). With wave numbers k1 ∼ k2 ∼ 5.817 rad/mm−1

and the speed of sound of c ∼ 1500 m/s, both slightly
differing frequencies f1 and f2 are on the order of 1.5 MHz,
which is typical of sonographic instruments which operate
in the range of 1–18 MHz. A plausible scenario that would
lead to the condition for symmetry breaking may consist of
the interference due to multiple reflections of an incident
ultrasonic beam with central frequency of 1.5 MHz with even
narrow bandwidth.

Our model shows numerically the phenomenon of non-
reciprocity in calcium wave propagation induced by sound
wave irradiation. To gain further insight into this phenomenon
from a theoretical point of view, we consider in the next
section a simplified analytical model to describe the interaction
between an acoustic wave and a linearized version of the
reaction-diffusion model.

B. Linear reaction-diffusion model of calcium waves

Following Turing’s seminal work on linear diffusion-
reaction models for modeling morphogenesis [29], we employ
a linear reaction-diffusion model to describe the spatiotem-
poral behavior of the Ca2+-IP3 coupling in tissues composed
of endothelial cells. Similarly to Turing, we assume that the
system is not very far from a homogeneous equilibrium and
that the linear model describes small variations in composition
about that equilibrium. The matter of the multicellular chain
is assumed to be continuously distributed. Under these condi-
tions, the dynamics of the small excursions in the concentra-
tions of Ca2+ and IP3 about the equilibrium state, C and P , is
described by the linearly coupled set of differential equations:

∂C(x,t)

∂t
= ∂

∂x

[
Dc(x,t)

∂C(x,t)

∂x

]
− rP (x,t), (8a)

∂P (x,t)

∂t
= ∂

∂x

[
Dp(x,t)

∂P (x,t)

∂x

]
+ rC(x,t). (8b)

This linear model represents a composite regulatory process
between Ca2+ and IP3 that leads to effective compositional
oscillations. This simplified linear reaction-diffusion model
lumps many of the fine-detail control systems of cellular
calcium [23] into a single reaction rate constant r. The linear
model replaces the functions f and g, by g(C,P ) = aC − rP ;
and f (C,P ) = rC + bP . We neglect terms proportional to C
in g [i.e., Eq. (8a)] and P in f [i.e., Eq. (8b)], because they
would correspond to degradation leading to damping of the
oscillations. The remaining terms on the right-hand side of
Eqs. (8a) and (8b) model the feedback loop between Ca2+ and
IP3 that produced oscillatory behavior. The primary goal of this
analytical study is to identify the resonant conditions that result
in symmetry breaking. Oscillatory behavior in composition
and not damping is the primary physical phenomenon that is
sensitive to resonant interaction with an external oscillatory
acoustic stimulus.

In these equations, x marks the position along the one-
dimensional tissue and t denotes the time. The first terms in the
right-hand side of the Eqs. (8a) and (8b) model the diffusion of
Ca2+ and IP3 across the cellular membranes via gap junctions.
Dc and Dp are the diffusion coefficients associated with
that process. When subjected to irradiation by a sound wave
with a frequency � and a wave number K, the spatially and
temporally varying pressure field will lead to a modulation
of the gap-junction cell-to-cell conductance. This modulation
is again represented by the spatiotemporal variations of the
diffusion coefficients given in Eqs. (7a) and (7b). For the
sake of analytical simplicity, we take D1c = D1p = ε, that
is, the modulation of cell-to-cell conduction is the same
for Ca2+ and IP3 but not necessarily the nonmodulated
diffusivities, D0c, D0p. The periodicity of the modulated
diffusion coefficients suggests that we should be seeking
solutions of Eqs. (8a) and (8b) in the form of Bloch waves:

C(x,t) =
∑

k

∑
g

C(k,g,t)ei(k+g)x, (9a)

P (x,t) =
∑

k

∑
g

P (k,g,t)ei(k+g)x, (9b)

where x ∈ [0,L]. The wave number k is limited to the first
Brillouin zone: [−π

L
,π
L

] and g = 2π
L

m with m being a positive
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or negative integer. With these, Eqs. (2a) and (2b) take the
form:

∂C(k + g,t)

∂t
= −(k + g)2D0cC(k + g,t) − rP (k + g,t)

+ε[f (k + g − K)ei�tC(k + g − K,t)

+h(k + g + K)e−i�tC(k + g + K,t)],

(10a)

∂P (k + g,t)

∂t
= −(k + g)2D0pP (k + g,t) + rC(k + g,t)

+ε[f (k + g − K)ei�tP (k + g − K,t)

+h(k + g + K)e−i�tP (k + g + K,t)].

(10b)

The functions f (k) and h(k) are defined by
f (k + g) = −(k + g)2 − K(k + g) and h(k + g) =
−(k + g)2 + K(k + g).

For the sake of analytical tractability, we treat ε as a
perturbation and use multiple time scale perturbation theory
[40] to shed light on the effect of the sound wave on the
biological waves. In absence of sound irradiation, ε = 0, the
wave behavior of the Ca2+ and IP3 concentration excursions
take the form

C0(k + g,t) = a0ξ (k + g)eiω0(k+g)t , (11a)

P0(k + g,t) = (−1)a0ζ (k + g)eiω0(k+g)t , (11b)

with

ξ (k + g) =
√

α ∓ i
√

r2 − α2, (12a)

ζ (k + g) =
√

α ± i
√

r2 − α2, (12b)

and a dispersion relation

ω0(k + g) = ±ωr + iωi. (13)

In Eqs. (12a), (12b), and (13), we have defined the following
quantities: α = (k + g)2 (D0c−D0p)

2 , the real frequency ωr =√
r2 − α2, and the imaginary part of the frequency ωi =

(k + g)2 (D0c+D0p)
2 . a0 is a constant amplitude. The functions

ξ and ζ lead to wave-number-dependent phase differences
between the oscillations of Ca2+ and the oscillations of IP3.
For instance, for a very long wavelength mode k + g ∼ 0, the
Ca2+ and IP3 composition incursions are π

2 out of phase. The
± in front of the real part of the frequency of the calcium
and IP3 waves represents two types of solutions that propagate
in opposite directions. The imaginary part of the frequency
results in the damping of the compositional waves. The
multiple-time-scale perturbation approach is carried out to first
and second order with details reported in the Appendix. The
sound wave is shown to lead to an alteration of the dispersion
relation of the Ca2+ and IP3 waves given by Eqs. (11a) and
(11b). These alterations occur at wave numbers k′ and k′′,
which satisfy the following equations:

ω0(k′ + g + K) = ω0(k′ + g) + �, (14a)

ω0(k′′ + g − K) = ω0(k′′ + g) − �. (14b)

The most remarkable result is that while k′ and k′′ are
solutions of (14a) and (14b), −k′ and −k′′ are not. This
means that the actual dispersion relation of the Ca2+ and
IP3 waves perturbed by the acoustic wave is not symmetrical
about the origin k = 0. This asymmetry tells us that there
exist intervals of frequency and wave numbers whereby the
propagation of Ca2+ and IP3 waves in one direction differs
from the propagation in the opposite direction. Irradiation by
an acoustic wave has broken the directional symmetry of the
biological waves, leading to nonreciprocity in the propagation
of the intercellular signal. It is worth noting that since the
dispersion relation ω0 could be a reasonably shallow function
of k, the resonant conditions (14a) and (14b) may correspond
to large values of k = k′(k′′) and small values of � that
do not satisfy the relation � = ck. The small value of �

may be attained by the superposition of counterpropagative
acoustic waves with slightly differing frequencies and wave
numbers as was discussed in Sec. II A. Equations (14a) and
(14b) also provide a physical interpretation of the origin
of symmetry breaking in terms of scattering phenomena.
Considering Eq. (14a), the acoustic modulation with wave
number K scatters a calcium wave with wave number k′ + g

to produce a calcium wave with wave number k′ + g + K .
This scattering process conserves the wave number. In the
absence of symmetry breaking, the scattering cross section
for scattering of left-moving and right-moving calcium waves
would be equal. However, with the introduction of the acoustic
wave, which breaks the time-reversal symmetry, the scattering
cross sections are no longer the same. The resulting asymmetry
can also be explained within the context of topology, as we
discuss next.

The analytical model analyzed herein enables us to shed
light on the topology of the calcium wave function in wave
number space. The amplitude of the calcium waves changes
sign (i.e., accumulates a π geometrical phase [41]) as one
is moving along wave number space through the resonant
conditions (14a) and (14b) (i.e., through k′ and k′′). On the
other hand, the amplitude is not accumulating any geometric
phase along a path in wave number space that goes through −k′
and −k′′. This observation indicates that the manifold in wave
number space that supports the calcium wave function exhibits
a nonconventional topology. This manifold possesses a twist at
k′ and k′′ but not at −k′ and −k′′, as illustrated schematically in
Fig. 3. Parallel transport of a vector field that may represent the
wave amplitude along a closed path in k space (here a circle)
can be used to describe this topology. The geometrical phase
change of the amplitude of the calcium wave is represented by
the change in orientation of the vector tangent to the manifold
as it is parallel transported along the path. This behavior is
phenomenologically equivalent to topological insulators more
commonly known in the physical sciences [15–17].

The linear model so far has included advective terms. A
simplified version of that model which neglects advection takes
the form given by Eqs. (15a) and (15b):

∂C(x,t)

∂t
= Dc(x,t)

∂2C(x,t)

∂x2
− rP (x,t), (15a)

∂P (x,t)

∂t
= Dp(x,t)

∂2P (x,t)

∂x2
+ rC(x,t). (15b)
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FIG. 3. (Color online) Sound-induced twist in the topology of
linear calcium waves. Schematic illustration of the k-space manifold
supporting calcium waves in the one-dimensional tissue subjected to
acoustic irradiation. The manifold takes the general form of a strip
with a single twist centered on the wave number k′. The geometrical
phase change π of the amplitude of the wave is represented by the
change in orientation of a vector field (arrows) tangent to the manifold
as the vector is transported across k′. The amplitude of the calcium
wave function does not accumulate a phase across −k′. A similar
topology is expected at k′′.

The treatment of this simplified problem with the multiple
time scale perturbation is similar to that presented for the more
general case in the Appendix. The major difference lies only
in a simplified form of the functions f (k) and h(k), which
are now defined by f (k + g) = −(k + g)2 and h(k + g) =
−(k + g)2. Neglecting advection is then determined not to
affect the observation of symmetry breaking in the direction
of propagation.

These results support the observation of symmetry breaking
in the direction of propagation of calcium waves observed in
the numerical simulation of the nonlinear reaction-diffusion
model of Sec. II A.

III. CONCLUSIONS

We investigated the propagation of gap-junction-based
intercellular calcium signals in a nonlinear reaction-diffusion
model of calcium waves in a one-dimensional tissue subjected
to a spatiotemporal modulation of cell-to-cell conductance due
to irradiation by an acoustic wave. This numerical model of
gap-junction-based calcium wave propagation was employed
to capture some of the complexity of intracellular calcium
dynamics, particularly, the dynamics of calcium channels in
the membrane of the ER. This complex model is formulated
into a system of nonlinear coupled differential equations
involving four dynamical variables: the concentrations of Ca2+
and IP3 in the cytosol, but also the calcium concentration in the
ER stores and the fraction of IP3 receptors on the ER membrane
that have not been inactivated by Ca2+. Irradiation by an
acoustic wave is accounted for by considering a spatiotemporal
modulation of the Ca2+ and IP3 conductances. Numerical
simulations of the nonlinear model with advection and without
advection demonstrate symmetry breaking in the direction of
propagation of calcium waves and therefore, nonreciprocity
in the propagation of gap-junction-based intercellular calcium
signals due to sound irradiation.

A simplified linear reaction-diffusion model was used to
model the oscillatory dynamics of the excursions in the
concentrations of Ca2+ and IP3 about equilibrium by lumping
many of the fine-detail control systems of cellular calcium

[23] (i.e., regulatory players such as SERCA pumps, G
proteins, differentially responding Ca channels) within a single
reaction rate constant, r . Similarly to the nonlinear model,
the effect of spatially and temporally varying sound pressure
was also accounted for via a spatiotemporal modulation of the
gap-junction cell-to-cell conductance. In spite of the simplicity
of the model, perturbation theory showed analytically the
existence of intercellular calcium waves with unidirectional
signal propagation. Observation of symmetry breaking in
the direction propagation was also obtained whether the
model included advection or not. The linear model provided
additional information that the numerical model could not,
concerning the functional form of the calcium wave under
irradiation. The amplitude of the irradiated calcium wave
exhibits nonconventional topology with torsional character in
wave number space.

In an attempt to generalize the analysis, we have also
considered (but not reported here) a linear model system
whereby the reaction rate r and not the diffusion coefficients of
Ca2+ and IP3 is modulated spatiotemporally. This calculation
also showed nonreciprocity in calcium wave propagation.
Observation of asymmetric calcium wave propagation in linear
model systems with either modulated conductance or intracel-
lular reaction rate suggests that symmetry breaking due to
sound irradiation is likely to be insensitive to the details of the
biological mechanism that is responsive to the acoustic waves.
Since all linear models (i.e., with spatiotemporal modulation
of the diffusion coefficient with or without advection, or with
spatiotemporal modulation of reaction rate) and the nonlinear
models (with advection and without advection) considered in
the present study show nonreciprocity in the propagation of
calcium waves when subjected to an acoustic wave, it is likely
that the phenomenon of symmetry breaking due to sound irra-
diation exhibits some robustness with respect to the biological
complexity of the intercellular and intracellular dynamics.

It is thought that (a) the observation of nonreciprocity in cal-
cium signaling in a realistic nonlinear reaction-diffusion model
of calcium waves and (b) the existence of a similar behavior
in the simplified linear model of calcium waves should be of
some help in interpreting real biological phenomena associated
with the beneficial therapeutic effects of sound irradiation but
also possibly the harmful effects of sound waves on health.
The evaluation of the risks of routine prenatal ultrasound
imaging on a fetus during pregnancy has not considered the
possible effect on intercellular signaling identified here [42].
It is also known that exposure to traffic noise in addition
to that of air pollution leads to an increase in risk of
cardiovascular diseases [43,44]. The mechanisms driving the
effect of noise exposure on the function of the cardiovascular
system are essentially unknown. Finally, vibroacoustic disease
(VAD) is a pathology that develops in individuals excessively
exposed to low-frequency sound [45]. VAD is associated
with the abnormal growth of extracellular matrices (collagen
and elastin), in the absence of an inflammatory process,
seen in blood vessels, cardiac structures, trachea, lung, and
kidney. VAD appears to be a mechano-transduction disease
resulting from impairment of mechanically mediated signaling
in exposed tissues [45]. The effects of the physical parameters
of the sound on signaling, such as frequency or intensity
(amplitude), are essentially unknown.
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We also note that the observed mechanism of nonreciprocity
in the propagation of intercellular calcium signals should be
applicable to other types of intercellular signals. Given that
our analysis does not depend on the specific chemical species
involved in signaling, it is likely that our results apply to other
signaling molecules such as oxidizing chemical agents that are
thought to play roles similar to calcium in plant cells [46,47].

It is the hope and objective of the authors of the present
theoretical and computational study to create awareness and
motivate experimental studies of the beneficial or the harmful
effects of sound in the context of the essentially unknown
phenomenon of nonconventional topology and nonreciprocity
of propagation of gap-junction-based intercellular signaling
induced by acoustic irradiation.

APPENDIX: MULTIPLE TIME SCALE PERTURBATION THEORY ANALYSIS

For the sake of analytical tractability, we treat ε in Eqs. (10a) and (10b) of the main text as a perturbation and write the
concentration excursions C and P as a second-order power series in the perturbation, namely,

C(k + g, τ0,τ1,τ2) = C0(k + g, τ0,τ1,τ2) + εC1(k + g, τ0,τ1,τ2) + ε2C2(k + g, τ0,τ1,τ2), (A1a)

P (k + g, τ0,τ1,τ2) = P0(k + g, τ0,τ1,τ2) + εP1(k + g, τ0,τ1,τ2) + ε2P2(k + g, τ0,τ1,τ2). (A1b)

In Eqs. (A1a) and (A1b), Xi with i = 0,1,2 and X = C,P are the concentrations excursions expressed to zeroth order, first
order, and second order in the perturbative time, respectively. Because the sought solution might have several time characteristics,
multiple time scale perturbation theory expands the problem onto a series of time scales expressed in powers of the perturbation
parameter times time. Considering the problem to second order in perturbation, we have replaced the single time variable t

by three variables representing different time scales: τ0 = t , τ1 = εt , and τ2 = ε2t = ε2τ0. We can subsequently decompose
Eqs. (10a) and (10b) into three equations: one equation to zeroth order in ε, one equation to first order in ε, and a third equation
to second order in ε. The zeroth-order equation represents the dynamics of Ca2+ and IP3 concentration excursions in the absence
of sound irradiation. To zeroth order, the solutions take the form similar to that reported in the main text:

C0(k + g,τ0,τ1,τ2) = ac
0(τ1,τ2)ξ (k + g)eiω0(k+g)τ0 , (A2a)

P0(k + g,τ0,τ1,τ2) = (−1)ap

0 (τ1,τ2)ζ (k + g)eiω0(k+g)τ0 , (A2b)

with

ξ (k + g) =
√

α ∓ i
√

r2 − α2, (A3a)

ζ (k + g) =
√

α ± i
√

r2 − α2 , (A3b)

and a dispersion relation

ω0(k + g) = ±ωr + iωi. (A4)

In Eqs. (A3a), (A3b), and (A4), we have defined the following quantities: α = (k + g)2 (D0c−D0p)
2 , the real frequency ωr =√

r2 − α2, and the imaginary part of the frequency ωi = (k + g)2 (D0c+D0p)
2 . To zeroth order, the amplitude functions obey

ac
0(τ1,τ2) = a

p

0 (τ1,τ2) = a0(τ1,τ2); however, we will keep the upper scripts to differentiate between calcium and IP3 amplitudes,
since to higher order in perturbation theory, these quantities may differ.

The first-order equations are used to solve for C1 and P1 :

∂C1(k + g,τ0,τ1,τ2)

∂τ0
+ (k + g)2D0cC1(k + g,τ0,τ1,τ2) + rP1(k + g,τ0,τ1,τ2)

= −∂C0(k + g,τ0,τ1,τ2)

∂τ1
+f (k + g − K)ei[�+ω0(k+g−K)]τ0ac

0(τ1,τ2)ξ (k + g − K,τ1,τ2)

+h(k + g + K)ei[−�+ω0(k+g+K)]τ0ac
0(τ1,τ2)ξ (k + g + K,τ1,τ2), (A5a)

∂P1(k + g,τ0,τ1,τ2)

∂τ0
+ (k + g)2D0pP1(k + g,τ0,τ1,τ2) − rC1(k + g,τ0,τ1,τ2)

= −∂P0(k + g,τ0,τ1,τ2)

∂τ1
− f (k + g − K)ei[�+ω0(k+g−K)]τ0a

p

0 (τ1,τ2)ζ (k + g − K,τ1,τ2)

−h(k + g + K)ei[−�+ω0(k+g+K)]τ0a
p

0 (τ1,τ2)ζ (k + g + K,τ1,τ2). (A5b)

052711-8



EFFECT OF SOUND ON GAP-JUNCTION-BASED . . . PHYSICAL REVIEW E 92, 052711 (2015)

The first term in the right-hand side of these two equations leads to secular solutions and needs to be eliminated. This is
achieved by imposing on the zeroth-order solutions, as well as subsequent order solutions, independence of the time scale τ1.
The other right-hand side terms serve as driving forces for the first-order solutions. The solutions of Eqs. (A5a) and (A5b) are
therefore the sum of the solutions to the homogeneous solutions (i.e., without the driving force) and of particular solutions. The
solutions to the homogeneous equations have forms similar to the solutions given by Eqs. (A2).

The first-order particular solutions take the following form:

C
(p)
1 (k + g,τ0,τ2) = b1(k + g)ei[�+ω0(k+g−k)]τ0 + b′

1(k + g)ei[−�+ω0(k+g+K)]τ0 , (A6a)

P
(p)
1 (k + g,τ0,τ2) = d1(k + g)ei[�+ω0(k+g−K)]τ0 + d ′

1(k + g)ei[−�+ω0(k+g+K)]τ0 , (A6b)
with

b1(k + g) = 1

�1(k + g)

[
f (k + g − K)ac

0(τ2)ξ (k + g − K)
{
i[� + ω0(k + g − K)]

+(k + g)2D0p

} + rf (k + g − K)ap

0 (τ2)ζ (k + g − K)
]
, (A7a)

b
′
1(k + g) = 1

�2(k + g)

[
h(k + g + K)ac

0(τ2)ξ (k + g + K)
{
i[−� + ω0(k + g + K)]

+(k + g)2D0p

} + rh(k + g − K)ap

0 (τ2)ζ (k + g + K)
]
, (A7b)

d1(k + g) = 1

�1(k + g)

[−f (k + g − K)ap

0 (τ2)ζ (k + g − K)
{
i[� + ω0(k + g − K)]

+(k + g)2D0c

} + rf (k + g − K)ac
0(τ2)ξ (k + g − K)

]
, (A7c)

b′
1(k + g) = 1

�2(k + g)

[−h(k + g + K)ap

0 (τ2)ζ (k + g + K)
{
i[−� + ω0(k + g + K)]

+(k + g)2D0c

} + rh(k + g + K)ac
0(τ2)ξ (k + g + K)

]
, (A7d)

and

�1 (k + g) = r2 + {
i[� + ω0(k + g − K)] + (k + g)2D0c

}{
i[� + ω0(k + g − K)] + (k + g)2D0p

}
, (A8a)

�2 (k + g) = r2 + {
i[−� + ω0(k + g + K)] + (k + g)2D0c

}{
i[−� + ω0(k + g + K)] + (k + g)2D0p

}
. (A8b)

The conditions �1 = 0 and �2 = 0 lead to resonances.
The second-order equations take the form:

∂C2(k + g,τ0,τ2)

∂τ0
+ (k + g)2D0cC2(k + g,τ0,τ2) + rP2(k + g,τ0,τ2)

= −∂C0(k + g,τ0,τ2)

∂τ2
+ f (k + g − K)ei�τ0C1(k + g − K,τ2) + h(k + g + K)e−i�τ0C1(k + g + Kτ2) (A9a)

∂P2(k + g,τ0,τ2)

∂τ0
+ (k + g)2D0cP2(k + g,τ0,τ2) + rC2(k + g,τ0,τ2)

= −∂P0(k + g,τ0,τ2)

∂τ2
+ f (k + g − K)ei�τ0P1(k + g − K,τ2) + h(k + g + K)e−i�τ0P1(k + g + Kτ2) (A9b)

The first term in the left-hand side of both equations is proportional to eiω0(k+g)τ0 and therefore leads to secular behavior.
Inserting Eqs. (A6a) and (A6b) into (A9a) and (A9b) leads to additional secular terms. Regrouping these terms and setting them
to zero results in the following set of two equations:

∂ac
0(τ2)

∂τ2
= ac

0(τ2)F1(k + g) + a
p

0 (τ2)F2(k + g), (A10a)

∂a
p

0 (τ2)

∂τ2
= a

p

0 (τ2)G2(k + g) + ac
0(τ2)G1(k + g), (A10b)

with

F1(k + g) = h2(k + g)

�2(k + g − K)
Fp + f 2(k + g)

�1(k + g + K)
Gp,

F2(k + g) = rγ

[
h2(k + g)

�2(k + g − K)
+ f 2(k + g)

�1(k + g + K)

]
,
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G1(k + g) = −rγ −1

[
h2(k + g)

�2(k + g − K)
+ f 2(k + g)

�1(k + g + K)

]
,

G2(k + g) = h2(k + g)

�2(k + g − K)
Fc + f 2(k + g)

�1(k + g + K)
Gc,

and

Fp,c = i[−� + ω0(k + g)] + (k + g − K)2D0p.c,

Gp,c = i[� + ω0(k + g)] + (k + g + K)2D0p,c,

γ (k + g) = ζ (k + g)

ξ (k + g)
= e±iϕ0 ,

γ −1 = γ ∗ = e∓iϕ0 .

We now chose the following forms for the calcium and IP3 amplitudes ac
0(τ2) = Aeiδτ2e+iϕ2 and a

p

0 (τ2) = Aeiδτ2e−iϕ2 such
that both amplitudes have the same second-order frequency shift δ but differ in their phase. We saw earlier that to zeroth order in
perturbation these amplitudes were identical. However, we kept the upper script c and p throughout our derivation to reflect the
possibility of a phase difference ϕ2 that arises from carrying the perturbation expansion up to second order. Inserting these forms
for the amplitudes into Eqs. (A10a) and (A10b) results in the following corrections to the zeroth-order frequency and phases of
the Ca2+ and IP3 waves:

ωcor
0 (k + g) = ω0(k + g) − ε2

[
h2(k + g)

�2(k + g − K)

{
r sin (2ϕ2 ∓ ϕ0) + i

2
(Fp + Fc)

}

+ f 2(k + g)

�1(k + g + K)

{
r sin (2ϕ2 ∓ ϕ0) + i

2
(Gp + Gc)

}]
, (A11)

cos(2ϕ2 ∓ ϕ0) = −1

r

[
h2(k+g)

�2(k+g−K) (Fp − Fc) + f 2(k+g)
�1(k+g+K) (Gp − Gc)

]
h2(k+g)

�2(k+g−K) + f 2(k+g)
�1(k+g+K)

. (A12)

We note that when approaching the resonance conditions �1(k + g + K) → 0 and �2 (k + g − K) → 0, the phase given by
Eq. (A12) does not diverge. The divergence of Eq. (A11) at the two possible resonances is indicative of two significant alterations
of the unperturbed dispersion relation of the Ca2+ and IP3 waves that result from the spatiotemporal modulation of the cell-to-cell
conductance due to the applied acoustic wave. These alterations occur at wave numbers k′ and k′′ which satisfy the following
equations:

ω0(k′ + g + K) = ω0(k′ + g) + �, (A13a)

ω0(k′′ + g − K) = ω0(k′′ + g) − �. (A13b)
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