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1. The First Welfare Theorem: If
(
p̂,
(
x̂i
)n
1

)
is a Walrasian equilibrium for an

economy E =
(
(ui, x̊i)

)n
1

in which each ui is locally nonsatiated, then (x̂i)n1 is a Pareto

allocation for E.

Proof:

Suppose (x̂i)n1 is not a Pareto allocation — i.e., some allocation (x̃i)n1 is a Pareto

improvement on (x̂i)n1 :

(a)
∑n

1 x̃
i 5

∑n
1 x̊

i

(b1) ∀i ∈ N : ui(x̃i) = ui(x̂i)

(b2) ∃i′ ∈ N : ui′(x̃i′) > ui′(x̂i′).

Because
(
p̂, (x̂i)

n
1

)
is a Walrasian equilibrium for E, each x̂i maximizes ui on the budget

set B(p̂, x̊i) := { xi ∈ Rl
+ | p̂ · xi 5 p̂ · x̊i }. Therefore, (b2) implies that

p̂ · x̃i′ > p̂ · x̂i′ , (1)

and since each ui is locally nonsatiated, (b1) implies that

p̂ · x̃i = p̂ · x̂i for each i. (2)

Note that (7) follows from the First Duality Theorem, which says that if % is a locally

nonsatiated preference on a set X of consumption bundles in R`
+, and if x̂ is %-maximal

in the budget set {x ∈ X | p ·x 5 p · x̂}, then x̂ minimizes p ·x over the upper-contour

set {x ∈ X | x % x̂}.

Summing the inequalities in (1) and (2) yields

n∑
i=1

p̂ · x̃i >
n∑

i=1

p̂ · x̂i, (3)

i.e.,

p̂ ·
n∑

i=1

x̃i > p̂ ·
n∑

i=1

x̂i. (4)

Since p̂ ∈ Rl
+, it follows from (4) that there is at least one k for which

p̂k > 0 and
n∑

i=1

x̃i
k >

n∑
i=1

x̂i
k. (5)

Since p̂k > 0, the market-clearing equilibrium condition yields
∑n

i=1 x̂
i
k =

∑n
i=1 x̊

i
k,

and (5) therefore yields
∑n

i=1 x̃
i
k >

∑n
i=1 x̊

i
k — i.e., (x̃i)n1 does not satisfy (a). Our

assumption that (x̃i)n1 is a Pareto improvement has led to a contradiction; therefore

there are no Pareto improvements on (x̂i)n1 , and it’s therefore a Pareto allocation. �














