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Abstract

Summary. The Gross-Pitaevskii equation, also called the non-linear Schrediger
equation, describes Bose-Einstein condensates in the low tempaure regime. In what
follows, students will learn how to use the NDSolve command of Mathemata to nd
some numerical solutions to this di cult di erential equation. An onl ine Mathematica
notebook (*.nb le) is also available to download.

1 Introduction to Bose-Einstein Condensates

Bosons are integral spin particles; therefore, the Pauli exclusion pnciple does not
apply, and more than one boson may occupy the same quantum state. This hasni
portant consequences on the thermodynamics of collections of bosons, ieh, instead
of obeying Maxwell-Boltzmann statistics, obey the Bose distribution
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where fO([) is the mean occupation number of the single-particle statev; [1is the
energy associated with statev; p is the chemical potential (\the energy gained by the
system as a result of the addition of a single particle at constant volume ad entropy"
[7]); k is the Boltzmann constant, and T is the temperature. Figure 1 shows the Bose
distribution plotted for di erent values of the fugacity ¢ exp (UW/KT).

For smaller values of T, such asT  pK or nK, the lesser energetic states become
more populated. This is the rationale for creating Bose-Einstein condesates (BECSs).
Collections of bosons, such as alkalis, are trapped in a potential and coolday either
switching o the con ning potential and allowing the collection of boson s to expand or
by evaporative cooling. With both methods, only the coldest bosons undego a phase
transition into a single quantum state characteristic of the BEC.

Figure 2 shows a BEC experiment that uses the expansion method foromling
rubidium-87 atoms.



4 ' T
3+
0 \
f |
2 I \\
\\ é-z 1
1.
- 05
0.25 h
0 |
0 0.5

Figure 1. The Bose distribution (equation 1) for various values of the fugady (

exp (W/KT) (gure courtesy [4])
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Figure 2: The 2-dimentional velocity distribution of rubidium-87 atom s in expansion

method BEC experiment. The left frame corresponds to the distrbution before condensa-
tion, and the other frames show the distribution after the bosons havecooled and condensed
into a BEC. Only data from a 200 270um eld of view centered on the condensate were
used to make these velocity distributions. [1]



2 Derivation of the Gross-Pitaevskii Equation

The Gross-Pitaevskii (G-P) equation [3, 5] describes a zero-tempature BEC for which
the scattering length between atoms,a, is smaller than the spacing between atoms. [4]
To derive! the G-P equation, we begin with the many-body Hamiltonian describing
N interacting particles for the external potential Vex: and particle-particle interaction
potential V (r r9:
z z

A= dr "Y(r) %r 24 Vee(r) Tr)+ % drdr® Y)YV 9T 9T ).
2

Equation 2 is given in the second quantization, a way of quantizing classal elds.
"Y(r)and { r) are called boson eld operators; they create and annihilate particles,
respectively, at position r. If jOi denotes the state of the vacuum, i.e., the state
with zero particles, then "Y(r)j0i produces the state with one particle atr. Likewise,

1 njoi = j0i. These states comprise Fock space. Boson creation and annihilation
operators,a’ and a respectively, are in Fock space, too. For the single-particle state
indexed by a, the operators obey the following equations and commutation relations:

ajno,Ny,...,n ,...i = pn +1jng,ng,...,n +1,...i, 3)
a jng,Ng,...,n ,...i = pfjno,nl,...,n 1,...1, (4)
a,a =93 ,a,a =0,a,a =0, (5)

where the eigenvalues of the number operaton”™ = a¥a , which counts how many
particles are in a particular state, aren .

Separating a boson eld operator into wave function and annihilation operator
components yields

X
Tns= (Na, (6)

and expressing{ r) in the Heisenberg representation of time dependent operators
yields

Tro=(ro+ "% (7)
(r,t) h T r,t)iis called the order parameter or \wave function of the condensate”
[2] and "“r,t) can be interpreted as a perturbation on that condensed state. With

the Heisenberg equation,
0

Y ,t - A ’ |q ’ 8
i~ Ly =[" Al (®)
which gives the time dependence of an operator, one can express the gnevolution of
the eld operator { r,t) using Equation 2 for Al in the Heisenberg representation as
0 1 ~2 z
Silr0= o o P+ Vea)+ dOVEOOVEC D% Ty ()
The G-P equation describes the evolution of (r,t) and, consequently, of the con-
densate densityng(r,t) = j ( r,t)j?. The G-P equation assumes:

1| derive the G-P equation according to [2]. For the original derivations, se e [3, 5].
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1. “qr,t) is negligible, soT Oand { r,t) (r,t).
2. The potential represents a \contact interaction"

V(% r)=gd(r® r), (10)

where )
4~ a' (11)

m

with a being the scattering length. [4]
3. Inter-particle spacing is much larger thana.
Plugging Equation 10 into Equation 9 gives the G-P equation:

2
i”%( Y= oor 24 Vel + gi (1D (10 (12)

The term gj ( r,t)j? is the non-linear term.
The time-independent form results from substituting ( r,t) = o(r)exp( iut/~)
into Equation 12:

2
o' 24 Vexe(r) + 99%(r)  o(r) = po(r). (13)

3 Numerical Simulations

Equation 12, the G-P equation, can approximately be solved by neglectinghe ki-
netic energy term. This is the Thomas-Fermi approximation [4]. Here, however, we
use Mathematica to solve the time independent G-P equation numerically for various
external potentials Vext(r), which |1 assume to be two-dimensional and cylindrically
symmetric. | imposed the boundary conditions that ¢(0.01) = 1 and ¢(10) = 0O; these
were the only boundary conditions that obtained converging numerical saltions, and
they help ensure the solution for the wave function can be normalizedTo make the nu-
merics simpler, | set~2/mp = Ug = 1. This is the Mathematica numerical integration
command that | ran:
28
< 2 Bual Dy irlelr] + r2gelr?

NDSolve4 > == @[r],

¢[0.01]==1,0¢[10]==0g,,fr, 0.1, 10qg]

Shown in Figure 3 for various potentials isj@(r)j?, the density of the condensate
wave function @(r). We can see that, for most potentials, they are in qualitative
agreement with column density versus radial component £) of Figure 4.



|
|
\
“ N
.
| |
| |
|
|
“ \
\\ / /\ \
/ [\
\/ \ / \ N o~ . o \\ _ — I
‘ ra\
| N
| \
A ‘ [
~ / \
/N [\
‘ ’c/ \ ‘ | \
o o
\\ ‘ “
\\ \\\ | \\\‘
| \ \ e“ \
| \
| \ . | \ -
\ N~ h — U N~ _ — _

Figure 3: The top left plot shows the BEC column density (ordinate) versus radial distance
r from the center of the BEC upon which a cylindrically-symmetric potential Vex (r) / +r
acts. The top right shows the BEC column density for Vex (r) / +1/r; bottom left, for

Vext(r) / +exp( 1/r); and bottom right, for Vex(r) / sin(2mr).
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Figure 4. Column density versus radial component £) of BEC in a harmonic oscillator
potential. nt and ng are the thermal and condensed (BEC) contributions, respectivelyto
the column density. ( gure courtesy [2])



4 Conclusion

Bose-Einstein condensates, which the Gross-Pitaevskii equation gerns in the low
temperature regime, o er interesting experiments for one to perbrm in quantum me-
chanics. Among these are experiments for understanding the small asotropies in
BECs, or the formation of vortices (e.g., [6]). There are \cosmological expeéments"
(e.g., [7]) that try to draw a connection between the anisotropies in te universe, as
seen by the Big Bang's leftover cosmic microwave background (CMB) adiation, and
the anisotropies in super uid “He, the nucleus of which is a boson. They can do this
even though the early universe was very dense and hot and BECs are dilatand very
cold.
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